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Preface

This volume of Advances in Quantum Chemistry honors the many accom-
plishments of Dr. N. Yngve Ohrn on the occasion of his 65th birthday. The
authors invited to contribute to this volume include past and present students,
postdoctoral associates, and collaborators of Dr. Ohrn.

Yngve’s research has concentrated on the development of theoretical tech-
niques and computational applications of these innovations to experimental
problems. Examples of techniques most closely associated with him are the
electron and polarization propagator methods (starting in the 1960s), the anti-
symmetrized geminal power (AGP) wavefunction (1970s and 1980s), and recent
work on electron nuclear dynamics (1980s and 1990s). Yngve has over 130
publications on these and many other topics. His versatility is exemplified by
two consecutive publications from his vita—*‘Spin Projection of Ferminon Co-
herent States” in the Journal of Mathematical Physics and *‘Semiempirical MO-
Study of Charge Transfer in (4-Aminophenyl)borane and Related Compounds—
Molecular Paddle-Wheels™ in the Journal of Molecular Structure.

One of the most important contributions Yngve Ohrn has made is embodied in
the title for this volume, “‘Propagating Insight.” This teaching role includes
many years of courses and lectures at the University of Florida, where he has
been a faculty member since 1966 and has taught students in the Department
of Chemistry and the Quantum Theory Project. He has recently been recognized
for excellence in undergraduate teaching. His lectures have also been steadily
in demand beyond the confines of his university. Yngve has introduced many
scientists to group theory and propagator methods at the International Summer
Institutes in Norway and Sweden and the Winter Institutes in Florida. He has
lectured extensively in Sweden, Denmark, and Belgium. He held the Chaire
Francqui Interuniversitaires d’Etranger at the Universities of Namur, Antwerp,
and Liege in 1995.

Yngve’s role in service to his profession is also exceptional. He not onty has
played the important roles in research and teaching outlined above, but also has
devoted much time to academic administration. He was chairman of the De-
partment of Chemistry at the University of Florida from 1977 to 1983. This was
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a period of active growth for the department and a time of its emergence as one
of the strongest departments in the United States. Yngve has also played a
central role in the development of the Quantum Theory Project. He started as
one of the initial contingent of Swedes from 1961 to 1963 and served as As-
sociate Director from 1967 to 1977 and as Director from 1983 to the present.

We are honored to assemble this volume, as Yngve Ohrn’s influence and
example have informed, inspired, and guided each of us. His integrity, dedica-
tion, and insight have benefited a broad community of scientists. We look for-
ward to many more years of association with Yngve and to the fruits of his work.

H. A. KUrTZ
J. V. OrRTIZ
J. R. SABIN
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1. PREAMBLE.

Bergslagen, the Swedish mining district, covers part of Virmland, Dalarna,
Vistmanland, and Uppland. Copper was mined at Falun since the thirteenth
century, silver at Sala, and iron was plentiful and of good metallurgical quality
at numerous places. It was the backbone for an economy that allowed Swedish
kings to implement an expansive international policy in the seventeenth century
and for a technological and scientific development with prominent results in
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2 J. Linderberg

engineering and natural sciences with people such as Swedenborg, Linné,
Polhem, Scheele, and Bergman making pioneering discoveries. Jons Jacob
Berzelius and his students discovered and characterized a number of elements in
the minerals from this region. Berzelius initiated the classification, in the spirit
of Linné's sexual system for the flora, of chemical elements that led to
Mendelejev's periodic system and he rose to become a most influential chemist
in the first half of the nineteenth century.

Mining and iron extraction through blast-furnaces based on charcoal from
the extensive forests became a major occupation in Bergslagen in the
seventeenth century when most farmers had a share of a mine and a furnace.
Development of the technical use of the iron was accelerated by foreign
blacksmiths, principally from the Walloon part in present day Belgium, and
there grew a population of skilled and respected members of the many villages
and towns of the region. Knowledge of the processes involved in steel
manufacturing developed mainly as an intellectual capital in the people occupied
in the production, there was little instrumentation to tell about composition and
temperature during the operation.

Traditions and societal structures from the emerging Swedish steel industry
were still very much present in the first half of this century. Yngve Ohrn was
born in 1934 as the son of Nils and Elsa Ohrn at Avesta in the heart of
Bergslagen. Nils had his occupation in the steel rolling mill in a town dominated
by the Avesta Jarnverk, one of several exponents of the Swedish "bruks"-
tradition (1) that had grown out of the original farmer shared operations. Respect
for knowledge and skills was still manifest and schooling was encouraged at all
levels. The low birth rate in Sweden in the 1930's (2) gave incentive to
government initiatives in the realm of education as well as in other fields. A
concept of an "intellectual reserve" was established to promote further education

throughout the Swedish population.
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Sports activities was a significant part of the social life in the growing
industrial towns, track and field, football (soccer), cross country skiing and
bandy, a team sport on ice with a small light ball and hooked sticks, were in the
focus of attention and rivalry between towns. Yngve Ohrn showed his prowess
in school and in track and field, he earned a baccalaureate from Avesta
Gymnasium with high grades and a relay championship in 4x100m at the
national school track meet.

Military service was mandatory for able as well as some not so able male
Swedes and Yngve Ohrn subscribed to reserve officer's training in the signal
corps. He served a first installment of fifteen months, then started studies in
mathematics at Uppsala University. This was followed by physics and
theoretical physics while he took summers off to complete the military training
as an ensign. He married Ann in August 1957 and completed the undergraduate
studies with a master's degree, well within the standard allotted time and by
1958 he was looking into the options for graduate studies.

Per-Olov Lowdin established the Uppsala Quantum Chemistry Group in
1956 and acquired the first of a series of contracts with the Aerospace Research
Laboratories, OAR, through the European Office of Aerospace Research, United
States Air Force. This funding extended substantially the base provided by the
King Gustaf VI Adolf's 70-Years fund for Swedish Culture and the Knut and
Alice Wallenberg's Foundation and Léwdin could offer opportunities for several
students to pursue research and studies towards graduate degrees. Yngve Ohrn
learned about this possibility through his friend Jan Nordling, who had joined
the effort in connection with the acquisition by the Group of the first electronic
computer at Uppsala University in late 1957. He approached Léwdin and was
quickly introduced to the rather special and quite international ambiance of
"research in Atomic, Molecular and Solid State Theory". Thus I, who had joined

Lowdin in 1957, got to know, respect, and earn the friendship of Yngve Ohrn.
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Graduate studies in quantum chemistry at Uppsala in the late fifties were
not formally recognized by the authorities of the University. The Quantum
Chemistry Group was associated with the University but was to a large degree
autonomous, having for instance its own fiscal arrangements with granting
agencies. Lowdin's position as an employee of the research council gave no
rights of examination or degree granting privileges. It was indicated that a
solution to this calamity might be forthcoming, possibly by an American option.
Lowdin was negotiating with institutions "over there" about a cooperative
project. This came into being in 1960 when the University of Florida invited
Lowdin to establish the Quantum Theory Project as a joint effort between the
departments of chemistry and physics. The same year he ascended to the new
chair of quantum chemistry at Uppsala whereby the field of study was
recognized and the privileges of curriculum definition and examination were
established for the new Department of Quantum Chemistry. We could then
strive for the degree of filosofie licentiat in quantum chemistry. A doctorate
required that the candidate had the fil. lic., a published thesis, which could be
either a summary of published papers or a monograph and which was submitted
to the university library in some 300 copies, and that some further formalities by
the college were observed. The successful defense of the thesis in a public
ceremony against an opponent appointed by the college was also required. The
right to teach, jus docendi, at the University was bestowed on the candidate who
passed with honors. No remuneration followed the title of docent .

Florida appeared to fledgling Swedish scientists to be an exciting place and
quite a few of us were given the opportunity for an extended stay in Gainesville
with the Quantum Theory Project (3). My first sojourn there was from May 1960
to May 1961. Yngve Ohrn and his family arrived in March 1961. Yngve had
then gotten well into the project of electronic correlation in small atoms and
while we had struck up a friendship from his first day with the Uppsala group

we had not been engaged in the same project. Both of us felt that we could
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benefit from a closer collaboration. Our outlooks on the field of quantum
chemistry, on society, sports, and family were kindred and it was anticipated that
we should get on to a common project eventually.

Formal structures for the acquisition of academic degrees in quantum
chemistry were established in the year following Lowdin's appointment to the
chair in May 1960. Anders Froman became the first to earn the fil. lic. degree in
December 1961 and thus started the "institutionalization” of the field. It had until
then a flavor of novelty and exclusivity which was embraced by some and
repelled others. The new status changed the prerequisites for graduate studies as
well, undergraduate chemistry as well as experimental physics should now be a
part of the baggage of new students.

Yngve Ohrn returned to Uppsala in May 1963 after nearly two years at
Gainesville and a month with Hirschfelder's group at Wisconsin. His work with
Jan Nordling on the awkward integrals for three electron wave functions with
interparticle coordinates was published (4) and was the basis for his fil. lic.
degree, which is translated as equivalent to the Ph. D. from a U. S. academic
institution. Yngve and I initiated our long and close collaboration during the
academic year 1963-64. The last paper for my doctorate was submitted in late
February 1964 and then we had started a project with Anders Froman on
"Penetration Effects in the 2F-Series of Cs I" (5) which gave a reasonable

description of the quantum defects determined by Kjell Bockasten.

2. PROPAGATORS.

Yngve Ohrn's research profile added an essential element in early 1964. A
paper of lasting influence in theoretical chemistry and physics was published by

John Hubbard in the November 26, 1963 issue of the Proceedings of the Royal
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Society (6). The model carrying the author's name was defined and a particular
approximation was introduced in the hierarchy of equations for the one-particle
Green function. Obvious formal similarities relate Hubbard's model hamiltonian
with the prominently featured Pariser-Parr-Pople formalism (7) as extensions of
the tight-binding schemes by Hiickel (8) for conjugated hydrocarbons and Bloch
(9) for crystalline systems. The Green function usage tied in with the elegant
work on the Hiickel model by Coulson (10) and it became imperative to try and
apply this technique to incorporate correlation effects in the molecular situation.
Ball and McLachlan (11) published their application of the Random Phase
Approximation, with exchange, also termed the linearized time-dependent
Hartree-Fock method, to the Pariser-Parr-Pople hamiltonian in 1964. Yngve and
I felt that an improvement of the one-particle propagator was essential and used
the Hubbard form as an element in the construction of a polarization propagator
equation. The effective interaction was chosen as a single center parameter.
Results were quite satisfactory and Charles Coulson was sympathetic towards
our attempt and communicated the first paper (12).

Delight filled Yngve's and my senses and we pursued the initial ideas. A
follow-up paper (13) extended the calculations from the ethylene and benzene
cases to larger alternant hydrocarbons. The writing was done at Umea University
in Northern Sweden where I spent a year. This was when I realized that Yngve
was my contra-author rather than co-author. The way that we worked out the
sentences in a constant interchange of formulations set the pattern for our future
cooperation. I still find this paper to be the most readable and convincing piece
with my name on it. It was later reprinted in Japan (14). We prepared to present
our results at the Molecular Spectroscopy Conference in Copenhagen in August
1965 and considered some heterosystems, among them aniline. Transition
energies were excellent but here we began to realize that there were problems
with the oscillator strengths and the symmetry classification. Nevertheless we

got a most generous "pat-on-the-back” from Coulson who chaired our session.
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Yngve completed his work towards the doctorate during some of the coldest
months ever recorded at Uppsala in early 1966. A major part was the work on
atoms with wave functions in terms of interparticle coordinates (15) but the two
papers on propagators (12, 13) were included as well (16). The Swedish
procedure at the public thesis defense required that the "respondent” first gave
the floor to the official opponent, who had been assigned by the Faculty of
Natural Sciences, then there should be an opportunity for opposition “ex
auditorio" before the two opponents chosen by the respondent were given the
word. Thus, when the faculty opponent Jean-Louis Calais had concluded his
perusal of Yngve's thesis, Per-Olov Lowdin asked about the N-representability
(17) of the Green function methods. Yngve had to admit, of course, that no proof
was available on whether the approximations in the chain of equations of motion
preserved this feature and that no ground state vector could be constructed. The
problem stayed with us and it was a decade later that we could address the
problem and obtain a partial solution (18).

Florida and Denmark offered greener pastures to Yngve and me
respectively and we left Uppsala in the summer of 1966 to pursue academic
careers on different shores of the Atlantic Ocean. Cooperation did not cease,
frequent mutual visits and longer stays made it possible to actively build on the
propagator formulation. The symmetry and sum rule problems that were
apparent in the original Green function decoupling needed attention as well as
resolution and we concluded that the original Hubbard truncation of the chain of
equations could be generalized through an operator algebra (19) with many
implications (20).

Some notes (21) that I prepared for a summer school in Debrecen and
Balatonszeplak in 1967 were seeds for our intense efforts to provide a textbook
(22) where Green functions should be introduced as the preferred vehicle for the
interpretation, calculation, and development of molecular theory. Most of the

writing took place during the academic year 1970-71 when Yngve was a visiting
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professor at Aarhus University, whereas some material had been developed
during my stay at Gainesville from April through June 1968 and at the summer
school on many-body methods at Batelle, Seattle arranged by Bill Kern in 1969.

Yngve inspired several of his students to explore the electron propagator.
George Purvis (23), Henry Kurtz (24), Greg Born (25), and Lynn Tyner (26)
furthered the computational as well as the formal development. Manoj Mishra
(27) examined the dilated hamiltonian and the related propagator for scattering
problems. Vince Ortiz (28) has carried the one-electron Green function studies
to an efficient and accurate means for the examination of molecular and atomic
anions and so called Rydberg states.

Polarization propagators became a specialty for students at Aarhus (29, 30)
and the quest for N-representability gave the first result for the Random Phase
Approximation where excitations are described by particle-hole operators in a
Hartree-Fock reference. Such operators are related to the generators of the
unitary group on the one-electron basis (31). Their usefulness in many-electron
theory were exploited well by Matsen (32) and Paldus (33). A generator
coordinate representation (34) that had been used with advantage in nuclear
theoretical physics was brought closer to Yngve through his contacts with the
Belgian group around Piet Van Leuven (35). It proved to be applicable in
establishing the nature of a ground state that was consistent with the annihilation
features of the deexcitation operators (18). Detailed examination of this ground
state demonstrated that it was the Antisymmetrized Geminal Power state (36) so
prominently featured in the theory of superconductivity (37) and density matrix
analysis (38). The state was further analyzed (39) and several calculations and

formal improvements came about from work in Yngve's group (40).
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3. POTENTIAL CURVES.

Significant contributions to electronic structure theory were initiated by
Yngve Ohrn upon arrival in Florida in 1966. He assembled a system of
programs, using the Harris-Michels integral code (41) for a Slater type orbital
basis in a diatomic frame, and explored a number of systems with his associates.
Yngve exhibits, through this effort, his military training. The goals were set out
(42):

A computational method which is suitable for studies of this nature should fulfill
certain basic requirements: (a) it should be sufficiently economical to allow
computation of full potential-energy curves for comparatively large number of
states, (b) the calculated potential curves for bound states should give rise to
vibrational and rotational constants which are in reasonable agreement with
experiment when a comparison is possible, (c) the calculated total energies of
all the states should be of comparable accuracy, and (d) the ordering of the
states should be correct.

and he accomplished this program through a natural orbital valence-
configuration-interaction approach which is a consolidation of two current
techniques as it is expressed in the first of a series of papers.

There followed, after the initial study of imidogen (42), papers on boron
carbide (43), nitric oxide and its ions (44), as well as fluoronitride and its cation
(45). Results from these calculations are still useful since they offer mutually
consistent representations of potential curves for a considerable number of
states. This successful campaign was furthermore beneficial to the development
at Aarhus since several Danes were given the opportunity to participate in the
work and to learn to appreciate Yngve's way of scientific quest.

Pursuit of scientific accomplishment seems to have many similarities to

artistic activities, first comes the desire to find out, then follows the hard work to
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establish the necessary skills. The latter cannot be secured without careful
planning and by persistent following a plan. Ohrn demonstrated the ability to
create and keep in motion a demanding research effort in the field of diatomic

molecule problems while actively contributing to several other projects.

4. LEADERSHIP.

Per-Olov Lowdin established both the Quantum Chemistry Group at
Uppsala and the Quantum Theory Project at Gainesville through his personal
and scientific stature and he was unquestionably the Director of both operations.
Several prominent scientists were invited during the first years to be Associate
Directors and to maintain the spirit when "the Force” was absent. Yngve Ohrn
was invited to join the faculty at Florida as Associate Professor in 1966 and he
chose to become a member of the Quantum Theory Project. He assumed the
Associate Directorship of the Quantum Theory Project in 1967 and proved
quickly to have the qualities that allowed him to deal effectively with the
university administration at all levels as well as with issues within the rather
diverse and extensive body of scientists and students of the Project. Fairness,
compassion, and persistence are words that come to my mind when I
characterize Yngve's leadership.

Administrative competence and scientific merit made Yngve the choice for
chairman of the Department of Chemistry at Florida in 1977. He served two
terms and stepped down in 1983. The six years that Ohrn was busy in the chair
of the department resulted in substantial changes. An endowment was secured to
bring Alan Katritsky to Gainesville and two senior theoreticians, Rod Bartlett

and Mike Zemer, were convinced to join the faculty. According to the surveys
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by C&E News there was an increase in research and development in chemistry
at the University of Florida from $769,000 in 1977 to $2,302,000 in 1981 (46).
Federally financed spending was nearly constant during the period and the
increase was engineered by a department with an aggressively active chairman.
Yngve initiated a new resource for the department by inviting persons with a Ph.
D. degree in chemistry from Florida to form an advisory panel. These people
provide contacts with the market for chemistry graduates and they can, from
prominent positions in industry and business, indicate trends and developments
as seen from outside the ivory tower of the academic world.

The successful chairmanship and the apparent qualities of personnel
management landed several offers of deanships in Yngve's lap. He decided, to
my delight, to remain a dedicated scientist. Administrative obligations remained,
he assumed the role of Director of the Quantum Theory Project in 1983 and led
this rather informal association of faculty members from Chemistry and Physics
to be established, in 1987, as the "Institute for Theory and Computation in
Molecular and Materials Sciences” with a well defined position in the University
system. This was another demonstration of the ability to create coherence and
commitment amongst a body of strong minded people with diverse interests. It is
a consequence that Florida remains a world renowned hub of quantumn chemistry

activities.

5. END.

Theoretical challenges were changing dramaticaily during the seventies
with the advent of ever more powerful computational devices. Accurate

calculations became feasible for reasonably large systems and the opportunity



12 J. Linderberg

arose to utilize quality potential energy surfaces for the study of reactive
scattering in its quantum mechanical form. The papers by Schatz and
Kuppermann (47) herald the beginning of two decades of intense development
and progress. Electronic structure methods have, more or less, converged on the
use of particular approaches: atomic orbital basis sets in terms of primitive
Gaussians, superposition of configurations, possibly with elements of orbital
optimization, and sometimes propagators and/or coupled cluster techniques. No
consensus is yet on hand in dynamics studies. The search continues and Yngve
Ohrn decided that a directly time-dependent scheme has advantages that can be
economically explored.

Electron Nuclear Dynamics (48) departs from a variational form where the
state vector is both explicitly and implicitly time-dependent. A coherent state
formulation for electron and nuclear motion is given and the relevant parameters
are determined as functions of time from the Euler equations that define the
stationary point of the functional. Yngve and his group have currently
implemented the method for a determinantal electronic wave function and
products of wave packets for the nuclei in the limit of zero width, a "classical"
limit. Results are coming forth: protons on methane (49), diatoms in laser fields
(50), protons on water (51), and charge transfer (52) between oxygen and
protons.

Dedication to science and commitment to excellence in his work is manifest
in Yngve's Electron Nuclear Dynamics effort. Novel use has been made of
available techniques in order to establish an effective framework for the
exploration of the molecular quantum theoretical thicket by means of inspired

choices away from the well trodden paths.
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6. A FRIEND.

Compatibility is necessary for a fruitful collaboration in science, as well as
in other enterprises. Friendship is not a requirement, thus it is the more
rewarding when present. There is a similarity between Yngve's and my
background, both of us are an only child, our mothers stayed at home, our
fathers were proud providers and skilled workmen, the households encouraged
reading, sports, and traditional values of decency. We were trained in a school
system where scholastic prowess was rewarded. This system was to be
considered elitist and "unfair" to the youth from the working class, such as we
were, and became the target of an endless series of misconstrued reforms by
nominally socialist governments.

Integrity emanates from Yngve and to win his friendship has been a source
of great satisfaction for me. The development of our relation has been eased by
the affinity between our wives and children which has allowed us to spend
extended periods in each others homes without strain.

Companionship is brought upon you when you travel together and Yngve
and I have a number of fine memories to share from joint excursions. We were
young "greenhorns” when Lowdin took us around some downtown bars in
Chicago during a conference at Northwestern in August 1961, but we escaped
unscathed.

The two of us set out for the UK in October 1963 to visit Belfast, Oxford,
Keele, and to take part in a meeting "On the teaching of quantum chemistry”
which was arranged at Barton Manor northwest of Chester by J. M. Wilson of
Loughborough. SAS botched up our flight to London and we were late for our
dinner appointment with the Cohens at Belfast but we both had opportunity to
present a seminar to David Bates and his group, where Alec Dalgarno was a

member. Ronald McCarroll introduced us to the Guinness at a pub and we got a
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fine start on our week. Mathematical training served us well at the inn at Oxford
where the gas heater should be fed coins. We observed the motion of the meter
for ten minutes and extrapolated to seven hours with a perfect result. Charles
Coulson took us to lunch at Wadham College and we felt quite privileged. The
following night we were exposed to sounds beyond description from a plumbing
system in a small hotel in Birmingham while Roy McWeeny provided a
comfortable expanse in the mansion at the University College, Keele.

Carved wooden bears in all shapes and sizes overwhelmed Yngve and me at
our visit to Noboribetsu in 1976. There was an afternoon to spare before the
opening of the "Oji International Seminar on Theories and Ab Initio
Computations of Molecular Electronic Structure” at Tomakomai, Hokkaido in
the fall of 1976 so we wished to experience the hot springs. The train left us with
a choice of buses, the destinations of which were clearly indicated in Japanese
writing. We found the right one and came to a city in a canyon where the sulfur
fumes and hot water let themselves out. The kind reception by Kimio Ohno and
Fukashi Sasaki at Hokkaido University remains a vivid memory.

Numerous trips have brought us together at more or less remote places, with
or without our families, and I expect that the future will bring many close
encounters as well. Denmark houses many friends and admirers of Yngve's and
he spends extended periods of time here every year. He is probably the only
person that has been invited to share Carl Ballhausen's office at the H. C. Orsted
Institute, an indication of a special recognition by a discerning scientist. Yngve
has also a special relation to Belgium where he is welcome and has ongoing
projects with both Flemish and Walloon universities. We have both developed
long lasting relationships with Utah through Frank Harris and Jack Simons. Ann
and Yngve's annual ski vacation at Snowbird is combined with scientific

exploits on the campus.
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7. CONCLUSION.

The editors asked me to write a personal appreciation of Yngve Ohrn and I
am grateful to Henry Kurtz, Vince Ortiz, and Jack Sabin for offering the
opportunity. Scientific details of his works can be gathered from the
bibliography and very likely from other contributions to this volume. Awards
and honors have been left out by me here. A teacher's greatest satisfaction is the
continuing respect from his former students and his peers, just as a parent

derives his joy from his children's affection.
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ABSTRACT

The axiomatic way of teaching quantum mechanics (QM) is analyzed in the
light of its effectiveness in making students ready to understand and use
QM. A more intuitive method of teaching QM is proposed. An outline of
how a course implementing that method could be structured is presented.
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1. Introduction

It is a pleasure to contribute to this volume in honor of Prof. Yngve Ohm. For those
familiar with Yngve’s work, this chapter may appear light: it has almost no equations in it.
However, the subject tackled lies at the heart of why Yngve likes to use many equations. Yngve
likes simplicity and clarity, but not if accuracy of presentation or precision of concepts will be
sacrificed. Over the years Yngve and I have often discussed teaching quantum mechanics (QM),
in particular, that most cousses seem to fail to establish a solid foundation of understanding and
skill in the students. This seems to be true for the brightest students as well as for average
students. Nevertheless, there are many excellent scientists around who clearly have a full grasp
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of QM. The question then arises: Why does it take a long period of study, including graduate
school and significant work beyond, to master QM? Other fundamental theories of Physics, like
Newtonian mechanics (NM), Maxwell theory (MT), and the special and the general theories of
relativity seem more readily mastered.

I do not propose any new theory, nor do I introduce a new interpretation of QM. The purpose
of this chapter is to analyze of the process of teaching QM. I propose a reordering of the stages
students are taken through while learning QM with the goal of arriving at the “confident and
skilled” level more quickly. No course yet exists following this new sequence, but we present
an outline for such a course.

The argument can be sketched as follows: Everyday life forms the intuitive basis for NM.
Teaching NM proceeds axiomatically to organize and formalize this knowledge. The teaching
process employs only a few “token” experiments. Teaching QM traditionally follows the same
path, but the students have no intuitive knowledge whatsoever about the new realm: condensed
matter physics, atomic, molecular, and optical physics. QM itself is well understood by those
who master it, and they are confident that it is correct. The conventional process of teaching
from a small selection of experiments fails for two reasons: First, the students have no prior
knowledge and therefore the experiments provide the only experience the students have in the
new realm. Second, the commonly used experiments involve macroscopic measuring devices, the
area where QM is least understood, most hotly debated and for which no rigorous mathematical
solutions are available.

The proposal is to first make students familiar with the new realm of QM by showing them
how atoms behave, molecules react, light interacts with atoms and molecules, etc. This should
be done without introducing measurements, but rather by using modern computer simulation
and visualization technology. Then wave functions and the Schridinger equation governing
them can be introduced at the appropriate mathematical level, depending on whether the course
has a requirement of calculus or not. After that, the “principles of quantum mechanics” can
be presented as the rules that allow interpretation of experiments with macroscopic measuring
devices. Finally. real experiments can be studied in detail to confirm and solidify the new
knowledge.

2. Analysis

Before turning to the teaching of QM, let us look at some aspects of teaching classical
theories throughout history.

2.1. Historical prelude: Kepler’s laws

The axiomatic teaching of Newtonian mechanics (NM)(1, 2), with or without calculus, is very
effective. The abstract concepts are quickly connected by students to the practical experience
and intuitive insight they have developed throughout their lives. This access to their own direct
experience allows each student to make the necessary adjustments and corrections to the abstract
concepts if the way they are presented by one particular teacher following one particular textbook
does not optimally match the particular student’s style and background. As a result, the majority
of students of NM gain an effective level of understanding and skill within the time of the course.
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In any course of NM, one of the first applications is the derivation of Kepler’s laws of
planetary motion. Historically this is one of the great triumphs of NM. Kepler’s laws state that
the orbits of the planets around the sun are ellipses with the sun in one of the focal points and
that the speed of the planets is such that equal areas inside of the ellipse are swept in equal times.

Now consider the hypothetical problem of trying to teach the physics of space flight during
the period in time between the formulation of Kepler's laws and the publication of Newton’s
laws. Such a course would introduce Kepler’s laws to explain why all spacecraft proceed on
elliptical orbits around a nearby heavenly body with the center of mass of that heavenly body
in one of the focal points. It would further introduce a second principle to describe course
corrections, and define the “orbital jump” to go from one ellipse to another. It would present
a table for each type of known spacecraft with the burn time for its rockets to go from one
tabulated course to another reachable tabulated course. Students completing this course could
run mission control, but they would be confused about what is going on during the *“orbital
jump” and how it follows from Kepler's laws.

Real understanding of “orbital jumps” comes with NM and Newton’s laws, in particular

-

F =ma 8

the force equals mass times acceleration. The knowledge that Kepler’s laws follow from this,
that the expression for the force of gravitational attraction between massive bodies is
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and that firing the rockets produces just another force, unifies the mechanics of orbital motion
and “orbital jumps”. This makes the relevant processes in the realm of the physics of space
flight understandable.

The principles of Kepler’s laws and “orbital jumps” in isolation would leave students
confused. Alternatively suppose students were taught that only free-falling space flight can be
understood from Kepler’s laws, and that the tables for course corrections had been constructed
from careful experimentations and observations. In this case, students would not be confused
either. The confusion comes from stating that everything will be explained theoretically and
then only explaining half.

2.2. Historical prelude: Maxwell Theory

Similarly, the axiomatic teaching of Maxwell’s theory (MT) of electromagnetism (EM) is
very effective. Students again can draw from their practical experience and intuitive insight,
most of which has now been formalized and made rigorous by NM. This time they focus on a
special class of phenomena related to electrical and magnetic forces and on waves, all of which
they have experienced before the course starts. Elastic waves in water and sound waves in
air, water and solids are familiar and have been formally described as applications of NM. The
abstract concepts of the electromagnetic fields can therefore be grasped and mastered effectively.

In a modern course, no one tries to explain the electromagnetic waves as elastic waves of
some special medium in an attempt to reduce the physics of EM to an application of NM. On
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the contrary, the EM field is introduced as an irreducible entity defined and described fully and
exhaustively by Maxwell's equations. The electromagnetic field is one of the four fundamental
forces of Nature and is a cornerstone of modern Physics.

However, in Maxwell’s days everyone assumed that there had to be a mechanical underpin-
ning for the theory of EM. Many researchers worked on very detailed “hidden variable” theories
for the EM field, in an attempt to prove that the laws of EM were in fact a theorem in NM, just
like Kepler’s laws are a theorem in NM. No one noticed that it was impossible to do this, since
Maxwell's equations are not Galilei invariant and Newton’s laws are. That includes Lorentz who
discovered around 1900 that the Maxwell equations are invariant under another transformation
that now bears his name.

Michelson and Morley tried to establish the absolute motion of the Earth through space by
measuring the difference in the velocity of light, a form of EM waves, parallel and perpendicular
to the Earth’s path. It is well-known that they failed to observe any difference. Since we know
that the Earth is moving, this experiment implied a fundamental flaw in their reasoning. They
conceived their experiment from the intuition of EM fields as elastic waves in some mechanical
medium called “Ether”, not from a thorough mathematical solution of Maxwell’s equations.
Such an analysis, impossible in practice, would have lead them to the correct conclusion. One
of the consequences of Michelson and Morley failing to observe the motion of the Earth, was
that the quest for a mechanical foundation for the EM field, a “hidden variable” theory for MT,
was abandoned. The fact that Michelson and Morley posed a valid question is evident from
the fact that the Cosmic Background Explorer satellite, launched by NASA in 1989, provided
accurate data to yield a Solar System velocity of 370.6 + 0.5 kmv/s in the rest frame of the
Cosmic Microwave Background.(3)

The Michelson and Morley experiment shows the critical importance of intuitive concepts
and understanding in the progress of Physics. It is essential that the abstract concepts and
intuitive notions of a theory are accurate, precise and correct. A necessary condition is that they
correspond exactly to the mathematical formulation of these concepts. In the case of MT during
the last century and the beginning of this century, that correspondence was flawed. This example
demonstrates the importance of teaching students both the concepts and the mathematics and to
make sure that the relationship between the two is fully understood.

2.3. Axiomatic teaching of Quantum Mechanics

The special theory of relativity (STR), describing the correction to NM for motions with high
velocity comparable to the speed of light, and the general theory of relativity (GTR), describing
the extension and correction to Newton’s theory of the gravitational force for time varying and
strong fields, can both be taught very effectively using the axiomatic approach. The reason
is, as with MT, that students have a large set of experiences and intuitions to which a precise
modification must be made. Within the framework of each new theory, the concepts and axioms
of NM can be recovered by a well defined and clear process. That process can be applied
during any analysis or derivation in the new theory, so that the deviations from the familiar and
intuitive world can be clearly exhibited. Thus, the students can methodically and effectively
extend their intuition and experiences to include phenomena described by STR and GTR. This
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typically happens quickly and with limited confusion, even though the students do not have any
personal experience with relativistic phenomena that are in contradiction with NM.

In view of the success of the axiomatic method for teaching NM, MT, STR and GTR, it
should be no surprise that QM is also taught this way. The works of Dirac(4), Von Neumann(5)
and Pauli(6) all were written by masters in the field who were completely familiar with all the
phenomena relating to QM. To them and their colleagues these works are a clean axiomatic
summary of what they knew.

Most, if not all, textbooks and courses of QM proceed in a similar axiomatic way. At the end
of the introduction to QM, most, if not all, students are confused. It takes a long time, several
advanced courses, graduate school and often more to master QM. It is ironic that current masters
of QM also internalize the paradigm of QM instruction that initially confused and frustrated
them, and thus instruct new students in the same way. As a result, those students who take
QM as part of a general education and not as the first step of a career in Physics, are left
confused forever. I believe this constitutes a failure of the Physics community to communicate
to humanity its most precious, successful and beautiful accomplishment.

What goes wrong in the process of conveying the knowledge about QM from the master
to new students has three aspects:

1. There is a total lack of reference points for the students regarding the subject.

2. The wording of the physical principles of QM, which guides thinking about QM problems,
18 imprecise.

3. The domain of applicability of some of the most crucial postulates is not clearly established.

We examine these aspects in detail.

2.4. Problem: lack of reference points

The realm of phenomena into which the axioms of QM are bringing structure and order is
completely unknown to the students. Only after many years of intense work does one accumulate
a meaningful collection of experiences, similar to the experience with the operation of NM
gathered by every child during the first years of life. The collection of experiments used to
show the peculiar nature of QM is very small and it is mainly chosen to surprise rather than
to teach. Worst of all, these experiments do not deal with QM systems but with the interaction
between QM systems and classical measuring devices. This subject of measurement theory is
the most controversial part of QM and it is usually dealt with either in a superficial manner or
by a long-winded philosophical exposé, but rarely in a scientific manner. In the last fifteen years
a more detailed approach to measurement centered around the concept of “decoherence” has
emerged(7, 8), but it is not yet clear whether it will become a rigorous theory of measurement.

2.5. Problem: imprecise boundaries

The second problem with the axiomatic teaching of QM is analogous to teaching the physics
of space flight with only Kepler’s laws. Most QM courses start out with one or more mystifying
experiments to surprise and intrigue the student, like the beginning of a good detective story.
Most detective stories, however, do explain the mystery before the novel ends, whereas students
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of QM find the explanation of the experiments lacking. Then the axioms of QM are exhibited
in an attempt to explain the experiment. The initial experiment is like the full trajectory of a
spacecraft that is launched from Earth and sent to land on the Moon. This trajectory cannot be
explained from Kepler's laws alone, since it does not explain the course corrections. It would be
clearer to talk about the free-falling parts of the trajectory and the course cormections separately.
Similarly, in teaching QM, the dynamics of QM should be introduced separately from the process
of experimental verification to eliminate confusion about what explains what.

2.6. Problem: inaccurate formulation

The third problem is like the confusion caused in MT by maintaining the concept of the
Ether. Most practitioners of QM think about microscopic systems in terms of the principles
of QM: probability distributions, superposition principle, uncertainty relations, complementarity
principle, correspondence principle, wave function collapse. These principles are an approximate
summary of what QM really is, and following them without checking whether the Schrédinger
equation actually confirms them does lead to error.

The new delightful book by Greenstein and Zajonc(9) contains several examples where the
outcome of experiments was not what physicists expected. Careful analysis of the Schrédinger
equation revealed what the intuitive argument had overlooked and showed that QM is correct.
In Chapter 2, “Photons”, they tell the story that Einstein got the Nobel Prize in 1922 for the
explaining the photoelectric effect with the concept of particle-like photons. In 1969 Crisp and
Jaynes(10) and Lamb and Scully(11) showed that the quantum nature of the photoelectric effect
can be explained with a classical radiation field and a quantum description for the atom. Photons
do exist, but they only show up when the EM field is in a state that is an eigenstate of the number
operator, and they do not reveal themselves in the photoelectric effect.

Another example of slight conceptual inaccuracy is given by the Wigner function(12) and
Feynman path integral(13). Both are useful ways to look at the wave function. However, because
of the prominence of classical particles in these concepts, they suggest the view that QM is a
variant of statistical mechanics and that it is a theory built on top of NM. This is unfortunate,
since one wants to convey the notion that NM can be recovered as an integral part of QM
pertaining to for macroscopic systems.

A final example is the concept of QM state. It is often stated that the wave function
must be square integrable because the modulus square of the wave function is a probability
distribution. States in QM are rays in Hilbert space, which are equivalence classes of wave
functions. The equivalence relation between two wave functions is that one wave function is
equal to the other multiplied by a complex number. The space of QM states is then a projective
space, which by an infinite stereographic projection is isomorphic to a sphere in Hilbert space
with any radius, conventionally chosen as one. Hence states can be identified with normalized
wave functions as representatives from each equivalence class. This fact is important for the
probability interpretation, but it is not a consequence of the probability interpretation.

The inaccuracies in the formulation have a more severe impact in teaching QM than in any
other axiomatic instruction, because students have no direct knowledge of their own to properly
integrate and assimilate the principles and postulates of QM.
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2.7. Solution: reference points from a journey

Traditionally, because of the history of the discovery of QM, experience has been equated to
experiments. Experiments with macroscopic devices involve measurement theory, which most
physicist agree is the most difficult and least understood part of QM. These are therefore often
unclear, confusing and contradictory. They are the wrong place to provide experience. They
are absolutely essential to verify the correctness of QM, but as the most difficult part of QM
they should be treated at the end of the course, not at the beginning. Also it is not sufficient
to provide a few experiences, but a thorough immersion is required. Hence my choice of the
word “journey”; a short “visit” will not de.

With time-dependent computer simulation and visualization we can give the novices to QM a
direct “mind’s eye” view of many elementary processes. The simulations can include interactive
modes where the students can apply forces and radiation to control and manipulate atoms and
molecules. They can be posed challenges like trapping atoms in laser beams. These simulations
are the “inside story” of real experiments that have been done, but without the complexity of
macroscopic devices. The simulations should preferably be based on rigorous solutions of the
time dependent Schrédinger equation, but they could also use proven approximate methods to
broaden the range of phenomena to be made accessible to the students. Stationary states and the
dynamical transitions between them can be presented as special cases of the full dynamics. All
these experiences will create a sense of familiarity with the QM realm. The experiences will
nurture accurate intuition that can then be made systematic by the formal axioms and concepts
of QM.

2.8. Solution: precise boundaries

Because of our inability to analyze the interaction of microscopic QM systems and macro-
scopic measuring devices to a sufficient degree, we make use of a set of empirical rules that
are known as measurement theory. Some day, measurement theory will become a proven set
of theorems in QM, , as the proponents of the decoherence theory, among others, claim. Until
such time, it is beneficial to introduce the measurement process, and the principles associated
with it, separately from the dynamics described by the Schrodinger equation.

This separation will allow the students to properly assess the measurement process, which
plays a special and complex role in QM that is different from its role in any classical theory. Just
as Kepler’s laws only cover the free-falling part of the trajectories and the course corrections,
essential as they may be, require tabulated data, so too in QM, it should be made clear that the
Schrodinger equation governs the dynamics of QM systems only and measurements, for now,
must be treated by separate rules. Thus the problem of inaccurate boundaries of applicability
can be addressed by clearly separating the two incompatible principles governing the change of
the wave function: the Schrodinger equation for smooth evolution as one, and the measurement
process with the collapse of the wave function as the other.

2.9. Solution: accurate formulation

Even though historically the formulation of all QM phenomena in terms of macroscopic
phenomena was very significant and useful, it seems counter productive to insist on making
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every student go through the same laborious process.

The Ether is not useful to teach MT. The EM field is most effectively viewed as an irreducible
entity completely defined by Maxwell's equations. (If one wants to make the interaction with
point charges in NM or QM explicit, one can add the Lorentz force or the minimal coupling.)
All physical properties of the EM field and its interaction with matter follow from Maxwell’s
equations and the matter equations.

Similarly, after 70 years of successful application of QM, it is clear that the wave function
does not describe the properties of something else. There is no Ether, there are no hidden
variables. The effect on the wave function of every interaction between QM systems is described
by the Schrodinger equation. The wave function does not describe something unknown and
eluding(14, 15), that is sometimes a wave and sometime a particle.

The wave function is an irreducible entity completely defined by the Schrédinger equation
and this should be the core of the message conveyed to students. It is not useful to introduce any
hidden variables, not even Feynman paths. The wave function is an element of a well defined
state space, which is neither a classical particle, nor a classical field. Its nature is fully and
accurately defined by studying how it evolves and interacts and this is the only way that it can
be completely and correctly understood. The evolution and interaction is accurately described
by the Schrodinger equation or the Heisenberg equation or the Feynman propagator or any other
representation of the dynamical equation.

2.10. Intuitive teaching of Quantum Mechanics

It is beyond the scope of this chapter to describe in detail the contents of an introductory
QM course based on the rearranged sequence of material proposed here. However, based on the
analysis we propose an approach to teaching QM that consists of three sections:

1. Introduction to quantum phenomena. This section takes the students into the realm of
atoms and molecules and uses mathematical modeling and computer simulation, animations
and visualization to give them experience in the phenomena that must be described by
QM and cannot be described by NM. The simulations could cover the following processes
among others:

a. Photoelectric effect: Observe electronic wave function of a surface or cluster as light
shines on the surface, the light can be treated classically (10).

b. Spectroscopy: Light radiating atoms and molecules causes excitation to excited ro-

tational, vibrational and electronic states, which then decay emitting radiation. The

intensity of the emitted radiation shows peaks at the excitation energies corresponding

to transitions between stationary states.

Black body radiation and Planck’s Law.

d. Chemical reactions: Atoms and molecule interact when they get sufficiently close and
form new molecules. Electronic charge distributions change during the reaction.

€. Metastable states, ionization, tunneling: Atoms have long lived states that decay by
emission of radiation or by ionization. And nuclei have metastable states that can lives
thousands of years before radioactive decay breaks them apart or turns them into the
nucleus of a different chemical element.

o
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f. Crystal structure: Matter does not shrink to ever smaller size, but the lowest-energy state
has a finite size which accounts for the stability of matter.
g. Superconductivity and Josephson junction.

~h. Trapping of single atoms with light pressure.

In these simulations the focus should be on the wave function by displaying modulus squared
of the wave function as a three dimensional field changing in time, without mentioning the
probability interpretation. Concepts like position and energy and momentum and angular
momentum should be used, without going into formal definitions, as pertaining globally to
wave functions. Thus students can acquire reference points as to how wave functions evolve
and interact.

Principles of Quantum Mechanics. This section defines the state of a system, the
wave function, the Schrodinger equation, the superposition principle and the different
representations. It can be given with or without calculus and with or without functional
analysis, depending on the mathematical preparation of the students. Additional topics
include:

a. Exactly solvable systems: harmonic oscillator, rigid rotor, hydrogen atom, Morse
oscillator.

b. Classical dynamics is studied as a special case by analyzing the Ehrenfest theorem,

coherent states (16) and systems with quasi classical dynamics like the rigid rotor for

molecules (17) and the oscillator (18) for various particle systems and for EM field in

a laser.

Analysis of dynamics in terms of eigenstates, both for discrete and continuous spectra.

Time dependent perturbation theory.

Infinite and extended condensed matter systems.

The incomplete and active subject of describing macroscopic systems.

Quantum statistical mechanics with the concepts of mixed states, density operators and

the Liouville equation.

@ e a0

Experimental observation of Quantum Mechanics. Only this final section should address
the rules that govern interpretations of experiments measuring properties of QM systems
with macroscopic devices. This includes probability interpretation, uncertainty relations,
complementarity and correspondence. Then experiments can be discussed to show how the
wave functions manipulated in section I can be used to predict the probabilistic outcome
of experiments.

3. Conclusion

In this chapter, we analyzed the process of teaching QM from a set of axioms in an attempt to

identify why so many students are confused and dissatisfied at the end of the typical introductory
course, Although students majoring in Physics or Chemistry eventually do master the subject
and become effective practitioners of QM, those students who have an introductory course as
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their only contact with QM are left with an unsatisfactory state of understanding. We identify
three problems:

1. Lack of reference points. The postulates of QM are given to the students without giving them
any experience with the new realm that s supposedly governed by these principles. The
only experience that is provided is in the form of experiments for which the interpretation
is not straightforward.

2. Imprecise boundaries. The basic concept of the state of a system is governed by two
mutually incompatible laws, namely the Schrodinger equation for normal dynamics and the
measurement process for interactions with macroscopic devices. It is not made clear where
the applicability of one ends and the other begins.

3. Inaccurate formulation. The principles of QM are, because of their complex nature, not
manifestly equivalent to the mathematical formulation. This leads to incorrect expectations
for experiments when following the principles without doing the mathematical computation.

To avoid the confusion caused by the above problems, a three-step process is proposed:

1. Familiarize the student extensively with time dependent dynamics of QM by using computer
simulation, animation and visualization.

2. Introduce the wave function and the Schrodinger equations to formalize and organize this
experience.

3. Make the connection with experiments to allow verification of the theory of QM.
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1 Conceptual Goals for One—Electron Theories

One—electron pictures of molecular electronic structure continue to inform in-
terpretations of structure and spectra. These models are the successors of qual-
itative valence theories that attempt to impose patterns on chemical data and
to stimulate experimental tests of predictions. Therefore, in formulating a one-
electron theory of chemical bonding, it is desirable to retain the following con-
ceptual advantages.

One—electron Energies Orbital energies should be equal to ionization ener-
gies and electron affinities (electron binding energies). They should be the
eigenvalues of a one-electron operator with an effective, many—electron
potential. All ionization energies should be predicted, without artificial
distinctions between core versus valence or principal versus shakeup de-
scriptions of final states. Bound and unbound electron-attached states
should correspond to negative and positive orbital energies, respectively.

One—electron States For each electron binding energy, there should be a cor-
responding orbital that is an eigenfunction of the same effective, one—
electron operator. Orbitals should display phase relationships that permit
interpretations in terms of kinetic energy and interference effects. Transi-
tion probabilities corresponding to the electron binding energies should be
related to the same orbitals. Effects of electron detachment or attachment
on nuclear positions should depend on forces associated with the orbitals.

Density Matrices One-electron density matrices of initial and final states
should be related to the orbitals used to interpret electron binding en-
ergies. Their eigenvalues should lie between zero and unity and their
traces should equal the number of electrons in each state. One-electron
properties should be size-extensive.

Total Energies Total energies should be related to orbitals and their energies.
They should be size—extensive as well.

Numerical Representation The theory should be systematically improvable
with respect to basis sets or integration schemes.

Independence There should be no parameters which have been adjusted to
reproduce certain data from experiment or from unrelated sources.

Potential Energy Surfaces All potential energy surfaces generated with this
theory should be smooth. No discontinuities due to symmetry reduction
should occur.

Electron Correlation The theory should have a limiting case of exact total
energies, electron binding energies and corresponding transition probabil-
ities.
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Hartree-Fock (HF), molecular orbital theory satisfies most of the criteria,
but qualitative failures and quantitative discrepancies with experiment often
render it useless. Methods that systematically account for electron correlation,
employed in pursuit of more accurate predictions, often lack a consistent, in-
terpretive apparatus. Among these methods, electron propagator theory [1]
is distinguished by its retention of many conceptual advantages that facilitate
interpretation of molecular structure and spectra [2, 3, 4, 5, 6, 7, 8, 9].

2 Electron Propagator Poles and Residues

The physical meaning of the electron propagator rests chiefly in its poles (en-
ergies where singularities lie) and residues (coefficients of the terms responsible
for the singularities) [1]. In its spectral form, the r, s element of the electron
propagator matrix is

Grs(E) =
. (Nlal|N = 1,n)(N — 1,n|a,s|N)
3,’55{; E+ En(N —1) — Eo(N) - in

Z (Nla,|N +1,m)(N + 1,m|al|N)}. )

E— En(N+1) +Eo(N) + 17

The propagator matrix is energy—dependent; poles occur when E equals an
ionization energy, Eq(N)—E,(N —1), or an electron affinity, Eq(N)—E,,(N+1).
Dyson orbitals (DOs) for ionization energies are defined by

¢1[|)ysonJE(zl):/‘I’N(zhz?yxfi,'--azN)\IIFV_]_n(m2)$3vz41-",IN)

d$2d$3d124 ce d:L‘N, (2)

and are related to propagator residues (also known as Feynman—-Dyson ampli-
tudes) by

gPveorIE(z) = 3" 6. (z)(N — 1,n|a,|N). (3)
For electron affinities, the corresponrding relationships are
¢,?“’°"’EA(:I:1) = / UN(Z2, 73, %4y, EN41)ONt1,n(T1, 22,23, ..., ZN 1)
drydzsdry - -drn i (4)
and

DvemEA(z) = 3 4. (c)(N + 1,n|al|N). (5)
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Many kinds of transition probabilities depend on DOs. Photoionization cross
sections, oF7, are proportional to the absolute squares of matrix elements be-
tween DOs and continuum orbitals, or

G'Pl — KPI|(¢Dyaon'j=v¢00ntiﬂuum)l2’ (6)
where P/ is a constant and 7' is a transition operator describing the interaction
between electrons and the radiation field [10]. DOs also are useful in computing

cross sections for various electron scattering processes [11, 12].
For the final state, n, the pole strength, P,, is defined by

Po= [ l9Bvon@)ds. ()
Normalized DQOs therefore read
YPveon (g = Py ¥ gDvson (z), (8)

In the uncorrelated limit, where the many—-electron Fock operator replaces
the full electronic Hamiltonian, familiar objects of HF theory are recovered as
special cases. |N) becomes a HF, determinantal wavefunction for N electrons
and |N % 1) states become the frozen-orbital wavefunctions that are invoked
in Koopmans’s theorem. Poles equal canonical orbital energies and DOs are
identical to canonical orbitals.

It is possible to use full or limited configuration interaction wavefunctions to
construct poles and residues of the electron propagator. However, in practical
propagator calculations, generation of this intermediate information is avoided
in favor of direct evaluation of electron binding energies and DOs.

3 Operator Space Diagonalization

Through introduction of superoperators and a corresponding metric [13], the
propagator may be represented more compactly [2, 6]. Superoperators act on
field operator products, X, where the number of annihilators exceeds the num-
ber of creators by one. The identity superoperator, I, and the Hamiltonian
superoperator, H, are defined by

ix=x (9)

and

HX = [X, H], (10)

respectively. The superoperator metric, defined by

(klv) = (N|lpt, v]1IN), (11)
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depends on the choice of the N-electron reference state, |N). Consideration
of ionization energy and electron affinity poles in a single propagator leads to
the anticommutator, ufv + vuf, contained in the metric definition. (Had this
discussion considered either the first or second summations in equation 1, the an-
ticommutator would have been abandoned in favor of pfv or vut, respectively.)
With this notation, one may write

Grs(E) = (arl(Ei ~ H) 'a,). (12)

Thus the matrix elements of the electron propagator are related to field oper-
ator products arising from the superoperator resolvent, (Ef — H)™!, that are
evaluated with respect to |N}). In this sense, electron binding energies and DOs
are properties of the reference state.

In matrix notation, equation 12 is rewritten as

G(E) = (al(EI - H)'a), (13)

where the rank of the propagator matrix equals the number of spin—orbitals.
After inner projection,

G(E) = (a|lu)(u|(EI — H)u) *(ula), (14)

where u is the vector of all X field operator products. An inverse matrix instead
of an inverse superoperator is considered henceforth.
If u is partitioned into the primary space, a, and an orthogonal space of
product operators, f, the partitioned form of the propagator matrix reduces to
-~ - -1
El - —(a|Hf 1
L 1 I B

GE)=[1 0] [ —(f|fla)  E1- (f|lAf) 0

Poles of the propagator therefore occur at values of F that are equal to
eigenvalues, w, of the superoperator Hamiltonian matrix:

o [ Uan ] _ [ (a|ffa) (a]Hf) ] [ Uan ] (16)

Utn (f|Ha) (f|HF) Utn
or A
Uw = HU. (17)
In the new basis of operators,
G(E)=[1 0][U(El1-w) U [ (1) ] : (18)

The DO corresponding to the pole, wy, is

¢£U80n — Z¢TU:,11, (19)
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and the pole strength reads
Po=) U (20)
r

Note that contributions from the secondary sector of the eigenvectors, Ug, do
not appear in the residues, for the summation index, r, pertains to spin-orbitals
only.

Because this route to poles and residues requires only solutions of equa-
tion 17, the usual matrix diagonalization techniques characteristic of CI calcu-
lations may be applied [14, 15]. The chief conceptual difference between diago-
nalization of H and diagonalization of the Hamiltonian matrix in Hilbert space
is that operators, not many—electron configurations, form the basis. In addition,
solutions correspond not to state energies, but to electron binding energies. For
each of these energy differences, there corresponds an operator expressed as a
linear combination of X components.

Simultaneous treatment of the ionization energy and electron affinity com-
ponents of the electron propagator allows operator mixings that are not present
in Hilbert space methods for energy differences. For ionization energies, oper-
ators corresponding to virtual (particle or p) orbitals, shakeon (two particle,
one hole or 2p-h) and other (3p-2h, 4p-3h, 5p—4h, et cetera) processes may
contribute to the eigenvector, U, in addition to the usual CI-like operators for
occupied (hole or h) orbitals, shakeup (two hole, one particle or 2h-p) and other
(3h—2p, 4h-3p, 5h-4p, et cetera) processes that generate (N-1)-electron states
in Hilbert space when operating on a reference configuration. Electron affinity
operators also have h, p, 2h-p, 2p-h and higher—operator—product constituents.

4 Solving One—Electron Equations

Partitioning the operator manifold can lead to efficient strategies for finding
poles and residues that are based on solutions of one-electron equations with
energy—-dependent effective operators [16]. In equation 15, only the upper left
block of the inverse matrix is relevant. After a few elementary matrix manipu-
lations, a convenient form of the inverse-propagator matrix emerges, where

G~Y(E) = E1 — (a|Ha) — (alAf) [El - (fIfIf)] T fAa). (1)

Because )
(ar|Has) = hrs + Z(Tsllt“)l’tua (22)

tu

where p is the one-electron density matrix, the primary operator space block
of H may be considered to be a generalized Fock matrix, F. It is possible to
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separate the correlated and uncorrelated contributions to the (a|Ha) block. In
the canonical MO basis,

(arlHay) = €800 + Y _(rsl|tu)pf, = F, (23)

tu

where the correlation contribution to the one—electron density matrix is p¢ and
p=p"F +p°. (24)

Elements of the zeroth-order, inverse-propagator matrix are
Gy (E)rs = (E = €)drs. (25)

(The poles correspond to Koopmans’s theorem.) The inverse-propagator matrix
and its zeroth-order counterpart therefore are related through

GY(E) = Gy !(E) — E(o0) — T'(E) (26)
where A
E(Oo)nx = (arlHas)correlation = Z(Ts”tu)/’fu (27)
tu
and .
$'(E) = (alAf) [E1 - (fmf)] (f|Ha). (28)

Corrections to the zeroth~order, inverse propagator in equation 26 are gathered
together in a term known as the self-energy matrix, 3(E). The Dyson equation

may be written as
G™(E) = G5 (E) - %(E). (20)

In the self-energy matrix, there are energy-independent terms and energy—

dependent terms:
Y(E) = X(0) + T'(E). (30)

In the limit of |E] = oo, £(E) approaches its energy-independent component,
3(00).

When |detG(E)| — oo, E is a pole. It is equivalent to require G™!(E) to
have a vanishing eigenvalue at the pole energy, where

G~'(E)C(E) = 0C(E). (31)
This condition implies that
[e + £(E)|C(E) = EC(E). (32)
The latter expression may be rewritten as

[F + £'(E)] C(E) = EC(E). (33)
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Here, an effective one—electron operator matrix has Fock and energy-dependent,
self-energy terms. From this matrix expression, one may abstract one—electron
equations in terms of the generalized Fock and energy—dependent, self-energy
operators:
[F + £(E)] ¢P¥+on = T(E)gPveor = EgPveon. (34)
When E is an eigenvalue of I'(E), E is a pole. The corresponding operator,
T'(E), is nonlocal and energy-dependent. In its exact limit, it incorporates all
relaxation and differential correlation corrections to canonical orbital energies.
A normalized DO is determined by an eigenvector of I'(E,qe) according to

PPV (2) = Y 6 (2)Cr (Epote), (35)
and satisfies
(,!/)Dysonl,lpraon) =1 (36)
provided C'C = 1. The normalization factor, v/P, occurring in
¢Dyson(z) = \/ﬁ,(praon (37)
is related to the pole strength, P, such that
dS(E) -t

P=|1-CYEu) |E=Bpar. C(Epote)| - (38)

dE

When X(E) is neglected, P equals unity for each Koopmans final state.

Results on valence ionization energies of closed-shell molecules generally in-
dicate that off-diagonal elements of the self-energy matrix in the canonical basis
are small and have a negligible effect on poles and DOs. Diagonal self-energy
approximations explicitly neglect these matrix elements and, as a consequence
of equation 35, constrain the DOs to be equal to canonical orbitals. The associ-
ated pole search becomes especially easy, for the zeros of the diagonal elements
of the Dyson equation can be found by solving

E = ¢ + Tpp(E). (39)

The usual initial guess, €, + Zpp(ep), usually leads to convergence in three it-
erations. Relationships between diagonal self-energy approximations, the tran-
sition operator method, the ASCF approximation and perturbative treatments
of electron binding energies have been analyzed in detail [17, 18].

5 Approximations

5.1 Perturbative X(FE) for Large Molecules

The usual choice of superoperator metric starts from a HF wavefunction plus
perturbative corrections [4, 5]:

(Y|2) = (HF|(1 + TH[Y', 2} (1 + T)|HF) (40)
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where
T=TM+TP+ TP+ TP + TP + - (41)

The level of excitation in TS is indicated by the subscript, e, and the order
is defined by the superscript, f. For example, second—order, triple excitations
are represented by T3(2). Coupled-cluster parametrizations of this metric [19)]
suggest an alternative form:

(Y|Z) = (HF|e~T[Yt, Z), €T |HF). (42)

This choice produces asymmetric superoperator matrices. A simplified final
form for the self-energy matrix that does not require optimization of cluster
amplitudes is sought for large molecules; the approximation

T a1+ TV (43)

therefore is made.

With this choice, several third-order terms that appeared with the usual
metric are eliminated. The new self-energy matrix in third order is asymmetric
and is expressed by

$(E) = (a|HE;) YV {E1 — (£|H£) O} (| Ha)V

+(a|Hf3)V{E1 - (£ Hf3)@} 1 (f3)Ha)®

+(a|Hf)V{E1 - (£5|HE:) @) 1 |V ) V{E1 — (f:|Hf) 0} (3| Ha) D,
(44)
where f3 is a vector whose elements are 2h-p or 2p-h operators. Note that
energy-independent terms in the third-order, self-energy matrix are not re-
tained.

Two observations suggest additional economies. First, numerical results for
ionization energies show that third-order, 2p-h terms in equation 44 are small
relative to their 2h-p counterparts. Terms arising from these operators are
important in second order, however. Second, evaluation of the third-order, 2p-h
terms requires integrals with four virtual indices. Because of the large number of
these integrals that typically is generated, their storage is often avoided through
semidirect algorithms [20]. Contractions involving integrals with four virtual
indices remain the bottleneck in third—order calculations.

Neglect of third—order, 2p—h terms produces this self-energy matrix:

1 (pi|ab)(abl|qi)
E(E)pq - 2§E+€i—60—65

22 {palej) W, _\Paj|t))Waaij 22 pau(E) (ijllqa) (45)

E+e—¢€i—¢j Ete —€i—¢
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where 1, j, k are occupied indices, a,b,c are virtual indices, p, ¢ are general in-
dices,

Werss = (aallid) + Z (@b Oellia) | (5~ Skl GalliB) ()
bk

€ +€; — € — € €+ € — € — €
and

Upas; (E) = Z Spall kDU (o P)Z (pbllikY(aklb) (7

E+e—¢—q E+e —¢ — €

This partial third-order expression has been designated by the abbreviation P3
[21].

Comparison of the self-energy matrix elements of equation 45 with older,
related methods {7, 15] reveals the advantages of the P3 approximation. Among
the intermediates required in third order is

illed)edlat) (piloe) il
ORI e A DI e

The first summation requires electron repulsion integrals with four virtual in-
dices. Efficient algorithms that avoid the storage of these integrals have been
discussed in detail [20]. For every orbital index, p, this OV* contraction must
be repeated for each energy considered in the pole search; it is usually the
computational bottleneck.

In the diagonal, P3 approximation, nondiagonal elements of the self-energy
matrix are neglected. The first contraction in equation 46 is the most demand-
ing, for it has an arithmetic scaling factor of O?V3. This step also requires
electron repulsion integrals with one occupied and three virtual indices. The W
intermediate is energy-independent and must be evaluated once only for each
ionization energy of interest.

The diagonal, P3 self-energy was compared with older propagator methods
for 19 ionization energies of six closed-shell molecules with the correlation—
consistent, triple ¢ basis [21]. The average absolute errors in eV were: 1.34 for
Koopmans’s theorem, 0.25 for 3+ (a method similar to ADC(3) [7]), 0.25 for
OVGF-B (a method based on a scaled, third-order self-energy [7]) and 0.19
for P3. The P3 procedure exhibits accuracy at least as good as that of other
methods, superior arithmetic scaling and no need for electron repulsion integrals
with four virtual indices.

5.2 Renormalized Methods

According to equation 15, eigenvalues of the superoperator Hamiltonian matrix,
H, are poles (electron binding energies) of the electron propagator. Several
renormalized methods can be defined in terms of approximate H matrices. The
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latter are defined by the operator manifold and the reference state employed in
the superoperator metric. Renormalized spin—orbitals may be generated accord-
ing to the so—called Brueckner doubles (BD) recipe {22]. Here, a coupled—cluster
singles and doubles wavefunction is reduced to the form

|BD) = e™2(Brueckner) (49)

by rotation of the orbitals in the reference determinant, | Brueckner). A conve-
nient reference metric is given by

(Y|Z) = (Brueckner| [Y1, ZL_ eT2| Brueckner). (50)

To take advantage of procedures used for configuration interaction calculations,
eigenvalues of the symmetrized matrices, ;—,{I:I + H'}, are computed.

This choice requires only one major modification in programs written for
canonical, HF orbitals. In the Brueckner orbital basis, elements of the I:I;.,p and
I:I,,,,l blocks of the superoperator Hamiltonian matrix no longer vanish. Double
replacement amplitudes from T3 replace their first-order counterparts that are
used in the P3 method. Orbitals that diagonalize the Hj , and H,, blocks
may be chosen without altering the BD ansatz. Electron repulsion integrals and
diagonal elements of the generalized Fock matrix in the approximate Brueckner
orbital basis therefore replace integrals and orbital energies in the canonical, HF
basis. The H matrix employed in calculations described below has the form

Hin  Hap  Haonp  Haopn
H= th,h ﬁp.p }'Ip,2hp *Hp,2ph . (51)
I:I2hp.h Hakpp Honp2np Hoanpapr

Hapnn Haopnp Hoproanp Hapr2pn

An additional approximation is introduced here: elements of the 1312;,,,,2,,;, block
are neglected. Since this block vanishes identically when HF reference states
are used, the present approximation may be regarded as an improvement to
the so—called 2p-h TDA [7, 23, 24] method with orbital and reference-state
renormalizations [25, 26, 27).

6 Applications

6.1 Benzopyrene

Benzo[a]pyrene, a molecule with five, fused, hexagonal rings, is among the most
carcinogenic of the polycyclic aromatic hydrocarbons (PAHs). Such biological
activity may be related to the electronic structure of benzo[a]pyrene and its
metabolites. Ionization energies of these molecules therefore have been investi-
gated with photoelectron spectroscopy [28].
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The diagonal, P3 self-energy is ideal for interpreting these experiments
[29]). All occupied MOs except for 1s-like core orbitals were included in elec-
tron propagator calculations performed with the 6-311G(d,p) basis [30]. Pole
strengths {P), listed immediately beneath P3 ionization energies in Table I, in-
dicate that the Koopmans description of each final state is qualitatively valid,
for shakeup character is minor. A symmetry-adapted, semidirect algorithm was
employed {20]. Programs are incorporated in a modified version of GAUSSIAN-
94 [31]. Because of limitations on memory and disk storage, virtual orbitals were
dropped in the P3 calculations. A total of 310 occupied and virtual valence or-
bitals was retained; only virtual orbitals with energies above 2.71 atomic units
were dropped.

Table I: Benzo[a]pyrene Ionization Energies (eV)

Orbital | KT P3 | Expt. | Orbital
P [32] Type

10a” 6.90 | 7.02 7.12 g
0.87

9a" 794 | 793 | 8.05 m
0.86

8a" 9.04 | 8.67 | 879 T
0.85

7a" 943 | 8.95 | 8.97 T
0.86

6a’ 10.18 | 9.49 | 9.51 ™
0.84

5a" 10.77 | 9.89 | 9.95 T
0.83

56a’ 12.51 | 10.84 o
0.88

In the photoelectron spectrum [32, 33], the sharp peak at 7.12 eV is followed
by four regularly spaced peaks of lesser intensity up to 7.7 eV. This vibrational
structure is due to the delocalized nature of the corresponding DO. There are
no especially large amplitudes in the so-called bay region. A similar pattern of
results obtains for the second cationic state. In the spectrum, a sharp peak at
8.00 eV exhibits a subsidiary peak at 8.2 eV that is succeeded by less distinct
shoulders up to 8.4 eV. These features also are due to vibrational excitation
in the second electronic state. Larger discrepancies between uncorrelated and
correlated results occur for the third final state. P3 calculations with the full
complement of virtual orbitals will approach 8.7 eV, in excellent agreement with
experiment. Correlation effects are quantitatively important for the fourth and
fifth final states as well. In the experimental report, the highest energy feature
that was assigned occurred at 9.95 eV. No attempt was made therein to assign
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higher energy features to specific electronic states. Around 10.5 eV, the lowest
discernible features appear. A clearly separable local maximum occurs around
10.9 eV. This feature is part of a broad system with many maxima up to 12.0
eV. This system, in turn, is followed by several, broad, jagged features up to 16
eV. According to the P3 results, the first final state with a ¢ hole occurs be-
tween 10.9-11.0 eV. (This estimate is based on the observation that inclusion of
more virtual orbitals increases the predicted ionization energies.) The extensive
nuclear rearrangements induced by removal of a o electron may account for the
structure seen on the low energy side of the 10.9-11.0 eV estimate.

6.2 1,10 Phenanthroline

Diaza derivatives of PAHs possess unique chelating properties, display extensive
biological activity and are widely used in analytical chemistry, pharmacology
and molecular biology [34]. These molecules have been thoroughly scrutinized
for antitumor activity, carcinogenicity and mutagenicity. The ability of some
phenanthrolines to inhibit electron transfer in biological systems has attracted
attention. Derivatives of phenanthrolines have been studied for their potential
anti—viral (including anti-HIV) properties.

Ionization energies from molecules with adjacent nitrogen lone pairs usu-
ally are assigned with the aid of a simple, two-level splitting model. Here,
two lone-pair hybrids produce two combinations, the out—of-phase oN_ and
the in—phase oN;. Relative positions are determined by “through-space” or
“through-bond” interactions. Photoelectron spectra of molecules with two aza
centers usually are assumed to have two bands corresponding to ionizations from
nitrogen lone-pair orbitals. Unfortunately, this concept may lead to erroneous
assignments, especially when bands overlap. In azabenzenes, numerous final
state misorderings from Koopmans’s theorem have been revealed (35].

Because the two nitrogen atoms in 1,10 phenanthroline are separated by
less than 3 A, electron correlation has important consequences for the order of
final states. The first ionization energy relates to a # MO with a distribution
pattern similar to that of the parent hydrocarbon, phenanthrene. The P3 re-
sult shown in Table II is very close to the experimental value [34]. The second
ionization band with the experimental maximum at ~8.8 eV represents the over-
lapping of two cationic states, m2 2A; and the out-of-phase, nitrogen lone-pair
hybrid combination, 2B5. A strong resemblance obtains between the former’s
MO and its w5 counterpart in phenanthrene. The MO 19b,, corresponding to
the third ionization, while having some C-C bonding character, consists chiefly
of non-bonding, lone—pair hybrids. In this case, the MO with an antibonding
combination of lone-pair hybrids lies above its bonding counterpart. P3 ion-
ization energies obtained for these states are 8.67 and 8.87 eV, respectively. In
the spectrum, there is a large peak at 8.8 eV with a shoulder at 8.6-8.7 eV.
Both features are explained by these calculations. The fourth ionization oc-
curs from an MO dominated by an in—phase combination of lone—pair hybrids,
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21a;. P3 results are in excellent agreement with experiment. An assignment
made on the basis of INDO calculations is incorrect [36]. The peak at ~8.4 eV
was assigned to an out-of-phase combination of nitrogen lone-pair hybrids; the
in-phase combination was assigned to a feature at 11.76 eV. Our calculations
predict the energy splitting of the two lone-pair levels to be only 0.4-0.5 eV angd
place these levels much closer to the first two 7 levels. Correlation corrections
to Koopmans’s theorem must be included in calculations that are performed to
interpret this spectrum. The next three ionizations pertain to n cationic states
and the calculated energies are in good agreement with the experimental values.

Table II: 1,10-Phenanthroline Ionization Energies (eV)

State | KT P3 | Expt. [36] | Orbital
’B,; 829 | 8.39 8.35 1
2A, 8.62 | 8.67 8.82 T
2B, 10.82 | 8.87 oN_
A, 11.28 | 9.33 9.39 oN4
2A, 10.62 | 10.17 10.11 3
’B, 10.86 | 10.37 10.47 4
2B, 12.49 | 11.47 11.16 5

6.3 Anions

Anion photoelectron spectroscopy [37, 38] and photodetachment techniques [39]
provide accurate information on electron detachment energies of negative ions.
Ten closed—shell anions considered here exhibit sharp peaks, indicative of minor
or vanishing final-state nuclear rearrangements, in their photoelectron spectra.
Comparisons between theory and experiment are straightforward, for differ-
ences between vertical and adiabatic electron detachment energies (VEDEs and
AEDES, respectively) are small.

These data are ideal tests for renormalized ab initio methods. Perturbative
propagator methods have yielded poor agreement with experiment for F~ and
OH~ [40]. For example, OVGF predictions for F~ and OH~ with a polarized,
triple { basis augmented with diffuse functions are 5.00 and 2.86 eV, respectively.

Table III displays VEDEs obtained with the Brueckner-reference methods
discussed in Section 5.2 and augmented, correlation—consistent, triple-¢ basis
sets [41]. AEDEs include zero-point energy differences and relaxation energies
pertaining to geometrical relaxation on the neutral’s potential energy surface.
The average absolute error with respect to experiment is 0.05 eV [26].



One-Electron Picture of Chemical Bonding 47

Table III: Electron Detachment Energies (eV)

Anion [ Final State | VEDE | AEDE | Expt. [26]
F- ‘P 3.54 3.40
OH~ m 1.85 1.85 1.83
NH; 2B, 0.68 0.70 | 0.77 £ 0.005
Cl- p 3.61 3.61
SH- n 2.29 2.30 2.32 £ 0.01
PH; B 1.20 1.22 1.27 +£ 0.01
BO- Iyt 2.57 2.54 2.51 £ 0.01
CN- xt 3.83 3.83 3.86
AlO~ 25t 2.72 2.69 2.60 + 0.03
AlS~ Iyt 2.74 2.68 2.60 £ 0.03

For F~, still the most difficult case, the pole strength is 0.90. The 2p orbital
in the reference determinant dominates the normalized DO with a coefficient of
0.9997. In the U vector of equation 17, the agpﬁazpaang contribution = 0.1.

For OH™, the pole strength is 0.89 and the 17 coefficient in the normalized
DO is 0.9994. A 2h-p operator, a;,rﬁalmal,,ﬁ, also has a U element that is
approximately 0.1.

Similar results follow for the remaining anions with eight valence electrons.
Pole strengths are between 0.88 and 0.90 for NH;', SH™ and PH; . A somewhat
larger value, 0.95, obtains for Cl~. For NH, and PH;, there are 2h-p U
elements for both final states with absolute values between 0.1 and 0.2. The
operators in question have the form aIbl 58nbadnb, g OF aIbl g@nb1adma, g, Where
n and m are labels for occupied orbitals and t is an unoccupied orbital label.

For diatomics with ten valence electrons, pole strengths lie between 0.86
and 0.89. DOs are dominated by a single occupied orbital in all cases. In the
normalized DO for the 2X7 state of AlQ, there are other contributions with
coefficients near 0.02. For the 257 states of BO and AlO, certain alaﬁanman,g
operators have U elements that are approximately 0.1. Recent experimental
work has produced a revised figure, 2.508 + 0.008 eV, for the electron affinity of
BO [42] and the entry in Table III is in excellent agreement. Similar agreement
occurs for the electron affinities of CN, AlO and AlS.

6.4 Ozone

Applications of electron propagator methods with a single-determinant refer-
ence state seldom have been attempted for biradicals such as ozone, for operator
space partitionings and perturbative corrections therein assume the dominance
of a lone configuration in the reference state. Assignments of the three lowest
cationic states were inferred from asymmetry parameters measured with Ne I,
He I and He II radiation sources [43].
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Correlated variational calculations with small basis sets provided qualitative
descriptions of the cationic states in terms of symmetry-adapted or localized
orbitals. Hay, Dunning and Goddard’s GVB-CI description of ground state O3
consists of a 6a24b21b?1a2 reference and a 1a3 — 2b? double excitation [44).
Here, a singlet—coupled, biradical pair of electrons is placed on two p, orbitalg
centered on terminal oxygens. Application of 4b;, 6a; or la, annihilation op-
erators to this state produces a valence~bond description of the cations where
holes occur in terminal-atom 7 or lone—pair o orbitals. Kosugi, Kuroda and
Iwata emphasized the importance of 2h-p configurations in describing the 2A;
and ?B, states [45]. Malmquist, Agren and Roos observed the importance of
single and double replacements from 1b; to 2b, for the 2A, state [46].

OVGF calculations reversed the order of the 2A, and 2B, states [47]. Fock-
space, multi-reference, coupled—cluster calculations with a 5s4p2d basis ob-
tained excellent agreement with experiment [48]. Recent multiconfigurational,
spin—tensor, electron propagator calculations were based on an active orbital
space defined by the irreducible representations of the three highest occupied
and three lowest unoccupied HF orbitals [49]. Six electrons are assigned to an
active space consisting of 6a,, 4bs, lag, 2b;, 7a; and 5bs orbitals. (Symmetry
adaptation of 2p atomic orbitals produces a space that also contains 5a,;, 1b; and
3b, constituents.) The results are relatively insensitive to basis improvements
and are in excellent agreement with experiment.

The Brueckner-reference method discussed in Section 5.2 and the cc-pvqz
basis set without g functions were applied to the vertical ionization energies of
ozone [27]. Errors in the results of Table IV lie between 0.07 and 0.17 eV; pole
strengths (P) displayed beside the ionization energies are approximately equal
to 0.9. Examination of cluster amplitudes and elements of U vectors for each
ionization energy reveals the reasons for the success of the present calculations.
The cluster operator amplitude for the double excitation to 2b? from 1a3 is
approximately 0.19. For each final state, the most important operator pertains
to an occupied spin-orbital in the reference determinant, but there are signif-
icant coefficients for 2h—p operators. For the 2A, case, a balanced description
of ground state correlation requires inclusion of a 2p-h operator as well. The
2b; orbital’s creation or annihilation operator is present in each of the 2h-p and
2p-h operators listed in Table IV. Pole strengths are approximately equal to
the square of the principal h operator coefficient and contributions by other h
operators are relatively small.
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Table IV: Ozone Ionization Energies {eV) and Operators

n v v Type [ [U,nl | P | Pole | Expt. [43]

A, (62,a) h 0.93 | 0.88 | 12.66 12.73
(2b18)t(4bsa)(las8) | 2h-p | 0.14

B, (4bsa) h 0.93 | 0.88 | 12.83 13.00
(2b,8) (6a,a)(1228) | 2h-p 0.14

A, (1a:0) h 093 [087 | 1365 | 13.54
(2b; B)(1bya)(1228) | 2h-p 0.14
(lagﬂ)f(2bla)(2blﬂ) 2p—h 0.18

7 Conclusions

Electron propagator theory generates a one—electron picture of electronic struc-
ture that includes electron correlation. One—electron energies may be obtained
reliably for closed—shell molecules with the P3 method and more complex cor-
relation effects can be treated with renormalized reference states and orbitals.
To each electron binding energy, there corresponds a Dyson orbital that is a
correlated generalization of a canonical molecular orbital. Electron propaga-
tor theory enables interpretation of precise ab initio calculations in terms of
one—electron concepts.
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1. Introduction

Electron-spin resonance (ESR) techniques have been widely used in chem-
istry and biochemistry. For instance, the molecular structure of organic and or-
ganometallic reaction intermediates as well as the dynamics of ion pairs in solu-
tion have been inferred from ESR spectra (1-3). ESR spectroscopy has also been
employed to track down electron transfer in biological and model systems (4).
The development of low-femperature matrix isolation techniques have enable
the studies of unusual open-shell species by probing their spin properties (5-7).
These spin properties are basically the isotropic (Fermi contact term) and aniso-
tropic (dipolar term) hyperfine coupling constants (5-7). Their origin is related
to the interaction between the unpaired electron(s) and the nuclear spin (/ >0),
thus yielding information about the electronic spin density. In addition to ESR,
high resolution microwave (MW) spectroscopic techniques have also been ap-
plied to polyatomic transient species in gas phase and yielded hyperfine cou-
pling constants (8). Models based on frontier orbitals, such as the McConnell
relation (9) for hydrogen and Karplus-Fraenkel relation (10) for °C in pi-
radicals, have helped the qualitative interpretation of ESR spectra (1-3,5-7).
However, in order to obtain the most information from ESR or high resolution
MW spectra a quantitative theory for calculating spin properties is necessary.

There are several theoretical approaches designed to calculate the spin den-
sity and its properties. These approaches range from ab initio to semi-empirical
and from Hartree-Fock (HF), e.g., ROHF (Restricted Open-Shell HF), UHF
(Unrestricted HF) and PUHF (Projected UHF) (11), to highly correlated meth-
ods, e.g., MBPT (Many-Body Perturbation Theory) - CC (Coupled-Cluster)
(12,13), MR-CI (Multi-reference - Configuration Interaction) (14,15), SAC-CI
(Symmetry Adapted Cluster - CI) (16,17), including also density functional the-
ory (DFT) based approaches (18,19). Even with a large number of configura-
tions included in the MR-SDCI (MR-Singles and Doubles CI) with very large
uncontracted basis sets, the isotropic hyperfine coupling constants for ''B, 'O,
and '°F are still being calculated with an error larger than 10% when compared
to experimental data (14,15). The use of DFT with large basis sets has not im-
proved the results, in fact, the calculated values show a very large dependence
with the exchange and correlation functionals, as well as, with the corrections to
the local spin density approximation (18,19). The treatment of molecules is
much more demanding, so that, smaller atomic basis scts and lower levels of
correlation effects have to be employed. As a result, the search for more accu-
rate and less demanding theoretical approaches is very important. The ap-
proaches mentioned above seem to present two important problems, namely, i)
the spin density is a small quantity and is obtained from the difference between
two large quantities (spin density of the spin-o and spin-f electrons); and ii) the
reference state is an open shell which has been known to be very difficult to
handle in a balance way at either the HF or correlated levels. These problems are
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similar to those encountered in the calculation of the electron binding energies,
which are obtained as the energy difference between the ionic and the neutral
states, and at least one of them is open shell. The electron propagator or one
particle Green's function seems to be the appropriate tool to solve the electron
binding problem. Thus, it is reasonable to assume that such an approach would
also be appropriate to apply to the hyperfine coupling constant problem. It will
be shown that main advantage of electron propagator approach is that it enables
the calculation of the hyperfine coupling constant directly, that is, without the
need to perform any difference between large quantities. In addition, the refer-
ence state can be chosen to be a closed shell from which the open shell state is
obtained by adding or detaching an electron.

The development and application of propagators in quantum chemistry has
been pioneered by Linderberg and Ohrn (20). In fact, the use of electron propa-
gator to calculate the hyperfine interaction in states with one unpaired electron
has already been proposed in the final pages of their seminal book (21,22). The
second order expansion of the electron propagator was first used by Reinhardt
and Doll (23,24) to calculate electron binding energies of atoms and by Ceder-
baum et al. (25,26) for molecules. Higher order expansions of the self-energy
part of the electron propagator were then performed later on using the diagram-
matic many body approach (28-30). At the same time, Purvis and Ohrn (31-33),
using the superoperator formalism developed by Goscinski and co-workers
(34,35), have developed and applied the electron propagator theory to calculate
ionization energies and electron affinities of atoms and molecules. A related
direct approach to calculate electron binding energies was developed by Simons
and collaborators (36-40) based on the equations of motion (EOM) formalism of
Rowe (41,42). Some deficiencies in this later development have been pointed
out (31-33,43) with emphasis in the complete implementation of the electron
propagator through third order. Further development of the electron propagator
theory included the higher order decoupling with the inclusion of the five-fold
operator sct effects (44) and the nuclear motion effects (vibrational structure) in
the ionization spectra (45). From the mathematical point of view, several points
have been addressed during the early development of the electron propagator
theory, such as, the Hermiticity of the superoperator Hamiltonian (46), the com-
pieteness of the operator manifolds (47,48), the resolution of the superoperator
identity (49) and alternative decoupling methods (50,51). The N-representability
problem has also been addressed in the case of the superoperator formulation of
the electron propagator theory (52-55) and in order to solve this problem a trun-
cated operator manifold has to satisfy the vacuum annihilation conditions (52-
55) leading to the self-consistent propagators (56). These self-consistent propa-
gators are obtained by rotations in the Fock space which are represented by an
exponential ansatz for the exact ground state wave function, that is, the coupled-
cluster method (57-61). It has then been shown that the use of either the ex-
tended coupled-cluster (62) or the normal coupled-cluster (63) leads to a con-
sistent electron propagator which decouples the (N+1)- and (N-1)-electron Hil-
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bert spaces. These formulations involve an effective (super)Hamiltonian ob-
tained by a similarity transformation, which makes these propagators equivalent
to the Fock-Space Coupled-Cluster (FSCC) (64-71) and equation-of-motion
coupled-cluster (EOM-CC) (72-77) formalisms for the electron binding energy
calculations. The use of an operator manifold which is complete in Fock space
permits to express the electron propagator in a perturbation expansion (78)
where there is no need to introduce a Manne-Dalgaard type of operator manifold
(47,48), which is complete on a given N-particle Hilbert space, for inner projec-
tion (79-81). This approach also leads to a consistent electron propagator, but
unlike the FSCC or EOM-CC formulation, it does not involve an effective
Hamiltonian, More recently, Ortiz (82-84) has proposed an asymmetric metric
for the operator manifold which effectively leads to a decoupling between the
(N+1)- and (N-1)-electron Hilbert space for the normal electron propagator. It
should be noted that, the similarities and equivalencies between the electron
propagator theory, transition state, EOM, AFgcr, and configuration interaction
methods have been explored in the early days of the propagators (85-87).

Another important aspect of the electron propagator theory, started also at
the early days, is the relative simplicity in using the available techniques as well
as the development of new approaches to treat open shell and multiconfigura-
tional systems. The first and most simple implementation of the electron propa-
gator for treating open shells consisted of employing the unrestricted Hartree-
Fock (UHF) single reference in the calculation of the electron binding energies
of the triplet O, molecule (88). Unitary group approach (89-91) as well as spin
adapted references (92) have also been implemented and applied to open shell
atoms and molecules. A multiconfiguration reference state formulation of the
electron propagator (MCEP) has also been developed (93,94), implemented and
applied (94) for open shell systems which are degenerate and/or inherently mul-
ticonfigurational. These MCEP approaches attempt also to solve problems re-
lated to the proper choice of the operator manifold by including the transfer-type
the (NV+1)- and (N-1)-operators and where there is no obvious or unique choice
of the Fock operator that reliably can represent the zeroth-order perturbation
operator. In order to solve some of the difficulties of the MCEP formalism,
namely, the complicated and non-economical matrix elements and its impracti-
cal extension to include larger manifolds involving strings of three or more
adapted creation and annihilation operators, a new technique called multicon-
figurational spin-tensor electron propagator (MCSTEP) has been developed,
implemented and applied to atoms (95,96) and molecules, which significantly
improves the results for electron binding energies (97,98).

It is worthwhile to notice that the one of the first applications of the electron
propagator theory involved the calculation of properties other than electron
binding energies, namely, ground state energy and natural orbitals (23,24). Since
then, the electron propagator has been used to calculate ground state (99-108)
and correlation energies (103-108) and one-particle density matrix, thus any
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single-particle operator expectation values (109-112), such as, dipole moment,
kinetic and nuclear attraction energies, averages of z and o+ y”), and electric
field gradients (110). Also, elastic scattering (99,113), photoionization cross
section (114-120), and from the dilated electron propagator, resonance energies
and their associated lifetimes (121) can be obtained. A qualitative interpretation
of the molecular electronic structure, including excited states (110), can be ob-
tained from the Feynman-Dyson amplitudes and Dyson orbitals, allowing for an
one-electron (orbital) picture (122,123). More recently, two major advances in
the electron propagator theory have been performed, namely, the development
and implementation of the coupled perturbed electron propagator (124-126) and
the analytical gradients of the electron binding energy (111,112). These ap-
proaches allow the calculation and analysis of static linear and nonlinear re-
sponse of a molecular system to an external applied field, yielding, for instance,
dipole polarizabilities (124,125) and also the molecular geometry of ground and
excited states of open shell (radical) molecules (111,112). It should be noted,
that this analytical gradient approach is very general, in the sense that it can pro-
vide geometry of any excited state, independent of its symmetry.

2. Propagators
The double-time Green's function associated to operators A(f) and B(t') is

defined as (21,127)
(A@), B(t'yy)y = —-i8(t - 'O | A(D)B(') | 0) + i (-0 | BE)AM [0)  (2.1)
where 4(t) is the Heaviside function, |0) being the reference state of an N -

particle system, and 7 =+1 for 4 and B fermion-like (non-number conserving)
and n = -1 for boson-like (number conserving) operators, respectively.

For a pure state density operator, the Fourier transform of this double-time
Green's function yields the spectral representation of the propagator (21)

[ (0}4m)m|Bl0) {0]Bim)(m|4]0) ]

E-E, +E, +i¢ nE+Em -E, -i¢

(4;B)y; = lim 37 @2

m

with H|m)=E,|m) where H is the Hamiltonian of the system. Applying the
identity, E/(E-C)=1+C/(E-C), leads to the equations of motion of the
propagator (118,128),

«4; By = E7 (04, B],|0)+ E"' (4 [H, B] Yy (2.3)

which can be iterated to yield de moment expansion of the propagator (34),
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«4; BY)y = E™(0|l4, BL|0)+ E*{o[[4.[H, B] ]| 0)
+Eo[[4,[H.[#,BL]] |0)+--

It is possible to perform a systematic decoupling of this moment expansion
using the superoperator formalism (34,35). An infinite dimensional operator
vector space defined by a basis of field operators {X;} which supports the scalar
product (or metric)

24

(x]r)=(ojrx",11,|0) @.5)

for any two operators X and Y belonging to this linear space. The action of the
identity and Hamiltonian superoperators are also defined

Ax =[x ,H] and X =X (2.6)

The reason for the choice of this specific algebra can be justified by the cor-
respondence between the Heisenberg and Schrédinger representations (129).
Applying this algebra to the moment expansion yields the propagators in the
resolvent form,

{4, BY)y = (A" |(EI -H )" | B) Q7

In this form, it is necessary to perform the inversion of a superoperator which is
very cumbersome, so an inner projection technique (79-81) or the resolution of
the superoperator identity (49),

i=1h)m b)) @) (2.8)
can be used to express the resolvent in a matrix form
(4;Byy, = (A" | ) | (Bl -H)| B)' 1| B) 2.9)

where h is a complete manifold of field operators arranged as a column vector

and h is the transposed row vector. It has been shown that, at least for the elec-
tron propagator, the resolvent matrix form preserves the exact nature of its poles
even for a non-exact reference function (49). As a result, the problem of invert-
ing a superoperator is circumvented by a matrix inversion operation and it be-
comes the starting point for most of the approximate propagator methods. One
of these approximate propagator methods (128) consists in treating the part of
the manifold mostly responsible for the properties of interest better than the rest
of the manifold by using the partitioning technique. The manifold h is divided
into two sub-manifolds, h, and h, , thatis, h=h_, wh,, such that, if the mani-
fold h is still complete, without loss of generality or exactness, the propagators
can be expressed as
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R, R, (B
. - T t aa ab a
«A4; By = (Al A”(RM RMJ (Bb] (2.10)
where,
R, =(h, |(E[-H)|h,), Al =(4"|h,), and B, =(B|h,) (2.11)

Solving the inverse matrix and assuming that R}, exists yields the partitioned
propagators
{4;B)); =(Al -A]R,R, )R, (B, -R_,R;;B,)+AR,;B, (2.12)
with,
R, =R, -R_,R,R, ) (2.13)

This form of the propagators reproduces exactly the same poles and residues as
the original propagator as long as all the individual R, matrices are computed

at the same level of accuracy (128). Assuming that the operator basis manifold
h has been constructed to be orthonormal, that is,

Al =B,=1,and A] =B, =0 (2.14)

then the partitioned propagators in this specific manifold are written as

«4; BY), =[E1-H_, -H_(E1-H,,)"H, T (2.15)
where,
H, =@,|H |h,) (2.16)

This expression for the propagators is still exact, as long as, the principal
sub-manifold h, and its complement sub-manifold h, are complete, and the
characteristics of the propagator is reflected in the construction of these sub-
manifolds (47,48). It should be noted that a different (asymmetric) metric for the
superoperator space, Eq. (2.5), could be invoked so that another decoupling of
the equations of motion is obtained (62,63,82-84). Such a metric will not be ex-
plored here, but it just shows the versatility of the propagator methods.

2.1. The Electron Propagator

When the operators 4 and B in Eq. (2.7) are simple creation and annihila-
tion operators the resulting propagator is called electron propagator or one-
particle Green's function, and 7 = +1. Collecting all these creation and annihi-

lation operators in a row vector a, the electron propagator can be expressed as,
(a';a)); = @|(El -H)" | %) = G(E) 2.1.1)
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where a is the transposed column vector. As a result, for this propagator, the
operator basis manifold h and the sub-manifolds, h, and h, , are (47 ,48)

h=h, uh, Uh; U... :{q,qTrs (r >s),quTrst (p>q,r>s>1,..} (2.12)

h,=h,=aandh, =h, Uh, Uh, U... (2.1.3)
Thus, the inverse of the electron propagator can be written as,
G (E)=FE1-H_ -H,(E1-H,,)"H,, 2.14)
with H, given by Eq. (2.16).

2.2, Method of Solution

There are several approaches to solve the electron propagator equation, such
as iterative pole search (31-33,130), CI-like solution (131,132), inversion expan-
sion (109), etc. The diagonalization of the electron propagator matrix can yield
some or all eigenvalues and eigenvectors (131,132} that can then be used to pro-
vide a spectral representation of the propagator. For a given value of £ it is
possible to construct the matrix (31),

W(E)=El,-G(E)=H, +H,,(E1, -H,,)'H,, (2.2.1)
which allows for,
(E1,; -W(E)G(E) =1, (2.2.2)

In the case of a finite system described by a finite basis set the spectrum of
G (E) and W(E) are discrete andG ' (E) has isolated real poles (31,99). As a

result, the solution for the propagator consists in the diagonalization of the
W(E) matrix

UN(EYW(E)U(E) = A, (E) (2.2.3)

by the unitary matrix U(Z). The £ -th eigenvalue, 4,(£), can be obtained from
the eigenvector, which is just the 4 -th column of U(X), by

ul (EYW(E, (E) = 4,(E) with ulu, =45, (2.24)
and u} (E) being the k -th row of U'(E).

The main goal of the procedure adopted to solve the propagator equation is
to find the pole(s) of interested and the residues associated to it. Since G™'(F)
has single isolated poles then the residue theorem can be applied to yield
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Res G, (E) = P, (E, Juy, (E,) (2.2.5)
the residue of G, (E) associated with the k -th pole E, , where F; is it the pole

strength
P, = Eﬁfé (E-E)]A(E) (2.2.6)

which after application of the 1'Hopital theorem becomes

4 d _
Pkl =E‘E"1k (E) =“£(Ek)[111 +H,(E 1, -Hy) ZHM]“I:(EI:) 2.2.7
E=E,
P, can also be interpreted as the residue of 1/[E — A, (E)] taken at the E, pole.

Thus, the electron propagator matrix elements can be written as,

G..(E)- Z P, (E, )u,; (E)

228
] (2.2.8)

3. Hyperfine Splitting from the Electron Propagator

The complete Hamiltonian of the molecular system can be written as
H=H"+H%r H=H"+H? for the commutator being linear, where H* is
the Hamiltonian corresponding to the spin contribution(s) such as, Fermi contact

term, dipolar term, spin-orbit coupling, etc. (5). As a result, #° would corre-
spond to the spin free part of the Hamiltonian, which is usually employed in the
electron propagator implementation. Accordingly, the & -th pole associated with

the complete Hamiltonian H is E, , so that £ is the & -th pole of the electron
propagator for the spin free Hamiltonian H° .
Expanding the k -th eigenvalue, Eq. (2.2.4), around E; yields,
A (E)= A BN+ B (B, E-E)+ ) BB (E-E) +- 3.1
At the k& -th pole, £ — E,, the k -th eigenvalue vanishes, 4, (£ — E,) >0,
and since, 8, = E, —E, is the hyperfine splitting associated with the & -th pole,

0 =}“k(EI(¢))+2‘I’:(E)|E:Eg§k +O(57) (3.2)
where,
A(ED) =ui(EDIEN,, -H, ~H, (Eg1,, - Hy) 'Hy Ju, (E)) (3.3)
and,
A (B g = 0L (EQIL,, — My, (B 1y —Hyy) " Hyy Ju, (E7) (3.4)
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As a result,
Syup (DM, +Hy, (E)1, —H,,) " H,, Ju, (E})
= —u} (E))[EL, - H,, —H,, (E}1,, -H,,) " Hy, Ju, (Ey)
Expanding the matrices involving the complete Hamiltonian, H,, =H’, +H5,,
and using the identity (A-B)™ = A™' + A"'B(A - B) ' yields the intermediate,
5/:/1'3&0 = —“I (EI(:))[EJ?IU - Hn - Hw (El(c)lbb - Hu,)_ll{b]]“k (E/?)
~ SUL(ED{HG[(Ey 1y —Hy, )" Qe + Qs (Bi1, —Hy,) ™ + Qe Hy,

3.5)

(.6)
+H), ({1, - H,,) "Hj, + H} (B 1, - H,,) " Hj)
+Hy, (EP1,, - H,, ) "Hy Ju, (E))
where,
Qps = (Bl —Hy ) ' Hy (B, -Hy, -HE,)™ G.7)

and P is the pole strength associated with the k -th pole, E, , of the spin free
Hamiltonian. Continuing the expansion in terms of H° and realizing that
0 =ui(E;)[EL, - H, —Hj (B} L, —HG,) " Hy, Ju, (E5) 3.8)

enables to express the exact hyperfine splitting, up to the quadratic contribution,
Eq. (3.2), in terms of the spin free matrices only,

8 = Ful(ED{H], + Hy, (B) 1, — Hy, )" HY, + H, (71, —Hy,) ' Hy,
+Hy, (Egly, — Hy ) Hy + (H, +Hy Q. (Hy, +Hp)u, (E7)
= 8, Poul (B, + Hy)[(Ef 1, —Hy) " Qe
+Qye (Bl —Hy,) ™" +Qp 10, + H,
+H}, (E1,, - H,,) " Hy, +Hy (B(L,, - HG, )7 HG,
+Hj, (E{1,, —Hy,) " Hj Ju, (E)
The most important contributions to the spin Hamiltonian #° can be ex-
pressed as one-electron operators, and it will be shown that the matrices H;,

(3.9)

and Hj, vanish, as long as the reference state is computed up to one order of
perturbation smaller than these matrices. Thus,
8, = Phul(E)){H} +H{’bQH§H§,’1
~ S HL[(Ey L, —Hg, )" Qe +Qy (571, -Hy)' (3.10)
+Qp: T3, Ju, (E))
which can be solved iteratively assuming that the matrices from the spin free
propagator and the spin matrices H;, and H;, are known.
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4. The Hamiltonian and the Spin Hamiltonian H°

The expression for the splitting in Eq. (3.9) is general and can be employed
for all kinds of coupling Hamiltonians as long as the quadratic contribution can
be neglected according to Eq. (3.2). Usually these coupling operators are ob-
tained from the Dirac Hamiltonian (133-135), such as the spin-orbit coupling
operator (H *°) and the magnetic hyperfine Hamiltonian (#""), yielding the so
called spin Hamiltonian H* (5). For instance, the one-electron and two-electron
terms of the spin-orbit coupling Hamiltonian, which is not going to be of any
concern here, can be derived by applying the Breit-Pauli approximation to the
Dirac Hamiltonian.

The hyperfine interaction Hamiltonian can be obtained (133-135) from the
Dirac Hamiltonian by considering the effects of the magnetic field due to a nu-
clear magnetic dipole moment originated by a nuclear spin / # 0. This Hamil-
tonian will be able to remove the degeneracy of an open shell specie and the
splitting between the formerly degencrate state gives rise to the so called hyper-
fine splitting, The magnetic hyperfine Hamiltonian due to nuclei A/ can be
written as

hy = Z<p|(iM Ay -5 +gB.&1BL - Tyn)a)pla = Zh?)fq,Mqu 4.1
».q p.gq
where, I and 5 are the nuclear and electronic spin operators, g, and g , de-

note the electronic and nuclear g factors, with g, and S, being the Bohr and

the nuclear magnetons, respectively. The hyperfine interaction tensor can be
separated into an isotropic (spherically symmetric) and an anisotropic (dipolar)
terms (5,133-135)

4, =a’1+T™ “42)

with
al’ =2,8.8.5, 87”6@) “4.3)

and
)., = 28,2857 Griuutiay —1i6,) 4.4)

where, r,, ,, with u =(x,y,z) centered in ﬁM , are the cartesian components of

the vector 7, , which is equal to 7 —R,,, with R,, being the coordinate of the

nucleus M . As a result, the spin Hamiltonian will be approximated by the hy-
perfine Hamiltonian containing all nuclei contributions,

H® =h™ = %.thhﬁ,MPTq @.5)
pPq
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The spin free electronic Hamiltonian of the system, H°, is partitioned ac-
cording to the usual Moller-Plesset form (129),

oec L+, 1 oce . .
H°=n"+V =) &ili +Z S {palirs)p'q'sr > > (pillgi)p'q 4.6)
i pars pq i

where the unperturbed Hamiltonian is written in terms of the occupied Hartree-
Fock spin orbital energies &, and (pq | rs) being the anti-symmetrized repre-
sentation of two-electron integral. The following convention then applies,
a,b,c,d,... denote unoccupied ("particles") and i, j.k,/.... occupied spin orbi-

tals ("holes") in the reference state that diagonalize #°, with p,q,7,s,... being
either of the above.

Using the above partitioning into the Rayleigh-Schrédinger perturbation
theory (RSPT) allows the perturbed reference function to be written as,

|0) =| HF) +]0") +| 0%) +--- 4.7
where, |0°) =|HF), the zero order, is the Hartree-Fock reference state, and
(0") are the »n -order RSPT perturbed wavefunction (129).

5. The Basis Manifold

Since the field operators satisfy the anticommutation relations (21,129)
[p.ql, =1p".q"], =0 and [p",q], =6, (5.1
then the principal manifold can be expressed as

h, =(0]0) " a,and h{ =(0/0)""a] (5.2)
where the column and row vector are
a ={ia}={p} and a] ={;",b"}={q"} (5.3)

and it can be assumed that the reference state is normalized, that is, (010) =1,
The first element of the complementary manifold, h, , can be expressed as

h, =, |f,)V*f, and h] =(f, |f,) "] (5.4)
which has been Schmidt orthogonalized to h, and symmetric normalized (136),
f,=a,—h (h |a,) and f] =a] —(a, |h)h] (5.5)

when there is no risk of linear dependencies, where
a, ={a'ij,i'ab}={p'qr} and a] ={;"i"a,a'b'i}={r'q"p}, q<r (5.6)
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and,
f, = {qur—ppqr+ P9} and f; ={r'q'p- pqprT +pqu}, g<r (&)
with p,, = (0 | xTy| 0) =Tr{px'y} being the one-particle reduced density ma-

trix. It is straightforward to show that this construction of the inner projection
basis manifold is orthonormal, that is,

(h[|h1)=(h3|h3)=1 aﬂd(h]lh3):(h3|h])=0 (58)

In a similar fashion, the second element of the complementary manifold h,
could be constructed to ensure normalization and orthogonality to h, and h, .

6. Electron Propagator Spin Matrix Elements

Using the basis manifold defined before it can be shown that

m,.2°1), =X nA 6.1)
that is, //° maps the primary manifold h, into itself. Thus,
Hfl = (hb | [hl’HSL): (hb | Zhlh:) = Zh,huf(hb “‘1) =0 6.2)

since, h, has constructed to be orthogonal to h, .
In the case of h, =h,, the resulting matrix elements are

(Hlsl)pq = (hx |[h1,HS]_)=Zh;f«hl |hl))pu =Zh:uf6pu =h:§ (6.3)

The matrix H;, would be the transpose of Hj, if it were Hermitian. The
Hermiticity of the superoperator Hamiltonian has been a concern since the be-
ginnings of the electron propagator theory (46,129). For a Hermitian spin free

Hamiltonian (H °) the following relation can be written describing the Hermi-
ticity problem,

H, ~H], =(0|[B}.h, .. 1) [0)=(01A°M].b,], |0) 64)

which vanishes for an exact reference state, since H°|0)=E°|0). When the

reference state is expressed through a certain order n in the electron-electron
interaction, then the Schrédinger equation is solved through the same order, that

is, H°0)" = E2J0)” +O(m +1) where [0)” =|0) and E¢ =3 .
=0 i=0
Then the non-Hermitian terms the will be of (7 + 1)-order, that is,

H? —H,™" =0+0(n+)) ©3)
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The inclusion of the spin Hamiltonian H* leads to a system involving a

double perturbation (137), namely, the electron-electron interaction and H 5.
Thus the reference state will be expressed as a double perturbed wavefunction

0)= IO(""")> , where m and n denote the order in H° and the electron-
electron repulsion, respectively. The complete Hamiltonian is still Hermitian,
H,, ~H;, =(0|[l].h,1,.H1.10)= (0] A[h}.h, ], 10) (6.6)
and also it satisfy the Schrédinger equation through a given double order (m, 1),
HIO)Y™ = E,, |00 +O(n+1) +O(m +1) and E,,,, =Y Y E® . So,
=0 j=0
HE™ —HI™" =0+0@m +1)+00m +1) 6.7
This means that the matrix H_, is still Hermitian up to first order in #° and
(n +1) order in the electron-electron interaction.
The matrix H3, can be obtained from the general expression for the super-

operator Hamiltonian matrix H,, recently derived (126). For the non-diagonal
one-clectron Hamiltonian it can be written as

(H§3 )p'q'r‘,pqr = Z((f3 I f3)_l )p'q'r',xyz ((fB | H § | f3 ))xyz,pqr (6,8)
x,y>2
where
(&18%18)),,,.
=Z(1 )hhf[pzyq: -‘p+(1_Pyz)(ppy,ﬂ+pp¥p}°')§ﬂi]
6.9)
-20-F Vg 1056, + U= PPy + PurPra) sy ]
+(1-F,)1~ Pﬁ)h'hzf(ppx s Poya” ppqpxx) —hgpzy,qr
and
(AL ) e 610)

prqyz px+(l P )[p@ q'y (1 'r')(pxq',w' +pq'p'pxy)]5r'z
with, p,, . = (0[ plq'rs| 0> being the two-particle density and P, an operator
that permutes the s indices. For a Hartree-Fock density this matrix become

(S .y = 65, +8,,6,h% —hE8,5,, (6.11a)
(Hfa)m,ab—é‘ B38yy + 800 sty — iy By (6.11b)

since, ppq =4,,n, and ppw—(l—P )5,0,n,n, .
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7. Order Analysis
It has been shown that independent of the truncation of the complementary
manifold the matrix Hj, is null, and as long as its Hermiticity is maintained, so

is H, , yielding then Eq. (3.10) for the exact splitting &, for the state k. For

practical implementations, the complementary manifold has to be tnncated, so
that for the smallest size of this manifold the splitting becomes

S, = POup(ED{H}, + HipQ, HY
-6 H[(E)1-H5, )“QH; +Qy; (Eg1-H3)™ + Qe TH3 30, (E))
with QH§3 being defined according to Eq. (3.7). After « iterations the equation

(7.1

above becomes
5k(a) =0 Z (_Pl:oAk ) (7.2)
=0
where,
Oy = Pf"l (El(c) )H{gluk (E/?) + Plcoult (El(c) )H?:‘!QH}’]H?:‘Tuk (E,?) (7.3)
and

A, =ul(EY)H[(E{1-H5, )y + Qe (B{1-H3) ' + QL HIw(E,)  (7.4)
This expression for 8, could include up to infinite order correction in H* by
taking the limit o — oo since QH?; is at least of first order in H° as well as via
the iterative nature QH;’: according of Eq. (3.7). However, H® will, in general,

give rise of very small effects, such as hyperfine splitting, so it can be expected

that retaining all contributions up to second order in H° will suffice for an ac-
curate description.

7.1 First order in #° and ESR

Since 8y, , Eq. (7.3), contains at least first order in H® the summation in
Eq. (7.2) disappears and the expression for splitting at first order simplifies to

6 = 8iy = Bl (EDHu, (B + PO (EOHLQQ Hlu, (B))  (7.1.1)

where
O = (B 1-HS) 'HE,(ES1-HY)™ (7.12)

losses its iterative nature in H 5,
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The HY(E/1-HS)"' matrix is usually computed in the iterative pole

search of the electron propagator (31,130). Thus, the implementation of the
above expression for the splitting, Eq. (7.1.1), becomes simple, since it requires

only the additional calculation of the H;, and HJ, matrices.

It is still necessary to perform an order analysis of the corrclation potential
in the calculation of 5. The usual implementation of the electron propagator is
performed up to the third or partial fourth orders (31,32,129,130), which needs

H, ~H)Y + H]{” and Hj, ~ H3Y” + H}) (7.1.3)
where the inverse matrix (EJ1-HS3,)™ has to be expanded (129), allowing for
the following order analysis,

3 2 &M+ +80 (7.1.4)
where,
69 = Plul(E))H; v, (E}) (7.1.4a)

87 = Pl (EDHYY (E)1-HYY) ' HE (E)1-H) ' HYTu, (E))  (7.1.4b)
and
5(1’3) Pouk(Eo){Ho(l)(Eol HO(O)) IH (El)l HO(O))-1H0(2)T
+H:)§1)(E’(‘)1 HO(O)) lH (Eol HO(O)) lHO(l)(Ekl HO(O))—IHO(I)T
+HED (1 - ) HE (B71 - ) HG, (B 1 - He®) T HY
+HEP (B1- ) HE (B 1-HG)  H Ty ()

(7.1.4c)

Unlike the electron propagator expression for the electron binding energies
(118,129) the expression for the splitting has a zero order contribution in the
electronic correlation potential. It should be noted however, that even in this
lowest level of correlation correction there are still contributions to the splitting

due to the many body effects via B’ and uj(E;) terms. In fact, the diagonal or
quasi-particle approximation, u}(E;) =1, still yields these many body effects,
namely 6" ~ P’h;, . These many body effects can be quantified considering
how much P is less that unity (118,120). Since hj, is related to the electronic
density and &, describes the ionic state (open shell system), then the quantity
P’h{, can be interpreted as an effective spin density of this open shell system.
Similarly to the electron binding expression there is no first order contribution in
the correlation potential, that is, 5°° =0, so that 5.*” is correct through sec-
ond order. However, the second order correction in the electron correction for



Hyperfine and Nuclear Spin-Spin Couplings 69

the splitting, 52, is very important since it is simplest approximation that will
take into account the spin-polarization effects (5,11) as well as the explicit ef-
fects of electron correlation. The latter can be taken even further into account by

the third order expression §&¥ , Eq. (7.1.4c). A partial fourth order (P4) correc-

tion can also be performed with the matrices available for the third order imple-
mentation (130), namely,

S S‘l,P4) — Pko T(EO)

x (H P (B 1- Hy”) ' HE (B 1- H ) HE (B 1- HEY) " H
+H  (B1-Hy)  HP (B 1- HEY ) HE (B 1- Hi®)” ‘Hi’é”T
+HiP (B 1- HEP) ' HE(E)1 - H”) " HIP Hu, (E))

(7.1.44)

7.2 Second order in #° and NMR

The contributions of the second order terms in H° for the splitting in ESR
is usually neglected since they are very small, and in fact they correspond to the
NMR lines detected in some ESR experiments (5). However, the analysis of the
second order &, expressions is important since it allows for the calculation of
the indirect nuclear spin-spin couplings in NMR spectroscopy. These spin-spin
couplings are usually calculated via a closed shell polarization propagator (138-
140), so that, the approach described here would allow for the same calculations
to be performed within the electron propagator theory for open shell systems.

The general expression for the second order 55> can be written as

50 =65y~ 50PN} .21
where
5/5?())) Pouk(Ek)H?39(2) HOT“k(E ) (7.2.1a)
OF = (E{1-H5,) ' H,(E{1- Hy,) ' Hy, (B{1-HY,)™ (7.2.1b)
with
AY = wi (B (B 1-H3) QY HY +cou, () (7.2.1¢)

and 5" being the first order hyperfine splitting given in Eq. (7.1.1), and

c.c. denotes the complex conjugate of the preceding term. Using the hyperfine
interaction Hamiltonian, Eqs. (4.1) — (4.4), due to nuclei M and M'in the ex-
pressions above leads to the complete spin-spin coupling tensor containing the

following terms, (SO) — paramagnetic spin-orbital due to L in Eq. (4.1), (SD) —
spin-dipole due to 7*’ in Eq. (4.4), and (FC) — Fermi contact due to &(7,,) in
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Eq. (4.3), as well as the cross term SD/FC (139). This approach allows then for a
unified picture of the ESR and NMR spectroscopy.

As before, the order analysis for the correlation effects can be performed
and the lowest non-zero contributions arise from second order as,

8P =80 — B BAAL? (72.2)

where,
582 = Poul(EDHI Q% HIu, (E9) (7.2.29)
AP = ul (EHE (B 1-H5) ™ QO HIPT +c.ou, (By) (7.2.2b)

and S8 is given by Eq. (7.1.4a). It should be noted that all matrices involved in

such a calculation are available from an electron propagator-ESR implementa-
tion. The polarization propagator approach to spin-spin coupling allows for zero
and first orders (FOPPA) expressions in the fluctuation potential (138-140). The
implementation of higher order corrections are quite demanding in numerical
and algebraic terms, see for instance the second order polarization propagator
approximation (SOPPA) expressions (139).

The inclusion of the correlation corrections to the spin-spin coupling calcu-
lation via electron propagator is quite straightforward since at third order it can
be written as

O30 =55 - SN PIAYY (7.2.3)
with
8y = Pl (EDMHPOR HIPT +c.oju, (Ey) (7.2.3a)
AP =ul(ED{HY (E1-Hy) ' QR HYP +e.c. 723
+HEPQR (B1-Hy) " Hy +c.cuy () B
and at partial fourth order is expressed as
670 =80 — Sl MY — S PO (7.2.4)
where
Siey = POuL(EOH QR HiP u, (Ey) (7.2.4a)
A" =ul ()M (B 1-H3) " O Hi' +o.0u, () (7.2.4b)
and
Sty = PO (EDHEPO0 HiP M (E)) (7.2.4¢)

which use only the matrices already available in the electron propagator-ESR
implementation.
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8. Concluding Remarks

It has been shown that the electron propagator theory allows for the direct
calculation of hyperfine coupling constants (ESR) as well as spin-spin coupling
(NMR) of open shell systems using a closed shell reference. In fact it provides a
unified picture of presenting and calculating these couplings from the spin free
electron propagator matrices. In addition, the approach developed here appears
to be a very effective tool for introducing the effects of the electronic correlation
in the calculations of such a properties.

The approach developed here for calculating the splitting is quite general,
since it could be applied to other types of propagators such as, polarization
propagator and two-electron propagator. The latter would allow access to other
open shell systems than doublets, and the former for closed shell or number-
conserving particle states. Thus, in conjunction with some recent developments
such as, coupled perturbed electron propagator (124-136) and analytical gradi-
ents of electron binding energy (111,112), the present approach has aimed, and
apparently succeeded, in extending the applicability and the unifying nature of
the propagator theory to all kinds of properties and systems.
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1. INTRODUCTION

Photoelectron spectroscopy (PES) has been extensively used since the seventies
to probe the electronic structure of polymers and assess band structure data (first
ionization potential, effective electron mass, ...) of importance in deducing the
electrical, optical and chemical properties of advanced materials. Valence
photoionization spectra can also yield invaluable information on the molecular
architecture prevailing at polymer surfaces (or regions near to it), provided one can
set up safe relationships between ionization bands and the chemical bonding
characteristics. These include not only the overall atomic connectivity (primary
structure or configuration) of chains (1), but also the possibility of tracing more
subtle changes of the molecular conformation (or secondary structure) (2-6). Owing
to the short escape depth of electrons in matier, photoionization spectroscopy can
then be regarded as a very promising alternative to other surface sensitive
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techniques such as STM or AFM, the reliablity of which is often impeded by a
necessary preconditioning of organic samples.

Except for a very few studies (4-12), the photoionization specira of polymers
and large molecules have most oftenly been interpreted using the one-particle
picture (or equivalently the orbital picture) of ionization, which is based on the
assumption of a one-to-one correspondence between the recorded lines and canonical
states computed at various methodological levels (13). Among others, these
comprise semi-empirical or ab initio methods such as extended Hiickel (1), CNDO,
MNDQ, INDO ..., Hartree-Fock Roothaan (HFR) (2-3), Valence effective
Hamiltonian (VeH) (14), ... . More recently, simple Green's function schemes
have been implemented in a quasi-particle version (4-6,15), to account for the
leading correlation and relaxation effects on the ionization energy of a single
electron level, by means of a self-energy or Perturbation Theory correction to the
HF eigenvalues.

The orbital picture has apparently always been relevant for reproducing the main
features found within the valence photoionization spectra of large compounds,
clusters and solids. Quite naturally therefore, and since molecular orbitals provide a
direct insight into bonding characteristics, this picture has been for decades the
ultimate reference for most polymer scientists (and by extension solid state
physicists in general). As a matter of fact, an analysis of the nodal structure and
delocalization character of orbitals lies always behind any structural assignment (see
e.g. 2,4d,5,6b,6g,6h) of organic molecules and polymers from their photoemission
spectra. However, the physics behind the recorded signals can differ markedly from
a single-particle process.

An increasing amount of experimental (16) and theoretical (17) studies on
molecules of rather limited size points indeed to a complete failure of orbital
models for the description of photoemission, Besides a shift of electron binding
energies by several eV compared to the results of HF calculations, many-body
effects (electronic correlation and relaxation) often manisfest themselves (18,19)
through the fragmentation of inner valence lines into dense sets of shake-up (or
satellite) lines of low intensity. This phenomenom is the result of strong
interactions between the primary (one-hole ; 1h) and excited configurations of the
cation. It is most oftenly referred to as a ‘complete breakdown of the molecular
orbital picture of ionization' (19) , when it is no longer possible to distinguish a
clearly dominant 1h contribution among the lines deriving from the ionization of a
given electron level.

In this contribution, in order to illustrate the importance of shake-up bands for
extended systems, we simulate and compare on correlated grounds the ionization
spectra of polyethylene and polyacetylene, the most simplest systems one can
consider to represent insulating or semi-conducting polymers. Conclusions for the
infinite stereoregular chains are drawn by extrapolation of the trends observed with
the first terms of the related n-alkane or acene series, CnHop42 and ChHp 42,
respectively, with n=2, 4, 6 and 8. Our simulations are also compared to X-ray
photoionization spectra (7) recorded on gas phase samples of ethylene, butadiene
and hexatriene, which provide a clear experimental manisfestation of the
construction of correlation bands (8-12).
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Calculations are carried out using one of the most efficient and reliable tool for
the description of the photoemission process : the one-particle Green's function
(GF) method (20) (also referred to as the one-particle propagator (21) approach), in
the so-called third-order Algebraic Diagrammatic Construction (ADC[3]) scheme
(22). By virtue of this scheme, these calculations account for electronic correlation
both in the initial and final states of the ionization process and for multistate
interactions within the cation. As such, they provide certainly one of the most
thorough investigation available to date on the ionization spectra of large saturated
(11) and unsaturated (12) hydrocarbons. In this contribution, we restrict ourselves
to a basic presentation of the one-particle Green's function and its relationships
with electron binding energies and photoionization intensities. More fundamental
or technical details on its expansion and evaluation can be found elsewhere (10-
12,17,19-25). For a general and thorough introduction to propagator methods, we
also would like to draw the readers attention to a text book and lecture notes (21)
by Prof. Y. Ohrn.

2. OUTLINE OF THEORY AND METHODOLOGY

For a correlated N-electron system with a non-degenerate ground state I‘I’(gq >

]

the one-particle Green's function has the spectral representation (20,21) :
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This expression is derived as the Fourier transform of a time-dependent one-
particle autocorrelation function (26) (i.e. propagator), and cast in matrix form
G(w) over a suitable molecular orbital (e.g. HF) basis, by means of the related set
of one-electron creation (a;*) and annihilation (ay) operators. In this equation, the
sums over m and p run over all the states of the (N-1)- and (N+1)-electron system,

l‘Pg_l > and l‘I’; + >, respectively. ESI and Eg&l represent the energy of the

N-particle system in its ground state and of the N+1-particle states.

The importance of the one-particle Green's function for the calculation of
ionization and electron affinity spectra can already be appreciated from Eq. (1) :
regardless of sign, ionization energies and electron affinities relate to the poles of
its first and second components, respectively. The associated residues correspond to
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products of one-electron transition amplitudes. These are defined as partial overlaps
between the neutral ground state and the ionized states :

n

(n) _
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and are therefore closely related to intensities. Regardless of scattering effects in the
continuum, relative intensities are indeed consistently estimated (19,20) from the

probability of a given ionic state I‘I"II:I *l >, defining (12) its pole strength :

I, =3 Ix{™i?
i (3),

The ionization process can be described as a one-particle event, when only one
term dominates in summation (3), yielding a pole strength close unity. In this
case, 1 - I'y gives an estimate of the fraction of photoemission intensity dispersed
in many-body effects. On the contrary, small pole strengths are indicative (18-20)
of a breakdown of the one-particle picture of ionization.

When molecular orbital cross sections Gj are available, photoionization
intensities are more conveniently obtained as (11,12)

I(n) = Z }’in O'i
i @

together with

I(n) =2 7in Ci
i &)

provided the photoionization process occurs at high (e.g. X-ray) photon energies.

Nowadays, the evaluation of electron binding energies and pole strengths from
G(w) can be efficiently carried out at relatively high orders in electronic correlation,
by reformulating the well-known (27) iterative Dyson equation into a matrix
eigenvalue problem (20) and by using a block extension (25,28) of the Lanczos
algorithm (29) in a two-step diagonalization procedure (22).

In comparison with the more standard Configuration Interaction (CI) method,
the one-particle Green's function approach offers the essential advantages, in the
outlook of numerical applications on extended systems, of a stronger and
systematic compactness (30) of the configuration spaces in high order
approximations and of energy separability (5,31) in the dissociation limit (size-
consistency). The latter is a necessary prerequisite (*) for a correct (i.e. size-
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intensive (32)) scaling of transition moments and energies in the thermodynamic
limit of an infinite system.

In principle, one can extract from G(w) the complete series of the primary (one-
hole, 1h) and excited (shake-up) states of the cation. In practice, one usually
restricts the portion of shake-up space to be spanned to the 2h-1p (two-hole, one-
particle) states defined by a single-electron transition, neglecting therefore
excitations of higher rank (3h-2p, 4h-3p ...) in the ionized system. In the so-called
ADCI3] scheme (22), electronic correlation effects in the reference ground state are
included through third-order. In this scheme, multistate 2h-1p/2h-1p configuration
interactions are also accounted for to first-order, whereas the couplings of the 1h and
2h-1p excitation manifolds are of second-order in electronic correlation.

These calculations have been conducted on the basis of RHF optimized
geometries, considering the 6-31G basis set for the n-alkane compounds (11), and
the 6-31G* basis set for the polyacene series (12). In both cases, the basis set
contention has been checked by comparison with more thorough investigations on
small compounds, such as ADCJ[3] calculations (11a) on n-butane based on the 6-
311G, 6-31G* and 6-31G** basis, or the MRSDCI ionization spectrum of ethylene
as obtained by Murray and Davidson (33) using a 196-CGTO basis set.

The self-consistent field computations have been carried out using the
GAMESS series of programs (34). The requested convergence on each of the

elements of the density matrix and the integral cutoff were fixed to 10-5 and 10-9
hartree, respectively. ADC results have been obtained using a slightly modified
version of the one-electron Green's function packages (17,22,23,25) developed in
Heidelberg, which ensures (*,24) the correct scaling of the static self-energy.

A threshold of 0.005 on pole strengths was imposed on the extraction of the
poles of G(w), in the final diagonalization step (22), which at present is carried out
using a block version (35) of the conventional Davidson procedure. The spatial
symmetry has been exploited to the extent of the largest molecular abelian group.
The computed ionization spectra of the selected compounds are presented as
convoluted densities of states (DOS) in Figures 1 and 2, together with the ADC[3]
values obtained for binding energies and pole strengths, which are displayed as
spike spectra. To visualize directly the relative importance of shake-up bands within
the global result, we provide separately in these figures the contribution arising

(*) As mathematically discussed and numerically illustrated in (24,31), great care
must be exercised with size-dependence questions. Third- and higher-order
components of the self-energy XZ(w) required to expand G(®) by means of the
Dyson equation diverge logarithmically with increasing system size. This
difficulty relates to the long-range character (1/r) of the Coulomb force and to the
N-representability of the correlated electron density p associated to G(w) via a
Coulson contour in the complex w-space. Size-intensivity can only be guaranteed
for £(w) via a suitable cancellation (24) of logarithmic divergencies (31) in
antigraph sets (20), or by a rescaling (24) of p, ensuring the preservation of the
exact particle number (N).
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from the lines with a pole strength smaller than 0.40 . In order to enable a
quantitative comparison with the experimenal records (7) by M.P. Keane et al on
ethylene, butadiene, and hexatriene, X-ray photoionization intensities for an AlKa
monochromatized photon source (hv=1486.6 eV) have also (Figure 3) been
computed (12) by means of Eq. (4), using molecular orbital cross sections
evaluated from STO-3G calculations based on the parametric model of Gelius (36).
The relative atomic photoionization cross sections used in this case for the Cog,
C2p and Hg atomic functions are 100, 7.69 and 0.00, respectively. In spite of its
simplicity, this model has often brought invaluable insight into the valence XPS
spectra of large organic compounds (2,6). Lacking more suitable tools to account
for vibrational broadening and experimental resolution, ionization spectra have been
convoluted using as spread function a linear combination of one lorentzian and one
gaussian curve of equal weight and width (FWHM=1.1 ¢V), in analogy with a
previous investigation (6g) of XPS records obtained from gas phase samples of
saturated hydrocarbons.

3. RESULTS

3.1 Ionization Spectra of Alkane Chains

As shown by the intensity distributions (Figure 1), and as inferred from large
pole strength values, close to unity, the idea of a one-particle process of ionization
can be retained nearly over the whole valence region of n-alkane compounds. The
orbital picture is completely preserved for ethane (18¢), a molecule with much too
large excitation energies to yield a significant dispersion of intensity into many-
body effects. For larger saturated hydrocarbons, the innermost ionization lines tend
to split into many satellites of weak and comparable intensity (11), as a result of
strong configuration interactions in the cation. Shake-up structures remain
nonetheless confined above a general threshold of 23 eV on electron binding
energies, an observation which can be related (10) to a zeroth-order (i.e. HF)
estimate of 27.69 eV for the shake-up energy threshold of polyethylene.

The preservation of the orbital picture of ionization in the upper part of the
inner valence region is an essential result in regards with many structural
investigations (3,5,6) of gas phase samples, polymer surfaces or thin coated
organic fims by means of photoemission spectroscopy. It justifies indeed the
assignment (5,6b) of conformational signatures for saturated hydrocarbons to
alterations of their long-range methylenic hyperconjugation pattern, yielding a
mixing of the C2g and C2p + Hg character of one-electron states at the border of
the inner and outer valence regions, in a binding energy interval comprised between
14 and 22 eV.



Theory of lonization 83

@ ™
240 2304
CaHs CiH10
404
200 4
“ 2004
2 150
3
K 150 {
]
3 1201
E
2 1204
M
g
0304
as
0.60
2404 by
\
o
om — ™ am A - e
380 {@ ()
4304
CsH14 CsH13
3.00 4
4004
g a4
= 3201
H
3
H
H
< 13014
= 240
S
i 20
- ] L lm-
rd
0.50 4 \ 0104 \
\ -
\
0.00 P Y Hi 00 2. r\\ ! !
00 80 =3 180 40 100 40 00 260 0 180 (40 100 60
Binding energy (eV) Bindiag coaxy (¢V)

Figure 1 : Valence ADC[3] ionizaton spectra (full lines) of the (a) ethane, (b)
n-butane, (c) n-hexane and (d) n-octane compounds in their all-staggered
conformation (6-31G results). The dotted curves represent the partial contribution
to the convoluted density of states arising from sateilites with I'y < 0.40.
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3.2 Jonization Spectra of Polyenes

Very different is the behaviour observed in the polyacene series (Figure 2). The
smaller compound of this series, ethylene, gives rise already (Figure 2a) to a partial
breakdown of the orbital picture of ionization for (18¢) the 2ap one-electron level,
yielding a line with a slightly dominant 1h character at 23.8 eV (I'y=0.450), and
two 2h-1p satellites of appreciable intensity, at 24.9 eV (I'p=0.153) and 27.6 eV
(T'n=0.201). Shake-up structures spread rapidly (Figures 2b, 2c and 2d) towards
lower binding energies when considering larger conjugated systems. As with n-
butane, the breakdown of the molecular orbital picture is already virtually complete
for the innermost (3ag) Cs level of 1,3-trans butadiene.

As contrasted with its saturated counterpart, the butadiene compound undergoes
(Figure 2b) also a strong fragmentation of the other C3g levels into satellites (18¢),
though the orbital picture of ionization can still be partially retained in the inner
valence region, in the form of three relatively intense 1h lines emerging
distinctively from the shake-up background at 18.24 eV (4by level, I'n=0.67),
19.48 eV (4ag level, I'y=0.421) and 23.39 eV (3by level, I'n=0.550). The idea of a
one-electron ionization process becomes completely inadequate in the Cpg region of
1,3,5-trans hexatriene (Figure 2¢) and 1,3,5,7-trans octatetraene (Figure 2d). For
these compounds, and by extrapolation for polyacetylene, the inner valence
structures are found to relate exclusively to satellites.

The ADCI3] results obtained for polyenes (Figures 2b, 2c and 2d) indicate
furthermore a partial contamination of the outer valence region by a few satellites
of appreciable strength (Table 1), falling among and borrowing their intensity to
the outermost 1h lines. One can also notice a significant drop of the pole strengths
of 1h lines at the bottom of that region, indicating a rather important dispersion
(10-20 %) of the outer valence intensity at higher binding energies. These
observations typically relate to the closure of the fundamental gap with increasing
system size, and are consistent (10) with a zeroth-order estimate of 10.86 eV for the
shake-up energy threshold of polyacetylene.

Our results fit also with a previous investigation (9) on polyenes based on a
version of the 2h-1p CI scheme restricted to the virtnal one-electron states generated
by a minimal basis. In our case, however, the fragmentation of lines into satellites
is much more pronounced. The reason lies in the size-consistency of the ADC[3]
approach (as contrasted with the size-inconsistency of any truncated form of CI
(27d), in the full handling of the virtual space, and (10) in the inclusion of
correlation corrections to the reference ground state, leading to (37) a net reduction
of the quasi-particle band gap of conjugated polymers.

The pole strength profiles obtained in the outer valence region of the 1,3-trans
butadiene, 1,3,5-trans hexatriene and 1,3,5,7-trans octatetraene compounds relate
also typically to that found (10) with low-gap hydrogen chains. They nicely reflect
the competition for intensity between the main and the correlation (i.e. satellite)

bands in that region. In both cases, the less energetic (HOMO'ZLUMO"'l (10,12)
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Figure 2 : Valence ADC[3] ionization spectra (full lines) of the (a) ethylene, (b)
butadiene, (c) hexatriene and (d) octatetraene compounds in their all-trans
configuradon (6-31G* results). The dotted curves represent the partial contribution
to the convoluted density of states arising from satellites with 'y < 0.40 .
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shake-up state roughly coincides with the most severe depletion of intensity among
the 1h outer-valence lines, and generates correspondingly a rather intense line at the
top of correlation bands. In all cases also, the outermost satellites are found to
systematically borrow their intensity from the occupied orbital next to the HOMO
(denoted as HOMO-1), exhibiting the right symmetry for an interaction with the
HOMO-2LUMO+1 shake-up state. More details on these couplings can be found in
Table 1.

Table 1 : Detailed assignment of the outermost satellite of polyenes, and of the
main line from which it originates.

Compound HOMO-2L.UMO*! fine (HOMO - 1)-! line
C4Hg lbg22a:1 121;l
IPp=13.10eV P, =11.16
I'n=0.207 I'n =0.706
24t -1
CeHs 2a,%2b7 b,
IPp=11.39 eV 1P =991eV
Fn = 0.258 rn = 0630
—2q,+1 -1
CgHyg 2bg 3a, 2a,
IP=1034 eV IPp=9.09eV
I'p =0.245 I'n =0.620

An excellent agreement with the X-ray photoionization spectra of ethylene,
butadiene and hexatriene (7) is obtained (12) (Figure 3) when including in our
calculations the Gelius (36) photoionization cross sections for an Alko photon
beam, by means of Eqgs. (4) and (5). Such a direct comparison is impossible for
octatetraene, a compound for which there is no available XPS data.

Besides a drastic reduction of the intensity obtained in outer valence region as
compared with the convoluted DOS curves of Figure 2, cross section effects yield
also, in fair agreement with experiment, a significant drop of relative intensities at
the top of the inner valence region of 1,3-trans butadiene and 1,3,5-trans hexatriene.
This relates to the fact that the orbitals bordering the Cp¢ band incorporate a
substantial proportion of C2p atomic contributions. Thus, although the one-
electron picture of ionization severely breaks down in that energy region (18 eV),
the composition of orbitals does still show through X-ray photoionization spectra,
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3.3 Size-Dependence Effects within Correlation Bands

As in preliminary investigations on model hydrogen chains (10), our
calculations indicate (Figures 1 and 2) that shake-up lines tend to dissolve into a
quasi-continuum of solutions with vanishingly small intensities, when going to
the polymer limit. This phenomenom is at the root of a major deficiency of the
ADC(3] scheme as it is currently implemented : by imposing a minimal threshold
on pole strengths in the final extraction step, one may indeed exclude a susbtantial
amount of the photoionization intensity to be found in correlation bands. Taking
the n-nonane compound as the most extreme example observed so far (11), one
may estimate that about 30 % of the Cpg intensity is lost into shake-up lines with
I'n < 0.005, which are excluded from the calculations presented here.

The size-dependence of the intensity of single shake-up lines is dictated by the
squares of the coupling amplitudes between the 1h and 2h-1p manifolds, which by
definition (22) scale like bielectron integrals. Upon a development based on Bloch
functions (¢pp(k)), a LCAO expansion over atomic primitives (y) and lattice
summations over cell indices (i), these, in the limit of a stereoregular polymer
chain consisting of a large number (NQ) of cells of length a(, take the form (31) :
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Neglecting for simplicity the long-range character of the Coulomb force, the
above summations yield (31) a bounded result (t) when extended to infinity.
Bielectron integrals can thus be regarded as scaling like N()'l, either in the
thermodynamic limit (N — <), or (31) in the dissociation limit (a( — oe).

For the correlation bands obtained by a convolution of many shake-up lines, the
size-consistency and size-intensivity requirements imply a convergence towards
some asymptotic profile, when going to the polymer limit. This must ideally be
achieved through a balance of the scaling properties of the individual shake-up
lines, and the dispersion of the intensity of 1h lines over a rapidly increasing
number of excited states with increasing system size.

From considerations on translational symmetry in the limit of a stereoregular
polymer, which are more conveniently analyzed in terms of conservation
constraints on momenta at interaction vertices and within self-energy diagrams
(31), each 1h line can be easily shown (see e.g. Figure 4 for a second-order process)
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to generate a number of 2h-1p satellites proportional to N()+2. This multiplicity

factor is exactly balanced by the N()‘2 scaling factor on shake-up intensities arising
from the square of the 1h/2h-1p coupling amplitudes. This ensures the correct (i.e.
size-consistent) distribution of the 1h intensity over satellites.

Very similarly, higher-order processes can be shown to yield a size-consistent
redistribution of the intensity of shake-up states among themselves, via multiple
2h-1p/2h-1p interactions. Any restriction on this balance will therefore yield a size-
inconsistent description of correlation bands, which will tend to vanish with
increasing system size (11). A nice example is provided here, with the necessary
introduction of a lower limit on pole strengths in the block-Davidson
diagonalization procedure.

(a) ) ey

opkp)

%ikp+q) 9j(ky-q)

Figure 4 : (a) Scattering processes behind the coupling of a 1h primary ionized (ap)
state and a 2h-1p shake-up state (23 *aja;), at second-order in electronic
correlation (i,j,p : occupied band indices; a : virtual band index);
(b) corresponding excitations in the asymmetric part of the first
Brillouin zone (—n/ag <k < w/ag) of a 2-band stereoregular polymer
chain. Under the translational symmetry and periodic boundary (Born -
Von Karman) constraints, this consists of a quasi-continuous but
discrete series of Ng points in k-space, if the polymer chain contains
Ng unit cells. Scanning the independent momenta present in the
second-order Epp(kp) self-energy diagram 4(a) is therefore equivalent to
exploring a grid of Nq2 points.
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4. CONCLUSIONS AND OUTLOOK FOR THE FUTURE

The ionization spectra displayed in this study illustrate the importance of
satellite bands for extended systems, an aspect of band-structure theory which has
been largely overlooked until now. For these systems, these bands are, by far,
much more difficult to investigate than one-particle bands, as the intensity of
shake-up lines tend to individually vanish when the size of chains or clusters extend
to infinity. An ideal approach to overcome this difficulty lies on the use of the
block-Lanczos algorithm, which is known to preserve the total moments of the
spectrum and is thus exactly suitable for exploring dense spectra. Work is in
progress along these lines (38), at the university of Heidelberg. In the long term,
one should also clearly consider the development and implementation of a crystal
orbital version of the ADC/GF scheme.

In this contribution, evidences have been given for a breakdown of the orbital
picture of ionization of large saturated hydrocarbons related to polyethylene, above
a binding energy threshold of about 23 eV. The one-particle picture is on the other
hand well-preserved below that threshold. At this stage, however, it is rather
unclear yet whether the extent of shake-up contamination will remain unchanged
for polyethylene. The correlation bands in polyethylene may reach higher binding
energies, as a substantial proportion of correlation states of very low intensity has
not been determined for the longest chains.

As contrasted with n-alkanes, a severe fragmentation of lines into satellites is
observed throughout the inner valence region of conjugated oligomers converging
to polyacetylene. Our results indicate also a partial contamination of the outer
valence region by satellites, which is consistent with an HF estimate of 10.86 eV
for the minimal energy required for a 2h-1p shake-up transition in this system. By
straightforward extrapolation to higher excitations, it is quite obvious that the
breakdown of the one-particle picture of ionization will in reality be even more
severe than computed here, because 2h-1p states may themselves strongly interact
with 3h-2p shake-up states above 16 eV. At this stage, it should be noted that
GF/ADC calculations being exact through fourth- and fifth-orders would be required
to describe these states at a consistent (first-order) level in electronic correlation !

Thus, the main conclusion is that: although the photoionization spectra of
stereoregular polymers (and by extension crystalline solids) have been extensively
investigated during more than three decades, a sound and correct description of the
physics behind the recorded signals still remains a very challenging request for
theoreticians. Many studies, in particular those carried out on semi-conducting
systems, should be reconsidered under the light of the results presented here.
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1. INTRODUCTION

The linear polarizability, o, describes the first-order response of the dipole moment
with respect to external electric fields. The polarizability of a solute can be related to the
dielectric constant of the solution through Debye’s equation and molar refractivity through
the Clausius-Mosotti equation [1]. Together with the dipole moment, & dominates the
intermolecular forces such as the van der Waals interactions, while its variations upon
vibration determine the Raman activities. Although o corresponds to the linear response of
the dipole moment, it is the first quantity of interest in nonlinear optics (NLO) and
particularly for the deduction of structure-property relationships and for the design of new
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NLO chromophores. Indeed, a close relation often exists between the linear and nonlinear
responses of m-conjugated organic compounds which are known to present substantial
NLO responses [2-4].

It is well-known that in saturated compounds, o presents an additive behaviour.
The polarizability as well as the molar refractivity of molecules are well estimated from
adding the contributions of its constitutive bonds or groups. However, for n-conjugated
systems, o increases supralinearly with its size due to the important electron delocalization,
In particular, for one-dimensional extended systems such as polayacetylene (PA) chains,
the chain length dependence of the longitudinal tensor component of the polarizability per
unit cell, Ao, (N) = ot (N) - ot (N-1), first shows an increase with the number of unit cells
(N), then a saturation towards an asymptotic value which characterizes the polymer. The
Aoy (N) representation for the polarizability per unit cell is often preferred to the o, (N)/N
function as it converges faster with increasing chain length, The evolutions of the
polarizabilities per unit cell with increasing chain length are compared for saturated
(polyethylene) and unsaturated (polyacetylene) chains in Figure 1.
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Figure 1 : Evolution as a function of the number of unit cells (N) of the longitudinal
polarizability per unit cell, Ac,(N) = o (N) - o (N-1) for prototypes of
saturated (polyethylene) and unsaturated (polyacetylene) polymers.

One way of determining the asymptotic value, Aa, (e°), consists of computing the
properties in larger and larger oligomers and then of extrapolating the results to the infinite
chain limit. This has the advantage that no new methodological development is required: it
is sufficient to employ well-defined techniques to characterize the properties of increasingly
large systems. However, the analytical form of the fitting function is unknown and
therefore, when the oligomeric results are far from the plateau, it can lead to significant
imprecisions. Several strategies combining various forms of fitting functions as well as
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different sets of data points have been designed to provide asymptotic values within a given
stability criteria [5-6]. The recent work of Dalskov et al. [7] demonstrates the difficulties
related to these fitting procedures and addresses the evolution of the imprecision as a
function of the size of the oligomers and the nature of the polynomial. For exact
polynomial fits, i.e. when the degree of the polynomial is the number of points minus one,
numerical errors in the evaluation of the oligomeric properties lead to variations in the
polymeric values which could be larger than the variations of Ac (N) between N = N

mix

and N=N,,. -1 where N, is the number of unit cells of the largest oligomer.

The second procedure, several aspects of which are reviewed in this paper, consists
of directly computing the asymptotic value by employing newly-developed polymeric
techniques which take advantage of the one-dimensional periodicity of these systems,
Since the polarizability is either the linear response of the dipole moment to the field or the
negative of the second-order term in the perturbation expansion of the energy as a power
series in the field, several schemes can be proposed for its evaluation. Section 3 points out
that several of these schemes are inconsistent with band theory summarized in Section 2.
In Section 4, we present the main points of the polymeric polarization propagator
approaches we have developed, and in Section 5, we describe some of their characteristics

in applications to prototype systems.

2. BAND STRUCTURE OF PERIODIC INFINITE SYSTEMS

The translational periodicity of the potential is the necessary and sufficient condition
for describing the wavefunction as a linear combination of Bloch functions

N
8,(k.F) = ﬁ]—;f*'"xp(?—ﬁp - jag,) M
where (2ZN+1) is the (odd) number of unit cells (N — o) that corresponds also to the
number of k-states in one band or to the periodicity [(2N+1)a] of the crystalline orbitals
imposed by the Born-Karman cyclic boundary conditions. These conditions assume that,
for large N. the wavefunction in the 0" and 2N+1" unit cells is the same. k is the
wavevector or quasimomentum associated with the particle, the normalization factor is
1//2N + 1, and the translational unit cell length is a. ¥, (F - Iin — jag,) is the pth atomic
orbital centered in the j unit cell which, in practice, is chosen to be a contraction of
Gaussian functions. €,is the unit vector in the periodicity direction. In restricted Hartree-
Fock theory, the many-electron wavefunctions of closed-shell polymers are approximated
by Slater determinants which are constructed from doubly-occupied crystalline orbitals
given as linear combinations of Bloch functions,
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0,(k,7) =Y C,,(k)0,(k.F) 2
p=1

The polymeric LCAO coefficients, Cn“(k) and their associated energies ep(k) are,

respectively, the eigenvectors and eigenvalues of the matrix equation:
F(k)C(k)=S(k)C(k)e(k) (3

where F(k) and S(k) are the k-dependent Fock and overlap matrices. The standard theory
of band structure calculations is reviewed in two books [8-9] to which we refer the reader
for more details. Improved description of the electron distribution, energies and properties
can be obtained after considering the electron correlation effects both size-consistently and
by performing the different lattice summations until convergence [10-11].

3. UNBOUNDED NATURE OF THE DIPOLE MOMENT OPERATOR

When an external electric field is applied along the periodicity axis of the polymer,
the potential becomes non periodic (Fig. 2), Bloch’s theorem is no longer applicable and
the monoelectronic wavefunctions can not be represented under the form of crystalline
orbitals, In the simple case of the free electron in a one-dimensional box with an external
electric field, the solutions of the Schrodinger equation are given as combinations of the
first- and second-species Airy functions and do not show any periodicity [12-16].

V(z)
periodic potential of

the unperturbed polymer

perturbation due to the
external electrical field

Viz)

perturbed potential of
the polymer

z

Figure 2 : Schematic representation of the effect of an external electric field applied along
the longitudinal axis of a stereoregular polymer.
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As a consequence, finite field methods, which consist of computing the energy or
dipole moment of the system for external electric field of different amplitudes and then
evaluating their first, second derivatives with respect to the field amplitude numerically,
cannot be applied. Similarly, procedures such as the coupled-perturbed Hartree-Fock
(CPHF) or time-dependent Hartree-Fock (TDHF) approaches which determine the first-
order response of the density matrix with respect to the perturbation cannot be applied due
to the breakdown of periodicity.

In order to solve this problem of unboundedness, Argyres and Sfiat [17]
decomposed the dipole moment operator into a periodic sawtooth function and its non
periodic stair-case complement. The stair-case component is responsible of the localization
of the electronic wavefunction whereas the sawtooth potential is associated with the
periodic character of the polarization. Otto and Ladik [18-19] have proposed an alternative
decomposition of the dipole moment operator.

These treatments of periodic parts of the dipole moment operator are supported by
several studies which show that, for large oligomeric chains, the perturbed electronic
density exhibits a periodic potential in the middle of the chain whereas the chain end effects
are related to the charge transfer through the chain [20-21]. Obviously, approaches based
on truncated dipole moment operators still need to demonstrate that the global polarization
effects are accounted for. In other words, one has to ensure that the polymeric value

carresponds to the asymptotic limit of the oligomeric results obtained with the full operator.

4. POLARIZATION PROPAGATOR FOR COMPUTING THE
POLARIZABILITY PER UNIT CELL OF POLYMERS

4.1 Coupled Hartree-Fock values within the Random Phase approximation

The strategy we have adopted consists of computing the polarizability without
determining the field-dependent energies and wavefunctions by adopting perturbation-like
approaches. This is accomplished within the framework of the polarization propagator
methods at the level of the random phase approximation (RPA). Although the vibrational
contributions to the polarizability have been shown to be important [22], only the electronic
contribution has so far been considered at this level of theory when taking the translational
periodicity  into account. This approach provides coupled Hartree-Fock (CHF)
polarizability values which are equivalent to the CPHF and TDHF schemes or to the
Hartree-Fock finite field technique, including electron reorganizational effects self-

consistently in terms of the Coulomb and Pauli fields.
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The main quantity providing the dynamic longitudinal polarizability of closed-shell
infinite periodic systems is the polarization propagator which at the RPA level takes the
form [23-25]:

, fA+ol B Y'(Q
oc”(RPA,(o)=2(Q,Q)( B Aol (Q] @

Since the dipole moment operator is spin and number conserving, the poles of the
polarization propagator correspond to the singlet single excitation energies. The
corresponding residues are the transition moments. The static and dynamic longitudinal
polarizabilities per unit cell are then given by the same integration over the first Brillouin
zone and summations over all the occupied (i) and unoccupied (a) bands [26-29]:

k

ay},(RPA,O)) _ w8 Ellmw.,v R
TNy I_[n 2AL0X, (o) + 2, (0)Y, (k,m)]dk 5)

u

where the frequency-dependent X,i(k,w) and Y ;(k,0) terms are obtained from solving the
following linear equation system:

{ (A+ol)X+BY=Q
BX+(A"-0l)Y=Q"

(A" -o1) ©
The matrices A, B, Q are of infinite dimension since there are an infinite number (2N+1,
N — oo) of k-values and thus an infinite number of k-states in each band. Moreover, there
is an equation for each triplet formed by a k-value and two band indices. This triplet
represents a particle-hole excitation that is vertical in order to preserve the momentum. As
is the case in many polymeric techniques, the infinite sum over k is transformed into an
integration in the first Brillouin zone :

(2N +1)a $% JJ(AGI)), ,, + 088,80 [X, ()

2n - &
+(Bk,K),.,, Yoy (k' )k = €2, (k)

= 1A

(B'(k.k ))m'mxhj(k' ) (7)
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where
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(A(k’ k' ));.i.m = (Sn (k) —¢; (k))suhaijskk'

®)
+2(0, (), (], (K )0, (K )) (0, (k) (K[, (K )y (K)

(Bl k'), = (6 (00, (<)fo,(k ), (0)) - 2(6,), (K[, (K )0, (K)) ©)

The subscript labels a, b,... (i, j,...) correspond to unoccupied (occupied) bands. The
Mulliken notation has been chosen to define the two-electron integrals between crystalline
orbitals. Two recent studies demonstrate the nice converging behaviour of the different
direct lattice sums involved in the evaluation of these two-electron integrals between
crystalline orbitals [30]. According to Blount’s procedure [31], the z-dipole matrix
elements are defined by the following integration which is only non zero for k=k’ :

(¢n (k’ )|Z|¢| (k)) = iakk' (U“ (k))% u i (k)] = i6l(k'§2:|i (k) (10)

The properties and computational procedures of the dipole transition strength elements,
2,i(k), are described in several papers [32-33] to which we refer the reader for further
details. By partitioning A(k,k") into Ag(k,k") and A1(kk') according to:

(A()(k’k‘));.i‘hj = (Eal(k) - Si(k))suhsiiakk' (l 1)
(A(KKD),,,, = 2(6, 000, ([0, )0, (k) - (6, (K0, (K o, (K o, (k) (12)

and by taking advantage of the relation between the Kroneker delta and the Dirac delta
function,

2n

Bkk‘ (—)ma(k—k), (13)

the linear equation problem takes the following form :
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At this stage, trapezoidal quadrature is used to obtain X and Y.

4.2 Uncoupled Hartree-Fock approximation

By making the approximation of setting matrix B to zero and A to Ay, the resolvent
matrix becomes diagonal, every coupling between the crystal orbitals disappears and the
polarizability reads:

o, (UCHF.0) _ § j EN

Q2N +1) 5 e e a0)

Qai(k, )r (8?‘(k’ ) - si (k’ )) dk’ (15)
-]

This is the expression of the uncoupled Hartree Fock polarizability per unit cell [33]. Since
in this case, there is no coupling between the different vertical transitions, the coupling,
and thus the matrices Ay and B, are responsible for the field-induced electron
reorganizational effects.

In the following Section we present results of the application of the method to two
mode! prototype systems, namely molecular hydrogen chains and all-trans polyacetylene.

5. APPLICATIONS TO PROTOTYPE SYSTEMS

5.1 Molecular hydrogen chains

For model chains of H, (the intermolecular distance is fixed at 3.0 a.u., the
intramolecular distance is 2.0 a.u.) the longitudinal polarizability per unit cell has been
computed at the RPA/3-21G level of approximation as a function of chain length by using
the SUPERMOLECULE program [34]. The results given in Table | for different values of
the optical frequency show the expected converging behaviour. Then, the polymeric
results, given at the bottom of Table I, have been obtained with the PLH [35] and
PLHRPA [36] programs. A particular feature of the PLH program consists of the
inclusion of the long-range coulombic interactions which are accounted for via a multipole
expansion technique including all the monopole-quadrupole and dipole-dipole interactions.
The numbers of unit cells in the short and intermediate range regions are 21 and 41,
respectively, in order to ensure properly converged results. In the band structure
calculation, we set the threshold for the two-electron integrals at 10-7 a.u, . The criterion
for convergence on the density matrix elements is fixed at 10-5. In the evaluation of the
two-electron integrals between crystalline orbitals (Eqgs. 8 and 9), we have restricted the
short- and intermediate-range regions to 41 and 81 unit cells. The number of k-points in
the first Brillouin zone has been fixed at 81. The values obtained with the oligomers of
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increasing size clearly tend smoothly towards the polymeric results; showing the nice
extrapolation property of our polymeric procedure as well as the correspondence between
the oligomeric and polymeric approaches.

Figure 3 shows the frequency-dispersion curves of the polymeric H, systems by
using both the coupled and uncoupled Hartree-Fock polymeric procedures. As a
consequence of including the field-induced electron reorganizational effects, the coupled
Hartree-Fock values are larger than the uncoupled values. Several studies [26-28] have
pointed out that this UCHF underestimation increases when the alternating character of the
chain decreases, i.e. when the system becomes more conjugated. In addition, increasing
the frequency enhances this phenomenon because the estimated excitation energies are
much larger by the uncoupled technique.

Table 1 : Longitudinal polarizability per unit cell as a function of the number of H, units

cells, N in comparison with the polymeric value.

N ®=0.0 0=0.1 ®=0.2
4 25.79 29.57 51.63
5 26.89 31.12 57.98
6 27.44 31.95 62.11
7 27.75 32.41 64.79
8 27.93 32.68 66.55
9 28.04 32.84 67.71
10 28.11 32.96 68.50
11 28.16 33.03 69.05
12 28.19 33.09 69.43
13 28.22 33.12 69.71
14 28.24 33.15 69.90
15 28.25 33.17 70.06
16 28.26 33.18 70.18
17 28.27 33.20 70.26
18 28.28 33.21 70.33
19 28.28 33.21 70.39
20 28.29 33.23 70.43
Aa,, (o) 28.33 33.28 70.68

The results (in a.u.) obtained at the RPA/3-21G level of approximation correspond to
electric field circular frequencies of 0.0, 0.1, and 0.2 a.u.
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Figure 3 : Frequency-dispersion curves of the longitudinal polarizability per unit cell of
infinite periodic chains of hydrogen molecules according to the method used
(RPA (bottom) and UCHF (top)). All the values are in a.u, . The position of
the first excitation energies which corresponds to the poles is indicated by
vertical bars.



Polarizabilities of Stereoregular Polymers 105

By scanning the polarizability as a function of the frequency, the dipole-allowed
singlet excitation energies can be determined. Figures 3 displays the position of the first
excitation energies as obtained from the UCHF and RPA procedure. At the uncoupled
Hartree-Fock level, the poles of the propagator correspond to the crystalline orbital energy
differences and form a band. By assigning the zero energy reference value to the top of the
valence band, these excited levels also define the conduction band levels (Figure 4). The
bottom of the conduction band characterizes thus the lowest singlet excitation energy.
Using the 3-21G atomic basis set, this lowest excitation energy amounts to 12.4leV
whereas the conduction bandwidth is 18,18 eV [29]. In that approximation, the excited
states are completely delocalized over the entire system.

Conduction Band

w2
©
2
3
3
m —
. T -
Exciton binding energy
SOOI,

Fundamental gap

& Top of the valence band

Figure 4 . Conduction band levels and excitation levels of infinite periodic hydrogen chains
by using different approximations of the polarization propagator. The left part
refers to the crystalline orbital energy differences, namely, the Hartree-Fock
excitation energies; the right part refers to the random phase approximation
results obtained by using 41 k-points in half the first Brillouin zone.

Within the RPA technique, due to an explicit account of the electron-hole pair
interactions, the possible localization of the excited states, which is driven by energy
stabilization, can be observed and reproduced. Such a method is suitable to detect possible
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excitons. In general, the search of the polarization propagator poles gives two features : a
band formed by all but a few levels which are lower than the bottom of that band. Such
isolated levels are called excitons and result from the localization of the excited state. In
our study of the hydrogen chain models, one excitonic level is substantially stabilized and
can be distinguished. However, there could be a second exciton with smaller binding
energy. Only analysis of the excited state wavefunction could answer this question. The
energy gap between that single level and the bottom of the conduction band is called the
exciton binding energy, E,. At the RPA/3-21G level of approximation, we find that E, =
4.9 eV, the bottom of the excitation band is located 11.90 eV higher than the ground state
[29]. This energy value associated with the lowest energy transition to the conduction
band is called the fundamental gap. Compared to the Hartree-Fock results, the conduction
band has been slightly shifted downward (0.50 eV) by taking care of the electron-hole
interaction.

Since the excited levels are determined by searching the poles of the polarization
propagator, the poles corresponding to very small dipole transition strengths are difficult to
identify. This is particularly the case for the highest energy poles and, consequently, it is
not possible to determine by such procedure the top of the conduction band.

5.2 All-trans polyacetylene

By adopting the RPA level of approximation several polymeric calculations of
Aq.,, (=) have been carried out for polyethylene [37,39], polysilane [37,39], polyacetylene
[28, 37-38], polyyne [38], polydiacetylene [38], and polybutatriene [38] in the static limit.
For the purpose of illustrating the use of the polymeric RPA technique to real systems, we
chose PA because refractive index measurements for the direction parallel to the periodicity
axis, n,, are available. Indeed, it has been measured for highly-oriented crystalline trans-
polyacetylene by Fink and Leising [40-41] who determined n,, in the low-frequency limit,
i.e. the vibrational contribution is negligibly small. Combining n, = 3.25 with a density of
3.25 g/em' leads to an estimate of the polarizability per unit length, o /L, of 43.0 a.u.
which corresponds to a c,,/N value of 201 a.u. in the infinite chain length limit.

The geometry adopted for all-trans polyacetylene has been determined by Suhai
[42] in an MP2 geometry optimization using an extended polarized basis set. The
corresponding bond length alternation (BLA) attains 0.082A whereas experimental values
range between 0.06 and 0.08A [43-44]. This choice is important because the BLA
influences substantially the polarizability as well as the hyperpolarizabilities of =-
conjugated molecules. The RPA/3-21G Ao(eo) value attains 217 a.u. [38] and is in close
agreement with the experimental data. However, several other aspects deserve to be
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considered for determining Aq., (o) andfor n, with an improved accuracy. Electron
correlation effects [45] and the role of the medium [46] are expected to have a non
negligible influence. On the other hand, the rather small 3-21G basis set is expected to
provide satisfactory results for properties along the chain axis compared to basis sets
containing polarization and diffuse functions. This fact is well-known and is related to the
cooperative effects of the basis functions which describe also the electron density
distribution on the neighboring atoms [47].

As can be seen from Egs. 5 and 15, this approach allows the polarizability to be
decomposed in terms of its most contributing excited states. In unsaturated polymers, the
n-symmetry bands and particularly their highest-energy states present the largest
contribution to Ad,,(ec). This fact has been highlighted several times [28,37-38].

6. OUTLOOK

The random phase approximation applied to periodic infinite systems is an efficient
tool for determining their polarizabilities per unit cell as well as for addressing their
excitation spectra. The neglect of electron correlation effects of this CHF method can
however be alleviated in future steps based on higher-order treatments of the polarization
propagator [48-49]. The surrounding medium typically associated with van der Waals or
hydrogen bonding interactions presents a double effect : it modulates the field amplitudes
which are experienced by the reference system and it modifies the geometry and electronic
structure of the molecule/polymer from what it is in the isolated state. Some of these
effects have recently been tackled for 3D periodic systems by Causa and coworkers at the
UCHF level [50]. Its RPA and higher-order treatments would constitute another major
step towards the description of real polymeric systems. Returning to one of the
motivations of these investigations, following studies should concentrate on the extension
of these polymeric methods to determine the hyperpolarizabilities of stereoregular
polymers. Although such developments are going to be more involved than for the linear
polarizability, they should be of crucial importance to address rapidly and efficiently the
NLO properties of conjugated polymers for which the chain length dependence is important
and the saturation with chain length very slow. Initial steps have already been
accomplished along these lines [51] and they should be continued by including also the

vibrational contributions .
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1 Introduction

Linear response function approaches were introduced into the chemistry
literature about thirty years ago Ref. [1,2]. At that time they were re-
ferred to as Green functions or propagator approaches. Soon after the
introduction it became apparent that they offered a viable and attrac-
tive alternative to the state specific approaches for obtaining molecular
properties as excitation energies, transition moments and second order
molecular properties.

The response function approaches have since developed into a useful
tool, not only for calculating molecular properties related to the lin-
ear response but also for calculations of non-linear response molecular
properties. For the most common electronic structure wave function
models linear and non-linear response functions have been developed
and have served as a useful tool for the calibration and interpretation
of molecular properties. To give a specific example consider the his-
tory of the electric field induced second harmonic generation (ESHG)
experiments of the second hyperpolarizability of the Ne atom. Based on
a sequence of ESHG measurements using lasers of different frequencies
Shelton found that the dispersion of the ESHG hyperpolarizability of
Ne was anomalous [3,4], in contrast to the positive dispersion found in
a previous experiment [5] and in an early multiconfiguration self consis-
tent field (MCSCF) calculation [6]. Based on an empirical calculation
Bishop could demonstrate [7] that the anomalous dispersion obtained in
the ESHG experiment [3,4] can not be reproduced by theory. Accurate
large-scale MCSCEF response function calculations were then carried out
and showed that the dispersion was not anomalous [8]. Subsequently
this was confirmed by new experimental ESHG data [9]. Recently ac-
curate coupled cluster singles and doubles (CCSD) response function
calculations have been carried out and have challenged the accuracy of
one of the new ESHG data points [10]. An experimental reinvestigation
has not yet been performed for this point. The above example demon-
strates clearly the enourmous development that has taken place since
response functions were introduced. It also shows how important it is
that the development in theory and experiment goes hand in hand.
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In this paper we discuss how more direct approaches may be de-
veloped for calculating directly the dispersion of cubic response func-
tions using coupled cluster theory. Power series expansions of frequency-
dependent hyperpolarizabilities have in recent years become a widely-
used tool for comparison of experimentally obtained and ab initio calcu-
lated hyperpolarizabilities for different optical proccesses, in particular
for second hyperpolarizabilities where for many molecules experimen-
tal data is available for more than one optical process and often cov-
ers a wide range of frequencies [4,11-14]. The most commonly used
ansatz to expand the frequency-dependence of hyperpolarizabilities in
the normal dispersion region [4,9,13-17] are even power series in the
frequency arguments. The usefulness of this ansatz is emphasized by
the fact that for the isotropic average of the second hyperpolarizability
7|| a single, process-independent coefficient is sufficient to express the
frequeny-dependence up to second-order in the frequencies [18,19]:

Y (woswi,wa,ws) = 7(0) (1+ A@w] +wf +wj +w) +Od)). (1)

A sum-over-states expression for the coefficient A for the expansion of
the diagonal components y,qq0 Was derived by Bishop and De Kee [20]
and calculations were reported for the atoms H and He. However, the
usual approach to calculate dispersion coefficients for many-electron sys-
tems by means of ab initio response methods is still to extract these
coefficients from a polynomial fit to pointwise calculated frequency-
dependent hyperpolarizabilities. Despite the inefficiency and the nu-
merical difficulties of such an approach [16,21], no ab initio imple-
mentation has yet been reported for analytic dispersion coefficients for
frequency-dependent second hyperpolarizabilities which is applicable to
many-electron systems.

In a recent publication [22] we reported the implementation of dis-
persion coefficients for first hyperpolarizabilities based on the coupled
cluster quadratic response approach. In the present publication we ex-
tend the work of Refs. [22-24] to the analytic calculation of dispersion co-
efficients for cubic response properties, i.e. second hyperpolarizabilities.
We define the dispersion coefficients by a Taylor expansion of the cubic
response function in its frequency arguments. Hence, this approach is
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applicable to all hyperpolarizability components and the coefficients are
independent of specific nonlinear optical proccesses.

The generality of a simple power series ansatz and an open-ended
formulation of the dispersion formulas facilitate an alternative approach
to the calculation of dispersion curves for hyperpolarizabilities comple-
mentary to the point-wise calculation of the frequency-dependent prop-
erty. In particular, if dispersion curves are needed over a wide range of
frequencies and for several optical proccesses, the calculation of the dis-
persion coefficients can provide a cost-efficient alternative to repeated
calculations for different optical proccesses and different frequencies.
The open-ended formulation allows to investigate the convergence of
the dispersion expansion and to reduce the truncation error to what is
considered tolerable.

In the next section we derive the Taylor expansion of the coupled
cluster cubic response function in its frequency arguments and the equa-
tions for the required expansions of the cluster amplitude and Lagrangian
multiplier responses. For the experimentally important isotropic aver-
ages 7|, 71 and Yk we give explicit expressions for the A and higher-
order coefficients in terms of the coefficients of the Taylor series. In Sec.
4 we present an application of the developed approach to the second
hyperpolarizability of the methane molecule. We test the convergence
of the hyperpolarizabilities with respect to the order of the expansion
and investigate the sensitivity of the coefficients to basis sets and corre-
lation treatment. The results are compared with dispersion coeflicients
derived by least square fits to experimental hyperpolarizability data or
to pointwise calculated hyperpolarizabilities of other ab inito studies.

2 Coupled Cluster response theory

In the derivation of response functions one considers a molecule or an
atom described by the time-independent Hamiltonian H(®) which is per-
turbed by an external one-electron perturbation V (¢, ¢).

Ht,e) = HO 4+ V(t,e) (2)
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We assume that the perturbation operator V(t, €) can be expanded in a
sum over Fourier components as

Vit,e) = D0 HYej(w;)e 9 (3)
i

where H%; are hermitian time- and field-independent one-electron op-
erators and €;(w;) are associated field strengths for frequencies w;. The
letter ¢ without index is in the following used as abbreviation for the
complete set {¢;} of field strengths included in V. The time-dependent
ground-state coupled cluster wavefunction for such a system is conve-
niently parametrized in a form, where the oscillating phase factor caused
by the so-called level-shift or time-dependent quasienergy W(t, €) is ex-
plicitly isolated [25-28]:

lcC@,9) = exp (—i t:W(t’,e)dt’) exp (T(t,9) [HF) (4

The field- and time-dependent cluster operator is defined as T'(t,¢) =
Soutult )7, and |HF) is the SCF wavefunction of the unperturbed
molecule. By keeping the Hartree-Fock reference fixed in the presence of
the external perturbation, a two step approach, which would introduce
into the coupled cluster wavefunction an artificial pole structure form the
response of the Hartree Fock orbitals, is circumvented. The quasienergy
W and the time-dependent coupled cluster equations are determined by
projecting the time-dependent Schrédinger equation onto the Hartree-
Fock reference and onto the bra states (HF|#} exp(—1):

W(e t) = <HF|FI(e,t) exp(T)|HF>. (5)

<HF‘TJ exp ( - T(t, e))I:I(t, €) exp (T(t, 6)) 'HF> - z'dittu(t, €) =0

The latter equation may be written in the shorthand form
e#(ta €) — i%tu(tve) =0 . (7)

Frequency-dependent higher-order properties can now by obtained as
derivatives of the time-average of the quasienergy {W}r with respect
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to the field strengths of the external perturbations. To derive compu-
tational efficient expressions for the derivatives of the coupled cluster
quasienergy we use a variational formulation which is obtained by com-
bining the quasienergy and the time-dependent coupled cluster equations
to a quasienergy Lagrangian:

L(t,e) = W(t,e)+ 3 L, (et €) - i4t,)) (8)
u
The time-average of the quasienergy Lagrangian
1 +1o
{L(t,&)}r = lim — L(t,e)dt , 9)

to—+00 2t0 —t0

may now be required to be stationary with respect to the Fourier com-
ponents of the cluster amplitudes and the Lagrangian multipliers [23-
25,28].

o{L(t,e)}r = 0 (10)
Inserting the perturbation and Fourier expansion of the cluster ampli-
tudes and the Lagrangian multipliers,

o0
1
t#(t, € = t&o) + Z ~ Z .. .ZtXJl"'X]n (wj“ .. '7wjn) (11)
n=1 """ J1 Jn

n
X ]I €jm (W)™ om?

m=1
x
_ 1 _
tu(t,e) = f[(l,O) + Z ] Z i {XirXin (Wi« ey wh,) (12)
n=1"" j In

the variational condition for the time-averaged quasienergy (10) becomes
a set of response equations for the individual expansion coefficients of
tu(t,€) and t,(t, €). In zeroth-order one obtains the usual coupled cluster
equations, e{%) = 0, and the equations for the zeroth-order Lagrangian
multipliers,

@ +i@A = o , (13)
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where the vector 7{®) and the Jacobian matrix A are defined as partial
derivatives of the quasienergy and the Lagrangian with respect to cluster
amplitudes and Lagrangian multipliers:

ow

(0 _—

"7,, <3tu>o ’ (14)
0°L

Aw = (at‘“atu)o ' (15)

The index 0 indicates that the derivatives are taken for zero perturbation
strengths. The equations for the first-order amplitudes and multipliers
are obtained as:

(A-w)thw) = ¢4, (16)
Aw)(A+wl) = -(r*+FAW) | (17)
with €4, n4, and F defined as:

A _ 82L
& = <3€A(O)3fu)0 ' (18)

0*L
0 = (m)o ) (19)

0’L

F,“, = (W)O . (20)

The second-order response equations for the cluster amplitudes and the
Lagrangian multipliers are:

(A - {wa +w3)1)tAB (wa,w) = —€B(wa,wp) , (21)

t_AB(wA7wB)(A+ (wa +wB)1) = —f"Pwawp) ,  (22)
with the right hand side vectors defined as:

48 (wa,wp) = PAP(1BtA(wa)tP(wp) + APt (wa)) | (23)
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€48 (wa,wp) = Ft4P(wy,wp) + P48 (LGt (wa)tP (w) (24)
+F415 (wp) + TP (wp) Bt? (wa) + T8 (wp) A%) .

The matrices B, G and FX are defined as partial third derivatives of
the Lagrangian:

Gy = (at—?w) . (25)
Bru = (5{%) . (26)
FX = (ﬁ%z?@)o : (27)
AL, = <ijfi_x@)o : (28)

The response functions are obtained as derivatives of the real part of the
time-averaged quasienergy Lagrangian:

da {%L(t, €) + $L(¢, 6)*}1") (29)
4]

«Xl; Xg..., Xn»mw-,wn = ( de; (wl) .. .dén(wn)

As a consequence of the time-averaging of the quasienergy Lagrangian,
the derivative in the last equation gives only a nonvanishing result if the
frequencies of the external fields fulfill the matching condition 37, w; = 0.
In fourth order Eq. (29) gives the cubic response function:

{4; B, C, DYupwowp = (30)
JCx pABODL L H t4(wy) tP (wB) t° (we) tP (wp)
+ %(UCD(wC,wD) + %FtCD(wc,wD))tAB (wa,ws)
+ L #(w4) C B (wp) t°(we) tP(wp)
+ 3t (wa) B® 1 (o) tP(wp) },
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with wg = —(wp + we + wp) and the vector n°D defined as

wc,wD) = éCD(wc,wD)—-F%OD(wC,wD) . (31)

PABCD

n“P(
The operator symmetrizes with respect to permutations of the
perturbation indices A, B, C and D and the accompanied frequencies
and C*v symmetrizes with respect to an inversion of the signs of all
frequencies and simultaneous complex conjugation. The three matrices
H, C and BX are defined as:

9L
Hums = (8tu a1, ot 8t5)0 ! (32)
L
X _
By = ((9{# at, Bt dex (0)>0 ! (33)
&L
Cums = (G030 (34

An implementation of the cubic response function Eq. (30) for the cou-
pled cluster model hierachy CCS, CC2 and CCSD was reported in Ref.
[24].

3 Dispersion coefficients for dynamic second hy-
perpolarizabilities

3.1 Expansion of general hyperpolarizabilities components

In the normal dispersion region below the first pole, response functions
can be expanded in power series in their frequency arguments. The
four frequencies, associated with the operator arguments of the cubic
response function are related by the matching condition wy +wp +we +
wp = 0. Thus second hyperpolarizabilities or in general cubic response
properties are functions of only three independent frequency variables,
which may be chosen as wp, w¢ and wp:
oo
v4BoD(—~wp—wo—wp;wB,we,wp) = > whwFwhDapep(l, m,n)

I,m,n=0
(35)
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with the coefficients Dapcep (I, m, n) defined as:

I'm!n! dH™+" y 4 pep (36)
(I+m+ )\ dob dwT dw}, wi=0

Dagep(l,m,n) =

To derive working expressions for the dispersion coefficients Dapcp we
need the power series expansion of the first-order and second-order re-
sponses of the cluster amplitudes and the Lagrangian multipliers in their
frequency arguments. In Refs. [22,29] we have introduced the coupled
cluster Cauchy vectors:

(e}
th(wa) = ZwKC’A(n) , (37)
n=0
CA(TL) — _}_ dntA(wA) — __A—n-—lgA (38)
n! dw? o '
wp=
and the corresponding expansion for the first-order Lagrange multipliers:
o0
tA(wy) = ZwZC_'A(n) . (39)
n=0
= 1 dnt_A(wA)
A = - =747
¢in) = n!( dw? o (40)
wa=

= zn:(~1)m+1 (FCA(n - m) + 6 an®) A1, (41)

m=0

The Cauchy vectors for n > 0 are obtained by solution of the recursive
set of linear equations,

ACA(m) = C4n-1) , (42)

starting with the zeroth-order Cauchy vector which is equal to the static
limit of the first-order cluster amplitude response: C4(0) = t4(0). The
C#(n) vectors for n > 0 are obtained from the recurrence relation:

CAm)A = —[FC¥(n)+CA(n-1)] , (43)
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starting with C4(0) = #4(0). The second-order response of the cluster
amplitudes can be expanded in their two frequency arguments as:

t4B (w4, wB) = Z wrWwECAB(m, n) (44)
m,n=0
CAB(m n) _ 1 (dm-{-ntAB(wA,wB)) (45)
m!n! dw? dwp 4=l
_ ZE (m—p+n—q) A—mHp-ntg=1 cfAB(p, q) ’
p=0g=0 * ™7P
with
1 dm+n AB
“B(m,n) = - e (46)
m!n! dw? dw gm0

= PAB(IBCA(m)CB(n) + 8,,0ABCA(m))  (47)

The operator 15”’371? symmetrizes with respect to permutation of the op-
erators A and B together with the accompanied “Cauchy” orders m, n;
§ is the Kronecker symbol. Similar as for the first-order Cauchy vectors
the second-order Cauchy vectors are obtained as solutions of a recursive
set of equations:

AC*B(m,0) = —(€*B(m,0)-CAB(m-1,0)) ,  (48)

ACAB(0,n) = —(€¢*B(0,n) - C*B(0,n- 1) (49)

ACAB(m,n) = —(°¢"B(m,n)—C*®(m-1,n) (50)
~CAB(m,n-1)) ,

starting with CAB(0,0) = t+42(0,0). For the second-order response of
the Larangian multipliers one finds the following expansion in the fre-
quency argmuments:

o0
#B(wa,wp) = . wiwpCAB(m,n) (51)

m,n=0
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i 1 dmtniAB (w w )
4B Ay“B
A B wa=wp=0
= =Xy (TR )
p=0¢=0 P
x €1 (p, g) AP
with
_AB 1 [d™"E48 (w4, wB)
) _ 54
f (m’ ’{l) m!n’ ( dwf,{f dw% wa=wp=0 ( )

= FC*P(m,n) + PAE (LGCA(m)CP(n) + 6moF*CP(n)
+CB(n)BCA(m) + m0CP(n)A%) .

The CAB(m, n) vectors are calculated using the equations:

C4B(m,0)A = -(chB(m,0)+C*AB(m—1,0)) . (59)
C4B(0,n)A = —(CEAB(O,n)+C_'AB(0,n—1)) , (56)
CAB(m,n)A = —(CG_AB(m,n)-I—C_’AB(m—l,n) (57)

+C_'AB (m$ n-— 1)) 3

The matrices F, G, FX, H, AX, B, and C which appear in the expres-
sion for the second hyperpolarizability in Eq. (30) are defined as partial
derivatives of the quasienergy Lagrangian taken at zero field strengths
and hence are frequency-independent.

To find the power series expansion of Eq. (30) in wg, we, wp we
can thus replace the first-order responses of the cluster amplitudes and
Lagrangian multipliers and the second-order responses of the cluster
amplitudes by the expansions in Eqgs. (37), (39) and (44) and express
w4 as —wp — we — wp. However, doing so starting from Eq. (30) leads
to expressions which involve an unneccessary large number of second-
order Cauchy vectors CAB(m,n). To keep the number of second-order
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equations for the intermediates C4B(m, n) and CAB(m, n) minimal, we
use Eqgs. (22) — (24) and (31) to rewrite the first term in Eq. (30) in the
alternative forms:

PpABCD %(nCD(wc,wD) + %FtCD (wc,wg))tAB(wA,wB) (58)
= CBOPLnB (w4, wp)tP (wo, wp) + €7P (wo, wp)tAP (wa, wp) }
= C'BCD{UAB(wA,wB)tCD (we,wp) + fCD(wc,WD)EAB(wA,wB)}

where CBCD is a permutation operator which generates the three cyclic
permuations of B, C, and D: CBYD(BCD) = (BCD) + (CDB) +
(DBC). To obtain an efficient expression for the power series expansion
of the cubic response function in the frequency arguments, we introduce
the intermediates P4p cp(t,j;k, ) defined for i+ 7 > k+1 as

Papep(i ik, ) = q*8(i,5) COP(k, 1)+ COP (k,1) €7 (i,5) (59)
fori+j<k+1!as
Papop(i,jik,0) = “nP(k,1) C4B(i, 5) + C4P (3, §) *€“P(k, 1) (60)
and fori+j=k+1 as
Papcp(i jik, 1) = FCAB(i, 5 COP(k, 1) (61)
+(en*B i, 5) + CAB(i = 1, j) + C4B (3, j = 1)) COP (k, )
+(°n°P (k, 1) + COP(k — 1,1) + COP (k1 - 1)) C4P (3, 5)

where 4B (i, j) = €42 (4, j) = FCAB(4, §). If we consider i+j+k+1 as
the order of Pag,cp(3; j, k,1) in the frequencies and ¢+ j as order of the
vectors CXY (i, §), CXY (i, j) we obtain 2n 4 1 and 2n + 2 rules [30] for
the second-order Cauchy CXY vectors and their Lagrangian multiplier
counterparts CXY: second-order Cauchy vectors CXY up to order n are
sufficient to calculate the P4p cp(4,7;k,{) up to order 2n + 1 and from
the vectors CXY up to order n the Pap.cp(t, j; k, 1) intermediates can
be calculated up to order 2n + 2.
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The coupled cluster expression for frequency-dependent second hy-
perpolarizability, Eq. (30), can now be expanded in a Taylor series in its
frequency arguments around its static limit as:

v4BcD(wa;wB, we, wp) (62)

o0
15+ i3k ..
= -1C* N Wi wh wk Wb dasen(i gk, 0)
4,3,k,i=0

with the coefficients dapep (2, J, k, 1) defined as

dABCD(i,j»kal) = éBCDPAB,CD(iaj;kal) (63)
+PABCP{L H CA(3) CP(5) CO(k) CP()
+1 CA(i) C CP(5) CO(k) CP(1)
+5;03C4 (1) BZ C°(k) CP ()}
Rewriting the redundant frequency wy as ~wp — wg — wp, we find:

YaBcD(wa;wB,we,wp)

o0 o0
_ 1A% tg+r P+t 7)!
= 1o }; Z; 1)P+e ol (64)
p+l  g+m

Xwy' W ’+"dABoD(p+q+r LLm,n) ,

o I m n
= —3C ) wpwFwp > D D (-1)PHT (65)

Imn=0 p=0q9=0r=0

((ptatr)

T dapecp(p+q+nrl-pm—qgn-r) .

From Eq. (65) we identify for the dispersion coefficients Dagcp(l, m,n)
defined in Eq. (35) the expression

I m n + —{—7‘)'
Dagep(l,m,n) = _ZZE p+q+rp_q___ (66)
p=0¢=0r=0 plg'r!
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1
><§<dABCD(p+q+r, I-p,m—g,n—r)
+H(=1)H"™ " dypep(p+a+r,l-p,m—g, n—r)*)

Thus coefficients with an even total order | + m + n are real and coef-
ficients with an odd total order [ + m + n are pure imaginary. In the
following we consider only dipole hyperpolarizabilities. In this case the
four operators A, B, C' and D are cartesian components of the dipole
operator and the odd dispersion coefficients vanish.

3.2 Special expansions for |, v, and g

For optical processes which can be parametrized in terms of a single laser
frequency like third harmonic generation (THG), electric field induced
second harmonic generation {ESHG), the dc-Kerr effect, and degener-
ate four wave mixing (DFWM), specialized versions of Eq. (35) can be
derived, with dispersion coefficients that depend only on one order pa-
rameter. For example the third harmonic generation hyperpolarizability

v HG (W) = yaBep(—3w;w,w,w) can be expanded as:

YABED () sz"DiggD n) | (67)
with Y
Di38p(n) =3 S Dapep(n—mm-1,1) . (68)
m=0 [=0
The analogous dispersion coeflicients for the ESHG hyperpolarizabil-
de—Kerr

ity 'yfggg( ) = YaBcD(—2w;w,w, 0), the de-Kerr effect v4%5-p5 " (W) =
yaBep(—w;0,0,w) and DFWM 725%M(w) = v4BcD(—wjw,w, —w) are
found as:

DE3EZ(m) = > Dapep(n—m,m,0) (69)
m=0
DAsES " () = DABCD(O 0,7) (70)

DEEED (n) = X_: Z )'Dagep(n—m,m—1,1)  (71)
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An alternative compact expansion with coeflicients which are indepen-
dent of the optical process can be derived for the isotropic parallel av-
erage of the second hyperpolarizability v) defined as [13]

n= f—sZ{vennsﬂenenﬂeann}, Ln=z9,2,  (72)
&n

which is the tensor component probed in the majority of hyperpolariz-
ability measurements. It was first suggested by Shelton [18] based on a
single resonance model that v} can be expanded in low orders in terms
of the effective frequency w? = wg + w? + w2 + w3 as

Y[(wo; w1, wa,w3) = Yo (1 + Aw? + .. ) . (73)

As was proven later by Bishop [19], the coefficient A in the expansion
(73) is the same for all optical processes. If the expansion (73) is ex-
tended to fourth-order [4,19] by adding the term Bw} the coefficient B
is the same for the dc-Kerr effect and for electric field induced second-
harmonic generation, but other fourth powers of the frequencies than wj
are in general needed to represent the frequency-dependence of | with
process-independent dispersion coefficients [19]. Bishop and De Kee [20]
proposed recently for the all-diagonal components Y,00q the expansion

Yoaaa(Wo; W1, wa,ws) = Yo+ AWy + BW2 + B'Wy+... , (74)

with W, = 3~,w? and B and B’ process-independent. Employing the
invariance of 7) (wo; w1, ws,ws) with respect to permutations of the fre-
quency arguments, we have prooved [31] that the expansion (74) is valid
also for the isotropic parallel average 7|, and that it can be generalized
to arbitrarly high orders in the frequency arguments, using only process-
independent dispersion coefficients. However, the ansatz in Eq. (74) has
the disadvantage that simplifications which occur if one or more of the
external fields are static are not reflected in the effective frequencies W,,:
Already for the dc-Kerr effect and also for the electric field induced sec-
ond harmonic generation both fourth-order coefficients, B and B/, enter
the description of the dispersion. In Ref. [31] we proposed therefore for
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7y the alternative open-ended expansion:

[e o]
Y {wos w1, wa,w3) = 7o (1-1- Z Z Ak,l,mw%w%w}%) ’
n=1 2k+3k4+4m=2n
(75)
where the coefficients Ay, are strictly process-independent and the

effective frequencies w},, w}, and w}, are defined as: [32]

Ga = Yo = o, )
;
wiz = Y wP = 3<wow1w2+wgw1w3 +w0w2w3+w1w2w3> (77)
:
1
wi, = Z (wf - awf) = — dwowiwows (78)

These effective frequencies are chosen such that w}, contributes only for
optical processes with at least three non-zero frequency arguments, while
w} 4 is only non-zero if all four frequency arguments are non-zero. During
the implementation it was also found that this choice for the effective
frequencies leads to the most compact expressions for the coeflicients
Akim in terms of D(n,m,!). Using a similar notation as in Eq. (73),
7||(wo; w1, wz, w3) can up to sixth order in the frequencies be expanded
as

V) (wos w1, w2, ws) = 70(1 + Awi, + Bwi, + B'wiy (79)

+Cuwl, + C'wls + C"w%2w‘[1/4 .. ) .

The hyperpolarizability dispersion coefficients A, B, B’, C, C', C" etc.
can be calculated from the coefficients D(l, m, n) of the Taylor expansion
introduced in Egs. (35) and (66). The required expressions are found
by equating the coefficients for the individual frequency powers wiwws
in the two expansions and were derived in Ref. [33]. In analogy to the

parallel isotropic average of the hyperpolarizability, we introduce the
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parallel isotropic averages of the dispersion coefficients,

1
Dll(l’ m,n) = 15 Z {Dﬁnnf(l’ m,n) + DET)E??(I’ m, n) +D€§7m(lv m, n)}’
€n

(80)
with £, = 2,y,2. With the D)|(I, m,n) coefficients f.x. A, B, and B’
can be calculated as:

1

A = — Dy(2,0,0) 81
270 “( ) ( )
1

B = —Dy(4,0,0) , 82
470 “( ) ( )

B = L(D“(Zl,l)—4D“(4,0,0)) . (83)
47

Expressions for the sixth- through tenth-order coefficients are given in
the Appendix. In ESHG experiments with the optical field polarized
perpendicular to the static electric field, the measured second hyperpo-
larizability is: [13]

1
= E Z {2%6&7 — 3Venen + 27{57717}’ &n=2,y,2. (84)
&n

The component <y, is also related to the second hyperpolarizability mea-
sured in dc-Kerr experiments

1K = g(‘m—’u) (85)

To obtain for v, and vk compact dispersion formulas similar as Eq. (79)
for )|, these hyperpolarizability components must be written as sums
of tensor components which are irreducibel with respect to the permu-
tational symmetry of the operator indices and frequency arguments:

1 2
YL = §7||+'3_7ms ) (86)
YK = Y|~ Yms (87)
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with
1
Tms = ¥ > {%ssn = 2Yengn + 7&5777;}, §n=z,y,z. (88)
&n

The index ms indicates that +v,,s transforms according to the mixed
symmetry representation of the symmetric Group Sy [33]. yms is an ir-
reducible tensor component which describes a deviation from Kleinman
symmetry [34]. It vanishs in the static limit and for third harmonic gen-
eration {w; = w = ws). Up to sixth order in the frequency arguments
it can be expanded as [33]:

Yms (wWo; w1, we,w3) = 7;(0) (Amswjzw2 + Brswirawiz + Brwirs (89)
+Cmstwiawls + Crasarawhs + Cogirawia + - - ) .

with the mixed-symmetry effective frequencies w}, and w};, defined as:

wirs = (wo—wi)(w2 —ws) + (wo — w3)(wa — wi) (90)
Whre = =3[(whwr — whoo) (wa — ws) + (wo — w1) (whws — whuwy)  (91)

+(w8w3 — w%wo)(wg —wy) + (wo — w;;)(w%wl - wfwg)]

We note that wi,, vanishs if two of the four the frequency arguments wy,
w1, wy, w3 become zero. For the case that three frequency arguments
are equal (third harmonic generation) both mixed-symmetry effective
frequencies w?;, and wj,, vanish. The coefficients A5, Bus, B, etc.
can again be calculated from the coefficients D(l, m, n) of the Taylor ex-
pansion in wy, wo, w3. Explicite expressions for the dispersion coefficients
up to sixth order were derived in Ref. [33] and are listed in the Appendix.
The approach outlined in Egs. (35) — (89) has been implemented for the
calculation of dispersion coeflicients for cubic response functions for the
coupled cluster model hierachy CCS, CC2 and CCSD into the coupled
cluster response code described in Refs. [22-24,29, 3541].
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4 Dispersion coefficients for the second hyper-
polarizability of methane

The expressions (62) — (89) have been applied to calculate dispersion co-
efficients for the isotropic components of the second hyperpolarizability
of methane using the three coupled cluster models CCS, CC2 and CCSD
and five different basis sets taken from the series of correlation consistent
basis sets developed by Dunning and coworkers [42]. The calculations
were performed at the experimental equilibrium distance rcy = 2.052
a.u. [43,44] For all three coupled cluster models we employed the d-aug-
cc-pVDZ, t-aug-cc-pVDZ and d-aug-cc-pVTZ basis sets, which were se-
lected to obtain basis set saturation to different levels of accuracy. The
d-aug-cc-pVDZ and t-aug-cc-pVDZ basis sets do not contain f functions
at the C atom and no d functions for H, but the t-aug-cc-pVDZ basis
contains many diffuse functions. The d-aug-cc-pVTZ basis contains such
polarization functions with higher angular momenta and the exponents
of its most diffusest functions are intermediate between those in the d-
aug-cc-pVDZ and t-aug-cc-pVDZ basis. This basis is therefore expected
to provide a balanced compromise between diffusenes and polarization
level. For the CCSD calculations we included in addition the t-aug-cc-
pVTZ and the d-aug-cc-pVQZ basis sets to test saturation towards an
improved description of the valence and diffuse region. The d-aug-cc-
pVQZ basis comprises for methane 353 contracted functions and includes
3 g functions for the C atom and 3 f functions for H. We expect this ba-
sis to give results of benchmark quality near to the one-particle basis set
limit. In a recent investigation of the second hyperpolarizabilities of Ne,
Ar, N, and CHy [45] the d-aug-cc-pVQZ basis was employed to caculate
the static hyperpolarizability of CHy4, which was then combined with
dispersion curves for four different optical processes calculated point-
wise at 6 frequencies using the t-aug-cc-pVTZ basis. Due to the large
computational costs, a pointwise calculation of dispersion curves with
the d-aug-cc-pVQZ basis was not feasible. The analytic calculation of
the dispersion coefficients reduces the computational costs significantly
if the dispersion expansion can be truncated in low order. The A and B
coeflicients for example can be calculated with approximately the same
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order THG ESHG DFWM Kerr
0 2.3782(3) 2.3782(3) 2.3782(3) 2.3782(3)
2 2.1486(5) 1.0743(5) 7.1619(4)  3.5810(4)
4 1.4148(7) 3.5673(6) 1.6258(6) 3.9637(5)
6 8.4389(8) 1.0639(8) 3.4110(7)  3.8291(6)
8 4.8816(10) 3.0270(9) 7.0106(8)  3.4179(7)
10 2.8113(12) 8.4138(10) 1.4398(10) 2.8965(8)

Table 1: Coefficients for v)|(w) for third harmonic generation (THG),
degenerate four wave mixing (DFWM), electric field induced second
harmonic generation (ESHG), and Kerr effect in methane at the ex-
perimental geometry rcy = 2.052 a.u. A CCSD wavefunction and the
t~aug-cc-pVDZ basis were used. (Results given in atomic units, the
number in parentheses indicate powers of ten.)

computational costs as for one frequency-dependent calculation for the
electric field induced second harmonic generation (ESHG) process. This
made it possible to calculate Taylor and Padé approximations to the d-
aug-cc-pVQZ dispersion curves which are correct through fourth order
in the optical frequencies.

4.1 Convergence with the order of the expansion

First, we examine for a fixed basis set and a fixed wavefunction
model the convergence of truncated Taylor expansions and Padé ap-
proximants with the order of the dispersion coefficients. In Table 1 we
compiled for the t-aug-cc-pVDZ basis set and a CCSD wavefunction the
coefficients up to tenth order for the parallel isotropic average v, for
THG, ESHG, DFWM and dc-Kerr effect. From the tabulated coeffi-
cients we calculated the Taylor approximations of order 2 through 10
for two wavelength, 671.5 nm and 476.5 nm. The first wavelength has
been chosen intermediate between the typical experimental wavelengths
632.8 and 694.3 nm, used in many dc-Kerr, THG and ESHG experi-
ments. The second wavelength is the shortest which has been used in
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ESHG measurements for methane and has been chosen as representative
for the high-frequency limit of the usual experimental frequency range.
The results are listed in Table 2 together with the results obtained with
diagonal Padé approximants [46] which are correct through the same
order in the frequency arguments and the series limits which were cal-
culated using the implementation for the frequency-dependent response
functions.

The convergence rate of the Taylor expansion and the series of diag-
onal Padé approximants is in the normal dispersion region determined
by how close the frequency argument is to the first pole in the hyper-
polarizability. For the dc-Kerr effect this occurs when w equals the first
dipole-allowed transition energy Aeg;; for ESHG and THG the first pole
occurs at w = Aeggy /2 and w = Agg; /3, respectively. For degenerate four
wave mixing the first pole occurs usually when w equals half the transi-
tion energy for the first two-photon dipole-allowed transition.

The differences in the positions for the first poles are distinctly re-
flected by the different convergence rates for the four non-linear optical
processes: For both frequencies v for the dc-Kerr effect converges very
fast. Already the second-order Taylor approximations obtained from
only 7o and A are within 1% (671.5 nm) and 1.5% (476.5 nm) of the
series limit. The error is reduced by about a factor of two if instead the
[0,1] Padé approximant is used, which is also calculated using only +o
and A. With the [1,1] Padé approximant, calculated from g and the A
and B coefficients, the error is reduced to less than 0.1%. For degenerate
four wave mixing already a fourth-order Taylor approximation is needed
to get 7ﬁ)F WM () at the two frequencies correct within 1%. Again the
errors are drastically reduced if instead a [1,1] Padé approximant is used,
which can be obtained from the same dispersion coeffcients. The con-
vergence is again somewhat slower for the ESHG process: at the higher
of the two frequencies (476.5 nm) already a sixth-order Taylor expansion
would be needed to get the hyperpolarizability correct within 1%, alter-
natively this accuracy can be obtained using the [1,1] Padé approximant
which requires only the dispersion coefficients up to fourth order, i. e.
the A and B coefficients.



7)) at 671.5 nm (0.0678531 a.u.)

Kerr DFWM ESHG THG
order/approximant Taylor  Padé  Taylor Padé  Taylor Padé  Taylor  Padé
2 /[0,1] 2543.08 2555.36 2707.95 2761.02 2872.82 3002.69 3367.42 4071.93
4 /[1,1] 2551.48 2551.93 2742.41 2746.43 2948.43 2962.08 3667.33 3797.81
6/ [1,2] 2551.85 2551.87 2745.74 2746.08 2958.82 2960.37 3749.69 3778.96
8 /[2,2] 2551.87 2551.87 2746.05 2746.09 2960.18 2960.38 3771.62 3779.46
10 / [2,3] 2551.87 2551.87 2746.08 2746.09 2960.35 2960.38 3777.44 3779.55
) 2551.87 2746.09 2960.38 3779.56
7 at 476.5 nm (00956209 a.u.)
Kerr DFWM ESHG THG
order/approximant Taylor Padé  Taylor Padé  Taylor Padé  Taylor  Padé
2 / 0,1} 2705.63 2757.90 3033.05 3281.87 3360.47 4051.64 4342.73 13672.1
4/ [1,1] 2738.76 2742.50 3168.97 3204.57 3658.70 3788.73 5525.55 7315.26
6 /[1,2] 2741.69 2741.95 3195.04 3201.01 3740.03 3768.23 6170.61 6861.30
8/ [2,2] 2741.93 2741.95 3199.94 3201.07 3761.18 3768.36 6511.79 6884.80
10 / [2,3] 2741.95 2741.95 3200.86 3201.08 3766.56 3768.36 6691.45 6894.48
o0 2741.95 3201.08 3768.36 6896.81

Table 2: Convergence of the Taylor series and the series of diagonal Padé approximants (CCSD
response, t-aug-cc-pVDZ basis). The “inifinite” order results were calculated using the implementation
for the frequency-dependent response function.
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A similar convergence is found for the third harmonic generation
process at the lower of the two frequencies, 671.5 nm. At the higher fre-
quency, 476.5 nm, the Taylor approximations for the third harmonic gen-
eration hyperpolarizability converge only very slowly, even with a tenth-
order Taylor approximation a one-percent accuracy is not obtained. This
accuracy, however, is still achieved with a [1,2] Padé approximant cal-
culated from the dispersion coefficients up to sixth order.

The much better performance of the diagonal Padé approximants
compared to the Taylor expansion is not unexpected since similar con-
vergence trends were found previously for the expansion of the first
hyperpolarizabilities ﬂﬁHG(w) and ﬂﬁOPE(w) of ammonia. The good
performance of Padé approximants for the approximation of dispersion
curves for frequency-dependent properties is also well known from linear
polarizabilities [47]. The present results are promising for further appli-
cations to other molecules. A truncation error of 1% in the electronic
hyperpolarizability will be acceptable for most pratical applications. To
achieve an overall accuracy of 1% in ab initio calculations would require
very large basis sets, the inclusion of connected triples and a very ac-
curate treatment of vibrational effects — a challenging task no yet met
for polyatomic systems. Also, only for the most accurate ESHG and
dc-Kerr measurements [4,9,11-14] the uncertainities are less than 1%;
for THG, DFWM, ac-Kerr and CARS measurements the uncertainities
are often larger than 10% [13,48,49].

4.2 Convergence with the basis set

In Table 3 we have listed the results of a basis set and correlation study
for the hyperpolarizability dispersion coefficients. In a previous investi-
gation of the basis set effects on the dispersion coeflicients for the first
hyperpolarizability 8 of ammonia [22] we found quite different trends for
the static hyperpolarizability and for the dispersion coefficients. While
the static hyperpolarizability was very sensitive to the inclusion of dif-
fuse functions, the dispersion coefficients remained almost unchanged
on augmentation of the basis set with additional diffuse functions, but
the results obtained with the CC2 and CCSD models, which include dy-
namic electron correlation, showed large changes with an increase of the
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polarization level from double zeta to triple zeta basis sets. This basis
set trend for the hyperpolarizability dispersion coefficients is corrobo-
rated by the CC2 and CCSD results for the second hyperpolarizability
of methane, although the effects are less exaggerated than for §)| of am-
monia. For methane also the static hyperpolarizability is sensitive to
the polarization level of the basis set.

The dispersion coefficients for the mixed-symmetry component -,
which describes the deviation from Kleinman symmetry are for methane
more than an order of magnitude smaller than coeflicients of the same
order in the frequencies for 7). Their varations with basis sets and
wavefunction models are, however, of comparable absolute size and give
rise to very large relative changes for the mixed-symmetry dispersion
coefficients.

From a basis set study at the CCSD level for the static hyperpolar-
izability we concluded in Ref. [45] that the d-aug-cc-pVQZ results for
Yo is converged within 1 - 2% to the CCSD basis set limit. The small
variations for the A, B and B’ coefficients between the two triple zeta
basis sets and the d-aug-cc-pVQZ basis, listed in Table 4, indicate that
also for the first dispersion coefficients the remaining basis set error in d-
aug-cc-pVQZ basis is only of the order of 1 — 2%. This corroborates that
the results for the frequency-dependent hyperpolarizabilities obtained in
Ref. [45] by a combination of the static d-aug-cc-pVQZ hyperpolarizabil-
ity with dispersion curves calculated using the smaller t-aug-cc-pVTZ
basis set are close to the CCSD basis set limit.



CCS CcC2 CCSD
daD taD daT daD taD daT daD taD daT
~o? 2132.9 2174.7 2227.2 2526.1 2580.5 2555.5 2327.6 2378.2 2363.5
A 6.6855 6.6706 6.6614 7.7064 7.6795 7.5063 7.5573 7.5287 7.3776
B 33.521 33.349 32.985 43.532 43.232 41.048 41.976 41.667 39.754
B’ —2.4211 -2.4097 -—-2.4183 -4.8706 —4.7963 —4.3894 —4.3070 —4.2404 -—-3.8940
C 148.05 146.85 143.78 214.46 212.31 195.93 203.41 201.26 187.06
04 25.768 25.472 24.542 37.662 37.141 33.708 35.624 35.112 32.090
C" -57.356 —56.599 —54.989 —103.92 -—101.98 —91.363 —93.170 —91.386¢ —82.401
D 606.59 600.10 582.33 975.58 963.29 865.45 910.20 898.24 814.60
D —570.96 -561.66 —542.10 —-1080.1 -1057.7 -930.69 —958.13 —937.87 —832.83
D" 197.62 195.13 186.71 333.75 308.48 288.92 305.80 300.87 267.12
D" 337.41 332.87 319.97 549.57 540.80 480.52 511.61 503.18 451.30
Ams —0.2320 -0.1763 0.0077 —-0.2320 -0.3919 -0.1550 —-0.4436 —0.3696 -—0.1307
B, 0.1123 0.4387 1.3481 0.1123 -1.1510 0.1251 -1.3517 —0.8670 0.4147
B, —0.8197 -0.7818 -0.6555 —0.8197 —~1.1717 —0.9662 —1.1536 —1.1061 -0.9097
Chs 11.814 13.008 15.632 11.814 7.2571 10.919 6.8975 8.9250 12.687
Cl, —85246 -8.1038 -6.8990 —8.5243 -13.753 —11.271 —13.263 —12.672 —10.375
cl. 0.2520 0.1024 —0.3894 0.2520 -1.5512 —2.0347 —-0.8649 —1.0837 -1.5779

Table 3: Comparison of the dispersion coefficients for 7|j and yms for different basis sets and coupled
cluster models.
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4.3 The effect of electron correlation on the dispersion
coefficients

If we compare results obtained with the same basis sets with the three
coupled cluster models CCS, CC2 and CCSD, we find similar trends as
observed in Refs. [22,45]: The CCS model underestimates strongly the
static hyperpolarizabilities and their dispersion. The results are usually
of similar quality as those obtained with SCF. For methane, the CCS
static hyperpolarizabilities are intermediate between the SCF and the
CCSD values obtained in the same basis set. In Ref. [45] the CCS per-
centage dispersion contribution to the third harmonic generation (THG)
hyperpolarizability of methane was found to be slightly smaller than for
SCF, both underestimating significantly the dispersion obtained with
the correlated coupled cluster models CC2 and CCSD. Accordingly the
CCS dispersion coeflicients listed in Table 3 are substantially smaller
than the respective CCSD results obtained in the same basis sets.

The CC2 model performes very different for static hyperpolarizabil-
ities and for their dispersion. For methane, CC2 overestimates vy by
a similar amount as it is underestimated by CCS, thus giving no im-
provement in accuracy relative to the uncorrelated methods CCS and
SCF. In contrast to this, the CC2 dispersion coefficients listed in Table
3 are by a factor of 3 — 8 closer to the CCSD values than the respec-
tive CCS results. The dispersion coefficients should be sensitive to the
lowest dipole-allowed excitation energy, which determines the position
of the first pole in the dispersion curve. The substantial improvements
in accuracy for the dispersion coefficients are thus consistent with the
good performance of CC2 for excitation energies [35,37,50].

The CCSD model gives for static and frequency-dependent hyperpo-
larizabilities usually results close to the experimental values, provided
that the effects of vibrational averaging and the pure vibrational con-
tributions have been accounted for. Zero point vibrational corrections
for the static and the electric field induced second harmonic generation
(ESHG) hyperpolarizability of methane have recently been calculated
by Bishop and Sauer using SCF and MCSCF wavefunctions [51].



’Yg(Re) i '7706 ° Ac° B° B'c Ams Bms B,

ms

CCS d-aug-cc-pVTZ 2227 2512 6.661 32.99 —242  —0.01 135 —0.66
CC2 d-aug-cc-pVTZ 2555 2840 17.506 41.05 ~-439  -0.16  0.13 —0.97
CCSD d-aug-cc-pVTZ 2364 2649 7.378(7.9)  39.75 (43) -3.89  —0.13 041 -0.91
CCSD t-aug-cc-pVTZ 2365 2650 7.378(7.9)  39.75(43) -390 -0.13 043 -091
CCSD d-aug-cc-pVQZ 2330 2615 7.338(7.9)  39.30 (44) -3.84  —0.06 0.46 —1.34
SCF d 1882 2186 7.049 (7.73)  36.68 (44.94)

MCSCF 4 2152 2438 7.057(7.61)  36.85 (43.81)

Experiment Ref. [14] 2607 (7.38)¢ (100.6)° (—0.16 £ 0.014)°

Experiment Ref. [53] 2590¢ (7.46)f (95.08)f

Table 4: Comparison of various ab initio results and experimental estimates for the dispersion coef-
ficients of the electronic hyperpolarizabilities vf and v¢,, of methane. (All results in atomic units.
Results for the dispersion coefficients refer to single point calculations at the equilibrium geometry.
Where available, dispersion coefficients for the vibrational average are given in parentheses.)
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Combining [52] the zero point vibrational corrections of Ref. [51]
with the CCSD results obtained in the t-aug-cc-pVTZ and d-aug-cc-
pVQZ basis sets we obtained the estimates for the ZPV corrected 7o, A
and B coeflicients listed in Table 4. An experimental estimate for 7o,
A, and B has been derived by Shelton by fitting the results of ESHG
measurements to the expresssion v(w?,) = vo(1 + Aw?, + Bw},). This
fit was later repeated by Bishop and Pipin [53] after subtraction of ab
initio calculated results for the pure vibrational contribution to the hy-
perpolarizability from the orignal experimental values. These fits did not
include higher powers of wz, than wi,. The results, in particular the B
coefficient, obtained in this way are affected by higher-order terms. The
contributions from the C and higher-order coefficients to the ESHG hy-
perpolarizability are substantial for wavelengths shorter than 671.5 nm
(w}, > 0.03 a.u.), when a polynomial (Taylor) expansion is used, as
follows from the discussion of the convergence of the dispersion expan-
sion. The increasing importance of the sixth- and higher-order terms
with increasing frequency can also be seen from the difference between
the fourth-order Taylor approximation and the [1,1] Padé approximant
for the CCSD hyperpolarizability in the d-aug-cc-pVQZ basis, which are
both plotted in Figure 1. The dispersion coefficients obtained from the
two fits to the experimental ESHG data are thus not strictly comparable
with analytically calculated dispersion coefficients, as have been calcu-
lated in the present work, or with results obtained by least square fits
to higher polynomials in w2 as done by Bishop and Sauer in Ref. [51]
for the SCF and MCSCF results included in Table 4. Nevertheless, the
ab initio calculated A coefficients agree with the values deduced from
the experimental ESHG data within ~ 10%. The B coefficients derived
by Shelton and by Bishop and Pipin from their fits to the experimental
ESHG data are about a factor of 2 — 2.5 larger than the ab initio cal-
culated values, which is likely an effect of the inclusion of higher-order
terms in the “experimental” estimates for B, since the variations of B
with basis set, ab initio method and zero point vibrational correction are
only small. This is also corroborated by the closeness (within 1 — 3%)
of the CCSD dispersion curves to the results of the ESHG experiments
of Refs. [4,54] and to the dispersion curve fitted to this data (see Fig.
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5000 T T T T T
experimental ESHG data ¢
4th.-order fit to exp. ESHG data —
4500 CCSD t-aug-cc-pVTZ + 'Yuv‘b +
CCSD t-aug-cc-pVTZ, [1,1) Padé approx. ---
. CCSD d-aug-cc-pVQZ, 4th.-order Taylor approx. ----
3 4000 CCSD d-aug-cc-pVQZ, [1,1} Padé approx. - ]
il MCSCF f + 1 ©
“33 MCSCEF, fit to 8th.-order polynomial ---- -
S -
gosor e .
3000 e ' .
== 9-—""'3“ . . . .
25000 - 0.01 0.02 0.03 0.04 0.05 0.06
wfs in a.u.

Figure 1: The ESHG hyperpolarizability of CHy.

1). Compared with the CCSD results, the MCSCF values for 7o, A and
B obtained in Ref. [51] are close the uncorrelated SCF results in the
same basis set. Both underestimate the static hyperpolarizability and
the dispersion (cmp. Fig. 1).

A crude experimental estimate for the A,,, coefficient is obtained
from Sheltons fit of ESHG measurements for the hyperpolarizability
ratio 7|;/7. to the expression 3(1+ A*w},). Using the dispersion expan-
sions (79) and (89), we obtain for the ratio 7)/y. up to second order in
the frequencies the expansion

N
7L
For ESHG the effective frequency w};, is —3w? = w}, /2, thus A*ESHG —

Aps. Since the fit made by Shelton did not include higher than second
powers of w?,, the experimental estimate for A,,, is similar as the B

= 3(1 - 24pmswifp +...) . (92)
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coefficient affected by higher-order terms. Nevertheless, this estimate
agrees in sign and in the order of magnitude with the CCSD results in
the best basis sets. The agreement is as good as can be expected taking
into account the smallness of A,,s and its sensitivity to basis variations
and correlation treatment. To our knowledge this is the first ab intio
calculation for the frequency-dependence of the hyperpolarizability ratio
v))/vL for a many-electron system. The only other ab intio calculation
for vy/v., we are aware of, are CI-Hylleraas calculations for helium, H,
and D, by Bishop and Pipin [55]) and Bishop et al. [56].

5 Conclusions

We have derived and implemented analytic dispersion coefficients for
second hyperpolarizabilities for the coupled cluster models CCS, CC2
and CCSD. The dispersion coefficients are defined through a power
series expansion of the cubic response function in its frequency argu-
ments and are thus applicable to general frequency-dependent fourth-
order properties and are independent of the non-linear optical process.
For the irreducible tensor components of the second hyperpolarizability
7, the dispersion can be expressed in a compact form using permuta-
tion symmetry-adapted linear combinations of the optical frequencies.
In an application to the second hyperpolarizability of methane we find
good convergence of the Taylor expansion in the typical experimental
frequency range for the dc-Kerr effect, DFWM and ESHG. For third
harmonic generation a good convergence of the Taylor expansion is only
found for small frequencies. With Padé approximants the convergence
of the dispersion expansion is improved significantly for all four inves-
tigated optical processes and the application range of the dispersion
expansion is considerably extended to higher frequencies. For many
molecules, in particular such with the first transition frequencies lying
as high as in methane, the first two dispersion coefficients will be suffi-
cient to obtain the dispersion curves within a one percent accuracy in
the usual experimental frequency range, provided that the dispersion
curve is calculated using a [1,1] Padé approximant.

A comparison of the dispersion coefficients obtained with different
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basis sets and the coupled cluster models CCS, CC2 and CCSD shows
that the dispersion coefficients are as sensitive to the choice of the basis
set and the correlation treatment as are the static hyperpolarizabilities.
Similar as in a previous study on the dispersion coefficients for the first
hyperpolarizability of ammonia, we find that the CC2 model performs
considerably better for dispersion coefficients than it does for static hy-
perpolarizabilities.

Our results indicate that dispersion coefficients obtained from fits
of pointwise given frequency-dependent hyperpolarizabilities to low or-
der polynomials can be strongly affected by the inclusion of high-order
terms. A and B coefficients derived from a least square fit of experimen-
tal frequency-dependent hyperpolarizibility data to a quadratic function
in w? are therefore not strictly comparable to dispersion coefficients cal-
culated by analytical differentiation or from fits to higher-order polyno-
mials. Ab initio calculated dispersion curves should therefore be com-
pared with the original frequency-dependent experimental data.

The present study demonstrates that the analytic calculation of hy-
perpolarizability dispersion coefficients provides an efficient alternative
to the pointwise calculation of dispersion curves. The dispersion coef-
ficients provide additional insight into non-linear optical properties and
are transferable between the various optical processes, also to processes
not investigated here as for example the ac-Kerr effect or coherent anti-
Stokes Raman scattering (CARS), which depend on two independent
laser frequencies and would be expensive to study with calculations ex-
plictly frequency-dependent calculations.
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A Formulas for the sixth- through tenth-order
dispersion coefficients for v and v,

The coefficients for the sixth- through tenth-order terms of the dispersion
expansion Eq. (75) for 4| are found as:

1
C - A3,0,0 - 8’)’”(0)D“(6,0,0) (93)
, 1
= = Dy(4 -
C' = Apso 97”(0)( 1(4,2,0) - 6D (6,0,0)) (94)
1
"o __ — —_—
C" = Ajoq = 57 (0) (D||(4,1»1) 2D)|(4,2,0) (95)
+3Dy/(6,0,0))
1
D = Ao = WDH(&O,O) (96)
1
, — P — —_—
D' = Ay = 167“(0)(D”(6,1,1) 2D),(6,2,0) (97)
+D||(7,1,0))
1
D' = Aogp = Dy(4,2,2) - Dy(4,3,1 98
002 = Tgrgy (PN 2:2) = D43, ) (98)
~Dy(5,2,1) + 4Dy (7,1,0))
1
" __ — —_
1
E = Asppo = 327”(0)DH(10,0,0) (100)
1
= - Dy(8,1,1) - 2,0 101
E A3,0,1 327”(0)( ||(87 y ) 2D||(101 ) ) ( )
+D}1(9,1,0))
1
n o _ _
E" = Aoz = 327||(0)(D”(6’2’2) 2D/(6,3, 1) (102)

+3Dy(8,1,1) + 10D} (8,2,0) — 29D(9,1,0))
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1"t 1
= = ——I(D 2,0)—15D(1
E Azao0 367”(0)( 11(8,2,0) — 15D ( 0,0,0)) (103)
i 1

14D (8,2,0) + 61D;(9,1,0))

The dispersion coefficients for v,,, are obtained as:

Ams = ;ﬂ%ayzanw(z,o,O) , (105)
Bms = mDm(M,O), (106)
B, = —§ﬁ%®(am4&Loy+Dm4aomU , (107)
Come = mpm(e,o,m, (108)
Chs = "153%?6519m3(5’1’0) : (109)
cr, = 24;Km(30”@,21y—20“w,L0D , (110)

with the intermediates D,,s(l, m,n) defined as:

Dins(l, m, n) Z{Dnéin l,m,n) — 2Dgnen(l, m, n) + Degnn(l, m ")}

(111)
where the summation is over &, =z, y, .
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There is a dilemma that occurs in the coupled-cluster treatment of
second- and higher-order properties, because the usual
perturbation (polarization propagator) expressions are inconsistent
with the energy derivative. This is a consequence of the energy
derivative formulas not satisfying the higher-order analogues of
the Hellman-Feynman theorem. However, the equation-of-motion
(EOM) coupled-cluster theory retains the propagator form for
properties, but contrary to the derivative theory, the results for
second- and higher-order properties are not extensive, this is
because EOM-CC has certain “Cl-like” elements. Models with
elimination of unlinked terms are proposed to rectify this.
INustrative calculations on dipole polarizabilities and transition
moments of noninteracting LiH molecules are performed.
Complete elimination of unlinked terms through solving a
connected left-hand equation for the auxiliary operator A leads to
a model that is strictly size extensive yet adheres to the usual
perturbation or propagator form. Numerically, this model gives
values close to those obtained by the derivative theory.
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Introduction

Coupled-cluster (CC) theory has been recognized [1] as a powerful and
efficient method for the investigation of molecular electronic structure where
correlation effects play an important role. Much theoretical and computational
effort has been devoted to applying the method to calculate the ground-state
energy. The great success of the method in elucidating the electronic ground state
has encouraged its application to excited-state energies and properties [2—7]. The
equation-of-motion coupled-cluster (EOM-CC) method, originally developed
for excitation energies [2-6], also provides higher-order properties that can
be computed straightforwardly by formally using sum-over-state unsymmetric
polarization propagator (or perturbation theory) expressions, where the EOM-
CC excited states are the intermediate states [7, 8], and the ground state is that
obtained from CC theory and its auxiliary (A) state [9). Similarly, transition
probabilities are readily obtained as generalized expectation values. That means
the poles in the dynamic polarizability and associated residues are exactly those
obtained by the EOM-CC eigenvalue equation.

Though derived differently, the coupled cluster linear response (CCLR)
[}1-15] first presented by Monkhorst without any consideration of the A aux-
iliary function, provides identical excitation energies to EOM-CC. However, in
the CCLR theory, the critical quantities are always energy derivatives instead of
generalized expectation values. Since the ground state CC energy is size exten-
sive, any such derivative property also has to be size extensive [8, 16]. To the
contrary, CCLR does not retain the usual polarization propagator [8] form for
second- and higher-order properties, and this is an undesirable feature. In fact,
CCLR does not provide wavefunctions for excited states, which in EOM-CC,
leads to its generalized expectation values.

This raises a dilemma in treating second- and higher-order properties in
coupled-cluster theory. In the EOM-CC approach, which is basically a CI
calculation for a non-Hermitian Hamiltonian H=e T Hel that incorporates
ground-state CC information via the 7' operator, the usual propagator form for
higher-order properties is obtained as long as H is treated as an entity. Also,
at the full CI limit, these are the exact results. However, once the CC nature of
the wavefunction is fully included, as in CCLR [11], this convenient propagator
form is lost, only to be regained, again, at the full CI limit. The equivalence of
the propagator form and the derivative of the energy requires the satisfaction of
the higher-order analogs of the (generalized) Hellman-Feynman theorem. We
mean by this that there is no dependence of the n'™ order energy on the n'®
order derivative wavefunctions. That is, EV) depends only on v,, E(®) only
on ¥, EG) only on %) or 4(1) in a 2n + 1 rule formula, and so on. This
will not necessarily hold for approximate wavefunctions. Consequently, we can
explore a series of approximations that lie between EOM-CC and CCLR that
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attempt to regain extensivity while maintaining the highly desirable propagator
form for the property.

We study three different approximations for removing unlinked diagrams
in EOM-CC and show that these models provide second-order properties and
transition probabilities that are close to those provided by CCLR in isolated
molecular systems, but in a more convenient computational structure.

Theory

The coupled-cluster equations may be derived by variation of the functional
e = (0|/(1+ A)e THeT|0) = (0|(1 + A)H|0), (1)

with respect to T and A, where A is a de-excitation operator and T'is the usual
cluster excitation operator [17]. The CC equations are @H|0) = 0 and the A
equations, P(1+A)HQ — PEAQ = 0 where P = |0)(0], @ = (1 — |0)(0]) =
If)(f], |h) = |0,f) and E.. = (0|H|0).
In EOM-CC, we solve the eigenvalue equation for the nonsymmetric
Hamiltonian,
H=eTHeT. 2)
This has all ground-state CC information in it via the coupled-cluster T ampli-
tudes. Its eigenvalues and eigenvectors are given for k > 0 by
ﬁl‘k = Wkrk
_ (3
IH = lkwy,
where H = (h|H |h}, with (I,| = (0|(1 + A), and |r,) = |0), and (L] = L (f],
k # 0. We choose (I,|rg) = 8,4. The resolution of the identity is 1 = Y {rp) {Ip],
P

where |f) consists of the single and double excitations in a CCSD calculation, eg.

Consider ordinary perturbation theory for the nonsymmetric Hamiltonian
with a perturbation 6, then H = H, + Af, and

g=eTgel, 4)
where _
H,{0) = E,|0) = E,|r,)
{01(1+ A)H, = (0[(1 + A)E, = (Lo| Es, (5)
E,=FE,...

Then it follows from the inhomogeneous equations of RSPT that

(Bo — Ho) ™) = (8- BM) o)
E® = (Lo|fIr,)

(6)
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where E{1) is the generalized expectation value of CC theory, since [1,) =
[ro) = [0). Note E® = (I,|%%|r,) since the Hellman-Feynman theorem is
satisfied, as both A and T are stationary in the functional Eqn. (1). Introducing
the resolvent R, = (EO-—EO)_IQ, WD) = R,(8 — EM)|r,). We will
initially choose @ = 1 —|0)(0| = |f){f],, where |f) represents all configurations
involved in the CC equations orthogonal to {0). This makes

Ro = [£)(f|Eo — Holf) "M (£]. %
Continuing in higher order we have
(Bo — Ho)[9®) = (6 - EO) p D) - EDJys,)
E® = (1,|(6 - EV)R,(§ - ED)Iro) ®)
@ = R, (6 BV D),
and
E® =(lo|(§ - E“))Ro (é - E(l))Ro (é - E“)) I72)
- EOIR, (8- EV)r.) ©
o3 =R, (g_ E“))W?)) — EAOR, [y,

Note that unlike standard perturbation theory in intermediate normalization.,
(I,|w(™) # 0. In fourth order,

(E, — H,)yp® :(g_ E<1>)w(3> — E@yp® _ E®y() _ play,
EW =(i,|(5 - EV)R, (8- EV)R, (8- BV)R, (9-EM)iro)
— E@(,) (8 - EV) R, Ro(0 - ED)iro)
— ED(,|R, (é — E‘”)Ro (é - E(”) 7o)

— BEOLIR, (0 - ED)r.).
(10)
The above development considers H,, to be an entity, and develops the nonsym-
metric form of RSPT accordingly [18].

Alternatively, we could insist that our perturbed wavefunctions be repre-
sented by the complete set of the EOM-CC right (or left) eigenvectors,

™) = 3 fre)el” = rjet
k=1

(™) =3 (ld = a™

k=1

(11)
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where, without restriction, we can exclude |r,) and (l,| from their respective
expansions since (E, — H,)|r,) = 0 and (l,|(E, — H,) = 0. Since (l,|rx) =
0,k # 0, (I,|%'™) = 0 and we have a kind of intermediate normalization. This
gives the spectral expansion form of the reduced resolvent,

RL = |0} U|E, — H,|r) (1]
e (12)
k=1

where R, = R, — |0}(0|l,R,.
Using this form of the resolvent, we have

R T N

B = 3" (1](8 = ED) )14 (8 = BV ) Ir) (8 = BV Iro)eoy !

k=1

EW = 3 (|(8- BO)ri) (1l (9 - BD) imul (8 = BD) rm) x

kI m=1

(U] (8= BO) ooy i Mz
= BO 3 (11(8 = BV re) (el (0 - ED) o).

k=1

(13)
which are non-symmetric generalizations of higher-order theory. From the
propagator viewpoint [19, 20], we would choose a reference function and a set
of intermediate states, hoping to make a consistent choice. In EOM-CC these
are the left and right eigenfunctions of H,, which is natural, consistent choice.

Alternatively, rather than treating H, as an entity, we can recognize ex-
plicitly the form of the CC wavefunctions. In this case we have

4O = T = T)o)
P = Tt = TTW|o) (14)
1
P2 = eTp?) = eT(ET(l)T(l) +T7®)|0).
From the usual inhomogeneous equations of RSPT, projecting against (0[(1 +

Ae T = (I,]e~T provides E(V) = (0|(1+ A)B|0) = (I,|f|r,), just as above.
Yet in the second-order inhomogeneous equation,

(l(B, ~ H)GTOTO + TO)lr) = (Ll(8 ~ EO)TD0) = B (l[ro),
(15)
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which gives

E(2) = (lol(g— E(l))T(l)fTo> - %(lo'(Eo - Eo)<T(1))2,To>

_ _ 1 _ _
= {L1(8 = BDYR (8~ ED) o) =5 (l(Eo = H)TVR, (6 - V) o)
(16)
The T(?) disappears from Eqn. (15) since it generates only single and double
excitations, and (l,| is the left-hand eigenfunction of E, — H, in that space.

However, the second term in Eqns (16) causes the expression to differ
from that in Egn (8). This difference arises from the fact that when T is
restricted to certain excitation levels like singles and doubles, the product (7(}) 2
can introduce triples and quadruples, and these have not been included in the
excitation space for the CC problem, so they do not vanish upon projection by
(I,|. If we have only two electrons, then there are no non-vanishing higher
excitations and we regain Eqn (8). Similarly, if we do the full CI EOM-CC
problem, we also regain Eqn. (8) since the TM? term cannot introduce any more
excitations. The appearance of the second term in Eqn. (16) is an example of the
generalized Hellman-Feynman theorem not being satisfied as defined above, as
a component of the second-order wavefunction contributes to the second-order
energy. From another viewpoint, the derivative formulas properly introduce the
non-Hellman-Feynman corrections. Extensive comparisons of Eqn (16) and Eqn
(8) have been made for dynamic polarizabilities [21] and spin-spin coupling
constants [22].

We can readily derive the higher-order expressions by simply retaining the
nonlinear terms that arise from perturbed wavefunctions in the inhomogeneous
equations. Thus,

an
and we have

E(3)—(l|(€ E“)) o

6 —
1
- 5 A) (T0) o) = (1o](Bo — H)TOTOr,)

)R (a E“))lr) E®N1,|R,(8 — EW)|r,)

(18)
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and
1 =(lo]({7 - E“))Ro (9 - E“)) R, (é - E(”)Ro(é’_ - E<1>) Ir,)
- E®(1,|(6 - EMRZ(6 — EM)|r,) — B (1,|Ro(8 — EM)r,)
16| Ro(6 — EMYRH(6 — EM)r,)

U0l (Bo = B) (T0) ) = 20018 — B) (T0) T,

- %(lol(Eo - Ho) (T(2))2|7‘o) - <loI(Eo - HO)T(I)T(s)Iro)‘

(19
As these expressions correspond to the CC energy derivative, they must give
size-extensive results. However, the price we pay is that the energy of a given
order requires wave function contributions of the same order. Furthermore,
these non linear terms are difficult to evaluate. The quadartic in TV term in
second-order, requires comparable difficulty to the quadratic terms in a CCSD
calculation
Specifying H, into its open and closed (E,) part, Eqn. (16) can be written
as

_ 1 2
E®@ = (o](1 + A)Hopen<§T(1) )|0>._
(0[(1 + AYED — g1 |0)
The first term in Eqn. (20) can then be rewritten to be

1 _ _
30011+ D) Hopen, TVLTW0) + (0(1 + )TV Hopen TH0). (21)

(20)

Here we used H,,e.]|0) = 0. With the same separation for ,
HopenT(l)'O) = ((Hopch(l))closed + (HopenT(l))open)lo)
= ((HopenT(l))closed - gopcn)lo) (22)
= ((E(l) - (0_> - g_opcn)lo)'
The second equivalence in the above equation resulted from the fact that 7V

fulfils the CC equation of the first-order with respect to the perturbation #.
The second term of Eqn. (21), is further decomposed as

0](1+ ATV H,,..TV|0)
= (EW — (0]8|0))(0]ATV}0)
= {01(1 + )TV 8,pen|0)
= (B — (0/6]0})(0]ATV|0)
—(01(1 + A)(Bopens T ) disc|0)
= EM(0]AT™M]0) — (0](1 + A)(F, T™) aisc|0).

(23)
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For the last equivalence, we used 0, TN giecl0) = ((Betose +
Bopen)s T )gisc|0). The second term in Eqn. (20) is

— EM(IATM)0) + (0)(1 + A)[8, TM]uis[0)
+ (0|1 + A)[8, T™]j0). 24)

The first and second terms cancel with Eqn. (23) and we finally arrive at
_ 1. -
E® = (0|(1 + A)([8, TW] + S [[Ho, T, TH])0). (25)

We here see the structure of the second-order energy. All the H,, , and
T™ are connected to each other, but A is not necessarily connected to each
of those. As pointed out, the term involving T(2) jn Egn. (15) vanishes,
as long as the A equation is solved in the same excitation manifold as the
CC equation. However, the term involving 7UT(1) in Eqn. (15) creates a
larger excitation manifold and cannot be automatically neglected. It contains
unlinked and disconnected terms as well as connected terms. In the above
derivation, we cancelled the uniinked and disconnected terms with unlinked
terms in the second term in Eqn. (20) and arrived at the completely connected
expression Eqn. (25). This expression is identical to that in CCLR theory.
Since Eqn. (25) has a completely connected structure, it is not possible to
have unlinked terms, therefore it is size extensive, and the CCSD second-order
property thus calculated is equivalent to the CCSD second-order energy without
orbital relaxation. This means the CCSD second-order properties are exact for
two-electron problems. In the EOM-CC approach, we use the linear ansatz for
representing the transition between the states of concern which corresponds to
using only the second term in Eqn. (20). With no truncation in the excitation
manifold, this is exactly equivalent to Eqn. (25), but in a truncated scheme,
it is not precisely equivalent [8]. Rather, using the linear ansatz provides a
ClI-like scheme for the transition quantity. The non-vanishing contribution from
the term involving TD7T(1) in Eqn. (20) is from the higher excitation manifold
and the second term in Eqn (25) must be correspondingly small. As can be seen
in Eqn (25), however, the second-order energy of the EOM-CC in its Cl-like
approximation contains unlinked contributions, so results are not exactly size-
extensive when the excitation manifold is truncated. The first terms in Eqn.
(24) are inherently unlinked since A itself has a disconnected structure [9]. We
propose several models for evaluating the second-order properties. First, we use
Eqn. (25), which provides the exact CC second-order derivative energy without
orbital relaxation, as a reference.

Model (I): Evaluate properties by Eqn. (8). This is the EOM-CCSD scheme
originally implemented.
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Model (II): Evaluate properties by Eqn. (24) after eliminating the first
term, then

E® = (0|(1 + A)§T™V|0) (26)

Model (I'): Evaluate properties by Eqn. (24) after eliminating the first
and second term. Then

E® = (0[(1 + A)|[8, T™M]|0) 27

" Model (I11): Evaluate properties by Eqn. (26) but with a new A’ amplitude,
which is a solution of the equation without disconnected terms.

E® = (0j|A"18TM|0), (28)

where i
(O,(A,Ho)ccnnecied‘f> =0. (29)

In this case, of course, A’ is not consistent with the stationary condition of
Eqn. (1). Model (II) eliminates an apparent unlinked term, so is not completely
size-extensive. On the other hand, the models (II') and (III) do not contain
any unlinked terms and are therefore exactly extensive. However, unlike EOM-
CCSD itself, none of these models is exact for two-electron systems.

Dynamic Properties

The excitation energy and dynamic properties are evaluated from the time-
averaged derivatives of the corresponding time-dependent energy functionals [11,
23-25]. However, a more straightforward way to define dynamic properties is
through an expectation value of the corresponding properties over a state /I

P(t) = (I0]I)
= Tr{fp(t)). (30)

If we choose (I| = (l;| and |J) = |ry) we will get the EOM form. Otherwise,
we have a perfectly general form. Here @ is the operator corresponding to the
property and the density obeys the equation of motion:

9p(t)

[H,p(t)] = ~i~. (D)

Since our objective is to evaluate the dynamic properties corresponding to a
certain process of particular order with respect to an externally applied field
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rather than the dynamics of the system itself, it is much more convenient to
express the density by its Fourier components in the frequency domain. The
density is expanded in the Fourier series as

p(t) = po + /dwp(w)ei’“” +35 //dwld‘U2p(wl’w2)eﬂ:1(w1+w2)i

1 i (32)
+6///dwldw2dw3p(w11w2,wz)ei‘(“1+wz+w3)t+m.

Here, pg is time independent density matrix and can be defined for initial
state 1. The excitation of electrons caused by absorption of a single photon
is regarded as a polarization of the electron density, which is measured by the
linear polarizability P(—w;w) = Tr{p(w)f). The equation of motion for the
total system, including the photon field

B0 = 5Byt &
J
of frequency wj, is

and the property 8 here is a dipole operator. The process can be regarded as
a linear response of the system described by the first-order density p(t) =
f dwp(w)e*™™*, where the Fourier component is

{97 pO]

plw) = w — [Hn, po)-

(35)

The component can be represented over the initial |I) and intermediate |J) states
of the system defined by Hy, which is a normal-ordered Hamiltonian with respect
to the |I} state:

JI eJI
plw) = —— (36)
w—=wjr
and
gy = -2 37
Pl = wHwyr

this is to say, a sum-over-state (SOS) representation. Here the excitation energies
wyy are evaluated from the poles of the first-order density p(w), while the
transition probability is determined by the strength of the density oscillation
at the corresponding resonances. Since the linear component of the density can
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be expressed on the complete set of the basis using the state wavefunctions, the
dynamic polarizability is thus expressed as
91‘16‘” 91.]0J1

P(~wiw) = ;(w o T oven) (38)

and the transition probability between I and J is proportional to
9[.] . 0.]]’ (39)
where the transition moment is defined by

917 = (116|J)

40

= Tr(p"9). “0
In the EOM-CC theoretical framework, the excitation energy wy between the
states I and J is given as eigenvalues of the Hamiltonian Hy = e~ THeT —
(e"THeT) and the (p,q) element of the transition density matrix p" between I
and J® eigenstates is defined by

phd = (Ollexp(—T)p' qexp(T)r|0). (a1

Here, /; and ry are the I left- and the J" right-hand eigenvectors of the non-
Hermitian Hamiltonian H. The operator is represented on the space spanned
by the manifold created by the excitations out of a Hartree-Fock reference
determinant, including the null excitation (the reference function). When we
calculate the transition probability between a ground state |g) and an excited
state |e), we need to evaluate p9° and p°9. The reference function is a right-
hand eigenstate of the above Hamiltonian H,, [rg) = [r,) = (0), and A state
is a left-hand eigenstate {l,| = (l,|, for the ground state. On the other hand,
r. and [, are obtained from diagonalization of the H, matrix and fulfill the
biorthonormality relation, rather than providing intermediate normalization to
the perturbed state. Therefore r., [, as well as [;, have disconnected structures.
Note also that /. has no component of the reference function. The right-
hand transition density p°9 calculated by r, and l is completely linked and
therefore the right-hand transition moment §°9 has a size-intensive nature, even
in truncated calculations. On the other hand, r. has a non-zero component r; on
the reference function and creates unlinked contributions when contracted with
ls. The diagrammatic representation of the transition density matrix p9¢ in the
CCSD model is summarized in Fig. 1. The regular vertex lines at the bottom
correspond to the T amplitudes, the regular vertex lines on top correspond to
A amplitudes, and the bold vertex line indicates #°. The terms p;(l), p;(2),
Pab(1), pab(2), pia(1), pai(1), Pai(2), pai(3), pai(4), and p,i(5) have the common
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Pa(1) Pan(2) Pan(3) Pan(4) Pas(5)
r:ﬁ ﬂ ‘< )
Pu(t) Pa(d

o 30  —O— -O-

A AE ALY
Pai(1) Pu(2) Pu(3) Pui(4) Pu(S)
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factor ry, which arises from the above-mentioned normalization of r, amplitudes
and indicates the portion of the reference function in the right-hand excited-state
wavefunction. Now we consider a state A*B, represented by ry, that consists
of noninteractive subsystems: a subsystem A" being locally excited within A
and a subsystem B in its ground state. Since there is no component in the
excitation manifold involving B, r. in the combined system is the same as that
of the subsystem A". Therefore, the factor rp is size intensive. Since the CC
ground state is size extensive, the part involving the CC amplitude T directly
connected to the perturbation operator (open part in the diagrams) is additive,
and the T amplitude in the combined system is TA + TB. As a result, the
terms factored by ry are apparently size extensive, not intensive. Elimination
of these apparent unlinked terms corresponds to the model (I) in the second-
order property evaluation. Since the left-hand amplitude A has a disconnected
structure (see Fig. 2), the terms p;i(5), pab(5), pia(2), pai(13), and p,i(14) include
unlinked terms implicitly and violate size intensivity of the transition density,
too. Simple elimination of the terms leads to a size-intensive theory, which
corresponds to the model (II') in the second-order property evaluation, but it also
eliminates quite an amount of relaxation effects accounted for through A. Fig. 2
shows the disconnected contributions in the A equation. Using the A’ amplitude
instead of A while retaining the disconnected terms mentioned above, we can
completely eliminate unlinked contributions. This corresponds to the model (III)
in the second-order property evaluation. Note also that the unlinked contribution
disappears for the property belonging to spatial or spin symmetry other than the
totally symmetric ground state. Therefore, the size problem does not arise in
the transition probabilities towards excited states of symmetry different from the
ground state. This is the case for the dipole-allowed transitions in molecules that
do not have permanent dipoles in their ground states. A spin-related perturbation,
such as the Fermi contact perturbation, is an another example.

Multi-photon processes involve higher Fourier components of the
electron density.  For example, the density fluctuation caused by two
photons with frequencies w; and w, can be described by p(?)(t) =
[ [ dwrdwsp(wr, wo)eEiler+w2)t - which obeys a second-order equation of
motion,

(2}
<2220 (1, O]+ 10 B, 5O, @)
therefore,
plwr, ws) = pww (43)

we — [Hn,po]’

where w, = wi+w; and #(w;) is property operator corresponding to the dynamic
perturbation of frequency w;. The SOS representation over the initial |I) and
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intermediate [J) and |K) states is

gJK w2 HKI(Ldl)
—P :
M (wr,ws) =Py 2 Z PR —— (44)

glK ) HKJ((JJ2)

, 45)
wy +wkr ‘-‘Ja' +wyr

P (wr,w2) _P12Z

and 87 (we) 875 (w)
p? K (w1, we) = =Py g 2. :
Wo —wyK w1 +WKI (46)
0.]1(w2) HIK(LU'Q) ]
w2 —Wjr We —WJK
The third expression arises since the density matrix is second-order and
the initial state |I) can evolve after the second scattering caused in both
bra and ket states caused by the applied field. Further, three-photon ab-
sorptions with frequencies w;, wa, and w; can be described by pt3)(t) =
J [ [ duwndwadwsp(wr, wa, ws et (@itwztws)t which obeys a third-order equa-
tion of motion,

9p3(¢ _
—z—'gt—“ = [H, ()] + 16,5 (2)] (47)
#(w3z), plwa,w
plwr,wa,ws) =P1,2,3[ (wa), pluzy )] (48)
- [HN’pO]
and the first- and second- hyperpolarizabilities are
P(—wy;wy,wr) = Tr{bp(wy,ws)) (49)
and
P(—we;wi,w2,ws) = Tr{fp(wr, we,ws)), (50

respectively, where P, 5 and P, 23 denote the average of all terms generated
by simultaneously permuting the frequencies w;, wz, and w3 and the Cartesian
components of #(w;), 8{ws) and O(ws).

Calculation

The EOM-CCSD (singles and doubles) calculations for the supermolecule
of noninteracting LiH are performed using different models. The basis set is
taken from the Dunning’s double zeta basis set [26], and the experimental bond
distance (3.015 au) is employed [27]. Molecules are aligned at a distance of
5000 au. Therefore the symmetry of the super molecules is the same as the
individual LiH molecules. For the NMR spin-spin coupling constant calculation
of CoHg, the [5s2p1d/2s] basis set [28] is used. For the polarizabilities of C4Hg,
we employ [3s3p1d/2s] 6-31G plus polarization and diffuse functions.
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Results and Discussion

In Table 1, the static and dynamic polarizabilities of different models
described above are summarized. The number in the first column is the CCSD
second-order energy without orbital relaxation and can be obtained by using Eqn.
(16) or Eqn. (25). The second-order energy thus calculated is size extensive and
scales linearly with the number of the noninteracting molecules. The difference
from the CCSD second-order energy with orbital relaxation is almost negligible.
This is because CCSD can account for a large part of the orbital relaxation
effects through the exponential ansatz [10]. The polarizabilities calculated by
model I and model II are not size extensive and do not scale linearly with respect
to the number of individual molecules. As has been discussed [8,16,27], this
may cause problems when those methods are applied for extended or very large
molecular systems. The model I implemented originally for the evaluation of
second-order energies has unlinked terms because it is of CI type. Yet this
model gives the usual perturbation theory form (satisfies the higher analogs
of the Hellmann-Feynman theorem). Elimination of these apparent unlinked
terms in model II drastically improves the problem. However, model II contains
unlinked terms implicitly as explained above and is not precisely extensive.
Complete elimination of the terms that introduce unlinked terms leads to an
exactly size-extensive model (model II'), but this also takes out some important
relaxation effects. In model III, these terms that may introduce an unlinked
contribution are retained, but the unlinked terms are completely eliminated by
using A’ amplitudes, which is a solution of a completely connected equation.
This model provides completely size-extensive second-order properties, but at
the cost of introducing A’ instead of the regular A operator. Although some of
the EOMCC models are not exactly size-extensive, the calculated polarizabilities
for an individual molecule are very close to the CCSD second-order energy with
and without orbital relaxation (Table 3).

Table 2 shows transition moments calculated by the different EOM-CCSD
models. As has been discussed above, the right-hand transition moment §<¢ is
size intensive but the left-hand transition moment #9° in model I and model
IT is not size intensive. Model II is much improved as far as size intensivity
is concerned because of the elimination of the apparent unlinked terms. The
apparent unlinked terms are a product of the size-intensive quantity ro and size-
extensive quantities and therefore are size extensive. The difference between
the values of model I and model II, as summarized in the fifth column, reveals
strict size extensivity. Complete elimination of unlinked diagrams by using A’
amplitudes brings strict size intensivity for the transition moment and therefore
the transition probabilities calculated by model III are strictly size intensive.

In Table 3, a comparison of several properties calculated by model I and
model III are presented. For the calculation of individual molecular properties,
both models provide very similar values. A comparison of the CCSD second-
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Table 1 EOM-CCSD Dipole Polarizabilities for (LiH),

Number o, (0=0) A (©=0.1)
Oftil | g | p | | | P | ow |
1 éjﬁg) 2431° | 2437° | 2436 | 6343° | 63.65° | 63.60
2 4847 | 4873 12638 | 127.27
3 7249 | 73.08 188.84 | 190.85
4 9637 | 97.42 250.82 | 254.39
5 120.10 | 12175 31232 | 317.90

165

*CCSD Energy Second Derivatives. The number in the parenthesis is CCSD with orbital

relaxation.

PEOM-CCSD

‘EOM-CCSD without apparent unlinked terms.

YEOM-CCSD without unlinked terms. o, = 33.24, dy (©) = 56.84. The numbers with

elimination of the unlinked terms explained in the text are o, =25.71 and a,, = 33.87.

‘0= 33.25 and o, (0) = 56.86.
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Table 2 EOM-CCSD Transition Moments for (LiH),

Welz|ye>
Number 8
of LiH | <wdzlwg>
r iid I-II I
1 97025 90915 91604 00688 91758
91572
2 97025 90196 (00032) 01377
91541
3 97025 .89476 (00031) 02065
91510
4 97025 88757 (00031) 02753
91479
5 97025 88037 (00031 03442
*EOM-CCSD.

*EOM-CCSD without apparent unlinked terms. The numbers in the parenthesis ar
increments from N-1.

‘EOM-CCSD without unlinked terms.
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Table 3 Second Order Properties Calculated by EOM-CCSD Methods

P ur CCSD Exp.°

1Jc-c: of CZI{é ¢

35.216 | 35.216 35.2 34.6
(Hz)

Polarizabilities of C4Hs © (a.u.)

I’ I CCSD | CCSD(T) | MBPT(2) HF
XX 73.14 73.14 71.15 72.60 74.54 84.70
Yy 43.34 43.34 42.48 42.96 43.52 42.81
Static
7z 32.82 32.82 32.02 32.59 33.53 3221
Xy 536 5.36
XX 76.14 76.13
yy 44.12 44.12
©=0.0656
7z 33.64 33.64
Xy 5.72 5.72
*EOM-CCSD.

*EOM-CCSD without unlinked terms.
“Ref, [41].
%The basis set [5s2p1d/2s] is employed. Rcc = 1.531 A, Re.y and Oy.c.i = 107.8°.

6-31G + PD (£, = £4 = 0.05) basis set.
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order energies and experimental values indicates that both models are very good
approximations for isolated molecules.

Size Extensivity of Properties and
Connectivity of the Wavefunction

Both EOM-CC through Eqn. (8) or CCLR using Eqn. (25) can provide
a size-extensive, second-order total energy. Eqn. (25) does not contain any
unlinked terms and Eqn. (8) has no unlinked terms if no truncation is made.
However, this does not mean that gll the excitation energies obtained from the
EOM-CC or CCLR are size-intensive. Koch et al. indicated [13] that all the
excitation energies evaluated in CCLR were equivalent to the excitation energies
of a supermolecule that consists of the non-interacting molecules (subsystems).
It should be noted, however, that not all the excitation energies of the su-
permolecule are equivalent to those of the individual molecules. These extra
excitations correspond to particle number nonconserving excitations in the cor-
responding subsystems and charge-transfer excitations in the combined system.
Meissner and Bartlett proved that pure extensitivity of CCLR would require a
generalization of CCLR to include the correct treatment of these nonparticle-
number-conserving terms [29].

Let us take an example of an excitation consisting of a removal of an elec-
tron from subsystem A followed by an addition to subsystem B. In subsystem
A, the CCSD amplitude can have three holes and a particle, while in subsys-
tem B, the amplitude can have a hole and three particles. Therefore, in the
supermolecule A-B, we need to have three-hole—three-particle amplitudes 73 to
recover the connectivity. This has been pointed out by Mukherjee et al. [30].
Indeed, the excitation energies corresponding to such charge-transfer states in
EOM-CCSD or CCSDLR do not sustain its size-intensive characteristic. Superfi-
cially it sounds contradictory to the size extensivity of methods for second-order
properties, but the statement that EOM-CC or CCLR provides a size-extensive
second-order energy does not mean that all the information obtained from the
methods are size-extensive or size-intensive. The reason that the second-order
property obtained by summing over all the states from the methods reveals size-
extensivity is that though all the intermediate states are not size-intensive, these
have no intensity (no overlap with the ground state), and consequently provide
no contribution to the second-order property. However, it should be noted that
in the intermediate region, those charge-transfer-like states have intensity and
contribute to the property evaluation. In those theories, although the properties
expressed by the wavefunctions are connected, the effective Hamiltonian that
provides the excitation energies has an unlinked structure for some excitations
and therefore the corresponding wavefunction is disconnected. The extended CC
(ECCM) theory proposed by Arponen and Bishop [17,31] provides completely
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connected wavefunctions, represented by left- and right-hand eigenvectors, and
therefore the second-order properties calculated by the wavefunctions are size-
extensive. However, in the method, the left- and right-hand vectors couple with
each other and the general solution of ECCM are, in practice, very difficult to
obtain. It should also be noted that the wavefunctions in the ECCM strictly
reveal connectivity for the matrix elements between the ground state and the
excited states. The connectivity is not automatically guaranteed in the matrix
elements among excited states. The nonlinear response properties are defined
as a more than second-order response of the energy functional and can be ex-
pressed in the SOS representation using the matrix elements among excited
states. Therefore, the nonlinear response properties calculated by the ECCM
are not size extensive because the ECCM wavefunctions are obtained from a
stationary condition of an expectation value of properties over the ground state.
To retain the size extensivity for the nonlinear response properties, another sta-
tionary condition may be imposed [32]. While several CC-based methods have
been proposed [33-35] for calculating properties, the Fock-space coupled clus-
ter (FSCC) approaches [36-38] (and the recently introduced STEOM-CC [39])
provide connected wavefunctions and maintain size extensivity. The strategy in
FSCC is to evaluate the properties using the eigenvalues and the eigenfunctions
of the effective Hamiltonian, which are created in a hierarchical manner. The
effective Hamiltonian that provides a single excitation spectrum is constructed in
the (1,1) sector. The effective Hamiltonians of lower sectors (1,0) and (0,1) that
have been determined contribute as a constant and guarantee the connectivity
of the (1,1) effective Hamiltonian. However, the effective Hamiltonian couples
with the (1,1) T, amplitudes. The nonlinear ansatz thus created introduces the
problem of intruder states for some cases. A method with a linear excitation
ansatz, such as EOM-CC for the effective Hamiltonian H, does not introduce
the intruder state problem, but the wavefunctions for the effective Hamilton-
ian are not connected and cannot retain their size-extensive characteristics, as
has been discussed above. An alternative way to avoid the problem may be a
modified (dressed) EOM-CC-effective Hamiltonian scheme [40]. The modified
EOM-CC effective Hamiltonian A for single excitations dressed by the contri-
butions arising from the corresponding FSCC solutions in the intermediate space
is completely linked and thus able to provide size extensivity for all the prop-
erties produced by the single excitations, while it sustains a linear structure in
the operator space for the excitation [28,40]. It should be especially addressed
that not all the properties produced by single excitations are size-extensive in
CCSDLR nor EOM-CCSD. The reason that both methods can provide a size-
extensive second-order property is because the excitations that violate extensivity
do not have any intensity and therefore do not contribute in the summations.
However, this is not a desirable feature of the theory. In finite systems, such as
molecules, charge-transfer excitations may not be well described in those meth-
ods. Specifically, the theories may reveal their inability to correctly describe



170 H. Sekino and R. J. Bartlett

the charge-transfer excitations in a chemical process such as rotation, where the
moieties of the molecule go through a noninteracting path. On the other hand, in
extended systems, a size inconsistency of any kind may cause a serious problem
for describing phenomena such as density waves or Wannier excitons, where the
unit cell does not maintain the electron number.

Conclusion

A comparison of the theory for EOM-CC properties, which empahsize
eigenstates and generalized expectation values, and the derivative approach of
CCLR has been presented. The usual form of perturbation theory for properties,
employ only lower-order wavefunctions in their determination. CCLR involves
consideration of wavefunctions of the same order as the energy of interest, but
this ensures extensivity of computed properties.

Different models in EOM-CCSD methods are proposed. Model I, originally
implemented for transition probabilities and second-order properties, is exact for
two-electron systems. Of course, the method is equivalent to the CCSDLR
and the CCSD second-order energy with and without orbital relaxation for
such cases. However, for cases with more than two electrons, the method is
different from CCSDLR. The model contains unlinked terms and is therefore
not size extensive for second-order properties nor size intensive for transition
probabilities. In model I, where apparent unlinked terms are eliminated, the
problem is diminished, but it is still not exactly size extensive nor size intensive.
By complete elimination of unlinked terms using the connected A’ amplitudes,
we have a strictly size-extensive and size-intensive model. However, it should
be noted that neither model II nor model III is exact for two-electron cases.
Calculations of different properties for isolated molecules indicate that all the
EOM-CC models are, in practice, accurate and convenient approximations to
the CCSD second-order energy derivative calculation and that they reproduce
experimental values quite well. Because of its simple form, which retains
both size-extensive and size-intensive character, model III is recommended
for applications to larger systems. No CCLR or EOMCC type method is
completely linked in the sense that each lacks the capability of describing
response properties where particle number is not conserved during excitation. It
remains to formulate a completely consistent generalized coupled-cluster method
that will unify perturbation theory and derivative theory for all properties for
molecules and especially solids.
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Fulfillment of the Bethe sum rule may be construed as a measure of basis set
quality for atomic and molecular properties involving the generalized oscillator
strength distribution. It is first shown that, in the case of a complete basis,
the Bethe sum rule is fulfilled exactly in the random phase approximation.
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for the calculation of stopping cross sections.
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1. Foreword

It is a pleasure for us who are friends, colleagues, and collaborators, to offer
this contribution to a volume published in honor of Yngve Ohrn’s 65" birthday.
For most of his career, Yngve has been interested in response properties of
various systems to various probes, and we offer this contribution in that spirit.
The Generalized Oscillator Strength, the subject of this paper, is the materials
property that describes the response of a medium to swift particle, and thus,
perhaps, an appropriate subject for this volume. Mostly, we are happy to take
this opportunity to thank Yngve for his help, inspiration, and friendship over
the years.

2. Introduction

Inelastic collisions of swift, charged particles with matter are completely
described by the distribution of generalized oscillator strengths (GOS’s) char-
acterizing the collision. These quantities, characteristic of excitation in the N-
electron target (or, in fact, of a dressed projectile as well [1]) from some inttial
state |0) to a final state |n) and concomitant momentum transfer, can be written

0|Ze 9T ) } (1)

Here Ey, = E, — Ej is the energy exchange and q is the momentum transfer
during the collision. The sum is over all target electrons with coordinates r;.
[Hartree atomic units are used here and through out this paper.] A plot of
the generalized oscillator strength as a function of the energy and momentum
transferred generates the Bethe surface for the target system, and it is this surface
that "...embodies all information concerning the inelastic scattering of charged
particles by an atom or molecule within the first Born approximation” [2].

Our particular interest lies in the calculation of the linear energy deposition,
or stopping power, of swift ions in materials, Sg(v). In the first Born approxi-
mation, and for a fully stripped projectile, this quantity can be written [2—4]

2 EOn

FOn( )—

gmas (V)

AnZ} d
So(v) = 7T21 Z / FOn(q)?q 0y

v
n>0

Gman (V)

Here Z; is the charge of the projectile with velocity v. In order to calculate
stopping powers for atomic and molecular targets with reliability, however, one
must choose a one-electron basis set appropriate for calculation of the generalized
oscillator strength distribution (GOSD). The development of reasonable criteria
for the choice of a reliable basis for such calculations is the concern of this paper.
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3. Basis Set Considerations

3.1. Background

The most common way to cobtain a basis is via energy optimization.
However, it is well known that bases optimized for a particular property such as
energy are not always good for calculation of other, perhaps only tangentially
related, properties. It is thus useful to have another figure of merit for a basis
in connection with a particular application. We outline here a method that may
be useful in the context of the calculation of GOS’s.

The Bethe approximation {4] to eq. 2 , comprising the optical approxima-
tion (e "*%F = 1 — iq - r) and the approximation that the projectile speed (v) is
much greater than that of the scattering electrons (v.) allows one to carry out
the integration over ¢. In this case, the stopping cross section is written

4727, [ 22 C(v)
S = H1ee ki
o(v) 2 [In T, + Z ] 3
where
Iy = E forn In Egy, 4)

n>0

is the mean excitation energy, the {fo,} are the optical (dipole) oscillator
strengths, and the C/Z’s are the shell corrections which compensate for inner
shell electrons not conforming to Bethe assumption concerning low projectile
speed. The central quantities in the Bethe formulation are the dipole oscillator
strengths, so a figure of basis set merit associated with calculation of dipole
transition moments would be appropriate. One quantity used as such by many
is the Thomas-Reiche-Kuhn (TRK) [5, 6] sum rule

> fon=N 5)

n#0

which states that for a complete basis, the exact dipole oscillator strengths for
the system sum to the number of electrons, or in other words, that the energy
transfer to the system summed over all internal modes of excitation should be the
same as the energy transferred to N free electrons [2]. (The summation symbol
implies summation over discrete states and integration over the continuum.) To
calculate the dipole oscillator strength distribution (DOSD) necessary to evaluate
the TRK sum rule, formal approximations (in this case a truncated perturbation
expansion) are introduced. In addition, the basis sets used in the calculation are
not complete. Thus two sources of inaccuracy are introduced into the problem.
However, it has been shown that the TRK sum rule is fulfilled for complete
bases in the random phase approximation (RPA) [7-10], removing the first of
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these. Thus the TRK sum rule in the RPA has frequently been used as a figure
of merit for bases in calculations involving quantities related to dipole properties
[11]. It should be noted, however, that the fulfillment of the TRK sum rule is a
necessary, but not sufficient, condition for basis set completeness.

3.2. The Bethe Sum Rule

Calculations of stopping cross sections via eq. 2 require the GOSD
and involve the same two approximations mentioned above for calculations of
stopping cross sections. The TRK sum rule, however, applies only when zero
momentum is transferred during a projectile/target collision. It is therefore useful
only in the optical limit, that is, when one is concerned with the calculation
of stopping powers using the Bethe or high velocity approximation (eq. 3),
and thus is not sufficient for problems involving finite momentum transfer. Its
generalization to the case of non-zero momentum transfer, the Bethe sum rule
(BSR), [4]

> Fonl@)=N (©)
n#0
is valid for all kinematically allowed values of momentum transfer, and thus
could provide a reasonable figure of merit for basis set choice when dealing
with generalized oscillator strength distributions. We examine first the GOS in
the RPA and show that the Bethe sum rule is also satisfied in the RPA for a
complete basis.
In the random phase approximation, the transition amplitude from state |0)
to |I) for any one electron operator O may be written as

(00 = [(plOIR)" X}, , + (RIOIp)* Y ] @)
h,p
where |h) and |p) are the complete sets of occupied and unoccupied orbitals,
respectively, which are solutions to the ordinary Hartree-Fock equations
lho + T — Kll) = &ili) (®)

Here hg is the kinetic energy and nuclear attraction operator while 7 and K
are the coulomb and exchange operators, respectively. The coefficients X and
Y are solutions of the RPA equations, which for the I* singlet transition with
excitation energy w, can be written as

WX}, = (ep —en)Xh, + > (PR |Ihp') X} o + (pp'||RR) Y, ]
hl,p/
9

—wly’}f,p = (EP - Eh)yvl'f,p + Z [<hp’th“’)Y}f’,p’ + <hhll|ppl)Xllz’,p’]
h/,P’
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Combining egs. 7 and 9, and noting that

Y IpMpl =1 |h)(hl (10)
14

h
one can write the matrix element as
w(olofl) = Z{ — ) {(plOIh)* = (pl[O, K]|R)") X},
(11
~[(ep — €n)(RIOIP)" + (RI[O, K]Ip)" Y} ,}

The terms involving the commutator arise as one-electron operators do not
commute with the exchange operator. Using the properties of 7 and K, from
egs. 7 and 8 it can be shown that

(ep = £r)(h|OIp) = (R|[O, ho]lp) = (AI[O, K]|p) (12)

If relations similar to eq. 12 are substituted into eq. 11, the dependence on the
exchange operator can be eliminated, yielding

wi(0lON) = 3 [{pllho, OlIh)* X} , + (hl[ho, Ollp)* Yy ] (13)

h,p
It is useful to adopt a double vector notation, so that | X', Y') represents the sets
of coefficients {X hp th,p}- In this notation
wi(0lof) = (C*,c+{X!, Y (14)

where
C = [he, O] (15)

Making use of the fact that the energy solutions of eq. 9 come in pairs, one can
write a sum rule for the energy weighted transition matrix elements as

2w | (0o |—Zc*,c’*|x’,Y’)<x',—Y’|o,—6) (16)

>0

where O represents the set {(p|O|h}} Thus, for any one electron operator, the
energy weighted sum of transition matrix elements can be written

2) wi | (0ol |"= (c*,C7|0, -0) a7
>0
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where we have used the normalization condition for the RPA eigenvectors

SoIXLY)N(X, =Y =1 . (18)
+1

Equation 17 can be viewed as the general form of a sum rule for an arbitrary one-
electron operator O expressed in terms of the square of the transition moment
of the operator and its excitation energies.

We treat two special cases.

First consider the dipole operator (O = r). The matrix elements on rhs of
eq. 17 are thus just the dipole transition moments, and the commutator becomes
C = —ip. As the exact solution (complete basis set limit) to the RPA is under
consideration, we may use eq. 10 to obtain

Y fu=iY (hllp,x]lh) (19)

1>0 h

As [p,r] = —3i, the TRK sum rule (eq. 5) is immediately recovered.

Now let us consider the plane wave operator O = e *9T | ie. that which
appears in the Bethe sum rule. The matrix elements on the rhs of eq. 17 are
those over the plane wave operator. Using a procedure similar to that used in
the previous example, and noting that

[p,e 97| = —qe "9~ (20)

the commutator (eq. 15) becomes
C = e"q'r(—2 —CI'P> (21)

Again using the completeness of the particle-hole states (eq. 10}, we find that
the Bethe sum rule (eq. 6) is fulfilled.

Thus the Bethe sum rule is fulfilled exactly in the RPA at all values of the
momentum transferred, provided that a complete basis set is used. Therefore, as
in the case of the TRK sum rule when optical transition properties (q = 0) are
considered, we expect that the BSR sum rule will be useful in evaluating basis set
completeness when generalized oscillator strength distributions are calculated,
for example for use in calculating stopping cross sections. It should be noted
[12] that the completeness of the computational basis set is dependent on q, and
thus care needs be taken to evaluate the BSR at various values of q.
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3.3. Criteria for Basis Set Choice

It seems clear that it will be very difficult to satisfy the BSR for an
atom or molecule over all allowable momentum transfers using a finite basis
of manageable size. One would like, then, to be sure that the BSR is reasonably
well satisfied over the range of q necessary for calculation of the property of
interest. In the case of the stopping cross section, inspection of the Bethe surface
[2] shows that the largest contribution comes from the low Ey,, small q region
of the surface. Thus it is anticipated that it is not necessary to have a completely
accurate GOS distribution out to large values of q, and that an acceptable basis
would cause the BSR to be satisfled up to some few atomic units in q. In
the following, we attempt to develop some guidelines for construction of a
calculational basis set that will meet this criterion. We wish to develop relations
that can be used to build a set of exponents for higher angular momentum basis
functions from a set with lower angular momentum. For example, for an atom,
one might choose a standard s-type basis which satisfies the normal energy
criteria from the literature, and develop a higher angular momentum basis from
it.

'In order to determine the relations among orbital exponents in a basis which
will follow these guidelines, we look at the matrix elements contributing to
Fy.(q). To that end we consider eq. 17 for the plane wave operator (eq. 21)
which involves evaluation of terms of the sort |(p|e'iq"|h)|2. We wish to
determine how these matrix elements behave as a function of orbital exponent
and momentum transfer, and we then propose a scheme for choice of orbital
exponents that will keep the BSR satisfied to as high momentum transfer as
possible.

If we consider a calculation where the orbitals are expanded in a basis
;) =D cjklen) (22)
k

of Cartesian Gaussian functions of the form
2
@k = Npzley™e ™ g= kT (23)

then the integrals we need to evaluate (eq. 1) can all be written as sums of
primitive integrals over basis functions

(ple™* a7 Ih) = ¢ crnlile 47 1k) 24
j?k
To understand the criteria for basis set choice, then, we need consider only

the behavior of the primitive integrals. The primitive integrals over the basis
functions can be expressed in terms of Hermite polynomials

S —igr) AT »;: Q= Gy e
e = v e F (i) i (5 ) 1 (587) 09




The Bethe Sum Rule and Basis Set Selection 183

where ¢% = q3+q§+q3,u =1l + lk, v = mj + my, w = n; + ny, with
a = a; + ar , and where

vemn(3) ()"

is a normalization constant. For simplicity, we restrict to momentum transfer
along the z—axis, and take the square magnitude of the matrix element

(jle~ e

k) |‘2 _ N [%] Gw<2%) o7

where

9=\ _ —ai/2e gp2 [ 2o
Gw(?ﬁ) ‘ Hw<2¢6> 28)

with u, v even. Note that for the case of excitation out of a reference orbital,
increasing w corresponds to increasing the angular momentum quantum number
of the virtual orbital. Thus, for the BSR to be fulfilled for each value of gq.,
eq. 27 must yield a constant when summed over all transitions. Thus, the
compliance of a particular calculation will be determined by the properties of
the function G,,(@).

Let us consider the structure and behavior of the function

Gu(@) =@ H(Q) 29)

In Fig. 1 we display the function G,,(Q) for degree w = 0 — 6, normalized to
unity. By differentiating eq. 29 with respect to () and employing the recursion
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Figure 1: The function G,,(Q) (eq. 29) as a function of Q for w =0 -6

relations for the Hermite polynomials, one can determine the positions of the

extrema of G, (Q).

A few of the lower maxima in the G, (Q) vs.

Q are

tabulated in Table 1. From Fig. 1 we note that the for lowest extrema in with

Table 1: Positions of the first few (n) maxima (Q™*%) of G, (Q)

n=1 2 3 4

w
0

1 0.7071
2 0 1.2247
3 0.5247 1.6507
4 0 0.9586 2.0202
5 0.4361 1.3359 2.3506
6 0 0.8163 1.6734 2.6520
7 0.3812 1.1572 1.8917 2.9306

Q # 0 in G (Q), the maxima in G(Q) for w odd lie approximately at the
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same value of @ as do the minima G, 41(Q). In addition, the first @ # 0
(n=1) maximum in a w even curve lies at approximately twice the value of @
as does the first minimum. These two relations lead to a connection between
the positions of the maxima of two curves of order w and w + 1. In general,
we can relate the » maxima by

1 (n) maz) (™
— Qm”) ~Q ‘”) w even
2 w w+1
(30
(n) (n)
2 Q'max) ~ Qmﬂ,}:) w Odd
w w+1
{n) h . )
where Q™** represents the value of the argument at the n™ maximum in

Gw(Q). This ‘behavior is dependent on the properties of the function G (Q)
only.

Let us now consider a transformation of the sort ¢ = t,,9 and ask for
the relation of the behavior of G, (gq) to that of G,(Q). Note that such a
transformation may be w dependent, so that the transformation will be different
for each value of w. Such a transformation will result in dilation of G, (q)
along the abscissa when compared to G, (@), as shown in Fig. 2. Here we
have labeled the coordinate @ with w to emphasize that the transformation is
different for each order of G.

G, (@

G (Q

Figure 2: Sketch of the function G,, (w odd)
of transformed and untransformed coordinates

As (c.f. egs. 1, 28) the sums of G,,(g.)'s at constant ¢, are what will lead
to the Bethe sum, the relationship between the positioning of the maxima and
minima in G, {q.) via choice of orbital exponent, can be used to optimize the
BSR. As the maxima in G,,(Q) for w odd lie approximately over the minima
in G, +1(Q). For such pairings, sketched in Fig. 3 after the transformation, the
sum Gy (q,) + Guwy1(q:) should be maximum and as constant as possible for a
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given value of ¢,. We thus choose the transformation t,,, that is the numerical

w+1

Gw(az )}

q;

Figure 3: Sketch of the desired relationship between sum
ofG,(q.) and G,,+1(g.) for odd w in order to satisfy the BSR.

values of «; and o, to shift the curves as in Fig. 2 so that the above mentioned
geometrical relation among the G ,,(q. ) is preserved. That is, we wish to arrange
the a; and oy such that the maximum in G (g) occur at the same value of ¢,
as does the minimum in G 11(g.) (w odd).

The transformation to use is

1
Qu = m q:z
and as the G, (q,)’s have the same geometrical structure as do the G, {Q)’s,
the maxima and minima can be approximately related in the same way, namely

w=j+k 31)

1 (n) (n)
= q;mw) ~ qT‘”) w even
2 w w+l
(32)
(n) (n)
2 qé”‘”) = qz> w odd
w w+1
This, together with eq. 31 leads to the relations
1 n n
3 2/ a; + o Q"“””) = 2\/a; + oq Q"“”") " w even
(33)

2 -2y/aj + ax Q"“”) = 2v/aj + apq Qm‘”’) w odd
w wt

1
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As an example, consider an atomic case where the occupied orbital is an
s-orbital. Then, due to the symmetry of Gaussians, at g, = 0, G, (g.) will be
unity for even values of w and will vanish for odd values. For q. # 0, all
values of w can contribute. For the case of w = O there is no maximum, so
we choose the point where the w = 0 and w = 1 curves cross. At this point
W_Eqﬁ is the same for the two curves (with k = s for w = 0 and k = p for
w = 1) for the same fixed value of ¢., leading to the condition for the orbital
exponents: o, = a,. Equation 33 in conjunction with the values of the Hermite
polynomial roots tabulated in Table 1 lead to a set of relations connecting
the orbital exponents of basis orbitals of higher azimuthal quantum number

to those in an [ = O set. For example, to determine the d-orbital exponents
(1

: : : 1 _ 2 :
from those for p—orbitals, eq. 33 gives ;:q\/ﬁ)p = 3 5—(—1—\/—40—‘1)‘1 :

From Table 1, the maxima of the p and d curves come at 0.707 and 1.225,
respectively, leading to 0.707 /&, + &, = $1.225 \/a, + ag, or ag = 1.67 a,.
Following the same procedure for higher angular momentum orbitals, one obtains
ap = ay, a4 = L.67a,, ay = 2.63a,, oy = 3.350,, ap = 4.260,
Although these rules are based on relations which apply best to only the lowest
roots of (G,,(q,), we choose to maintain these relations for the higher Hermite
roots (n > 1) as well. Thus we have a set of criteria or guidelines for choice of
basis function exponents, such that the exponents for higher angular momentum
functions are written in terms of those of the s-orbital set, and should provide
a Bethe sum that is reasonably free of wiggles, at least for not too large ¢.. It
should be noted that as we go to higher Hermite roots, the maxima begin to
spread out. Including more roots and choosing exponents giving maxima in G,
closer together can eventually result in linear dependencies.

Finally we observe from Fig. 1 the magnitude of G, (q,) decreases for
increasing g. at fixed w. Thus, the only way to fulfill the Bethe sum rule at
arbitrarily large values of ¢, will be to include basis functions of arbitrarily high
angular momentum. This confirms a previously reached conclusion [12].

4. A Numerical Example

As an example, we choose the simple case of He, for which we have
previously calculated the GOSD and Bethe sum rule (12]. We consider the
[13s,11p,4d,3f] basis of that study (here designated basis A), which was derived
from an energy minimized basis of Jaszunski and Roos [13]. The s-orbital
exponents from that basis are tabulated in Table 2. We first ran a Hartree-Fock
calculation [14], and then choose the core s-orbitals with largest coefficients in
the 1s state to form the basis for constructing the higher angular momentum
sets. In this case we chose the five orbitals having coefficients larger than 0.1,
including orbitals 6s to 10s of Table 2. The relationships among exponents
deduced above were then applied, resulting in a [13s,5p,5d,5f] basis (basis B).
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Table 2: s-Orbital Basis for Helium [13]

orbitals exponent
ls 4840.900
2s 723.1100
3s 164.3000
4s 46.63600
5s 15.27800
6s 5.526900
Ts 2.132900
8s 0.849670
9s 0.343640
10s 0.138710
l1s 0.055484
12s 0.022193
13s 0.008877

Finally, a set of 5 g-orbitals, again, generated according to the relations presented
above, was added generating a [13s,5p,5d,5f,5g] basis (basis C). The Bethe sum
rule calculated [15] using these bases is presented in Fig. 4. As was noted
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Figure 4: Bethe sum rule for He calculated with a standard
basis (basis A) and with two consistent bases (bases
B and C) generated with the guidelines suggested here.

earlier, the Hartree-Fock basis (A) constructed on the basis of energy, even
though it continues to quite reasonable values of the angular momentum, falls
off at rather small ¢ from its theoretical value. In addition, by ¢ =~ 6 it has
fallen to approximately 25% of the correct value. Changing to the consistent
basis constructed using the guidelines above (basis B), we find that the sum rule
continues somewhat further out before departing from two, but falls off much
more slowly, being approximately 50% of the proper value at ¢ = 6. However,
as we remarked above, it is clear that the basis must contain ever higher angular
momentum basis functions. Including the next higher angular momentum state
in the basis gives the basis C, and the Bethe sum rule calculated using this
basis comes closer yet to fulfilling the Bethe sum rule. As can be seen, the
improvement results more from increasing the sum rule at larger values of g than
by making it exact at smaller g. It is thus clear that higher angular momentum
basis functions are necessary to fulfill the Bethe sum rule at larger values of q.

In addition, it is possible that differences in the BSR may arise due to
choice of the s-basis from which the higher angular momentum basis functions
are constructed. However, on comparison of the Bethe sum rule for basis C,
with the sum rule generated by the same method described above, from another
energy optimized, frequently used basis (that of van Duijneveldt [16]), we find
only small differences in the BSR, and only at large g values.
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Figure 5: Stopping power for protons on He calculated with
the standard basis (basis A), with two consistent bases (B and C),
and in the Bethe approximation using the kinetic theory [17, 18].

Finally, the question arises as to whether or not fulfillment of the Bethe
sum rule is important for calculation of stopping cross sections. In Fig. §, we
present the stopping cross section as a function of projectile energy for protons
on helium, calculated in bases A, B, and C. For purposes of comparison, we
also graph the Bethe theory result obtained using the kinetic theory of stopping
(17, 18]). All three bases agree well at low projectile energies. At higher
energies, there is divergence (ca. 10% at E, = 250 kel”) with an increase of
So when these guidelines are used to construct the higher angular momentum
basis functions, and further increase with increasing angular momentum in the
basis. If one considers that the stopping cross section is an integral over the
Bethe surface (eq. 2), then one would expect that the farther out that the surface
is properly represented, the better, and larger, will be the resulting stopping cross
section. This is consistent with the results in Fig. 5.

5. Summary

In this contribution, we have shown that the Bethe sum rule, like the
Thomas-Reiche-Kuhn sum rule, is satisfied exactly in the random phase ap-
proximation for a complete basis. Thus, in calculations that are related to the
generalized oscillator strengths of a system, the Bethe sum rule may be used as
an indicator of completeness of the basis set, much as the Thomas-Reiche-Kuhn
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sum rule is for optical properties. In addition, considering that no computational
basis sets are complete, and that there are no criteria extant for constructing
them for use in generating generalized oscillator strengths, we have proposed a
set of guidelines for construction of higher angular momentum basis functions
to be included in the basis. These are generated by a set of relations determined
from a set of s-orbitals only.
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I. Introduction

When molecularly bound electrons are subjected to a static magnetic in-
duction field, B, their response is to generate an additional field B™® [1], which
can be thought of as the result of an electronic current induced by the external
magnetic perturbation [2-5]. This response field, the socalled magnetic shield-
ing field, varies across the molecule in a structurally characteristic way, and in
NMR spectroscopy magnetic nuclei serve as highly localized chromophores [6],
sampling Bi"at the position of these nuclei. However, as the molecular geom-
etry and the ground state electronic structure are reflected in the overall spa-
tial variation of B™, this field can in itself be considered a molecular response
property amenable most directly, perhaps, to theoretical and computational
studies. The multipolar treatment of the shielding along the ring axis of the
benzene molecule reported in ref. [7] with a view towards the ring current
model [8,9], and the related use of computed shieldings at molecular centers,
proposed recently under the name ” Nucleus-Independent Chemical Shifts” [10]
as indicators of aromatic/antiaromatic character, are examples of theoretical
studies of the induced field at manifestly nucleus-free locations for the pur-
pose of electronic or structural information. The multipolar field expansions
studied, e.g., in refs. [11-13] are closely related to this perspective, since the
presence or absence of a nucleus is incidental to the theoretical developments
of these expansions.

In the present contribution, we focus on the dual perspective of B"sugges-
ted above, namely as a molecular response field detached from the question
of nuclei sampling the field, and as a quantity capable of providing molecu-
lar and electronic structure information through computational; rather than
experimental, studies, and we advocate the use of response graphs [14] for pic-
torial illustration of the variation of the field. As a concrete example, we also
resort to the benzene molecule, the archetypical aromatic system, and show
pictorial representations of the field at various locations, selected to relate the
present graphical approach to conventional pictures of the induced field used to
rationalize the ring current model. For the computational versus experimental
perspective we find it interesting to quote Robert S. Mulliken, who made the
following remark in his acceptance speech for the Nobel Prize in 1965 [15]:
"In conclusion, I would like to emphasize strongly my belief that the era of
computing chemists, when hundreds if not thousands of chemists will go to
the computing machine instead of the laboratory for increasingly many facets
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of chemical information, is already at hand.”

More specifically, in Section II we discuss the induced field along the lines
of the general formalism of molecular electromagnetic response properties [1, 2],
emphasizing its character as a continuous vector field with a corresponding
shielding tensor relating induced and applied fields at arbitrary locations. In
Section II, we also discuss symmetry aspects of the field as reflected in the
shielding tensor. Section III contains a discussion of the characteristics and
display of the field, including the shielding vector and its secular part, and
intensity measures for the field and its various contributions. The formula-
tion presented in Section II is based on a central (common) magnetic gauge
origin, while the numerical results used for the illustration of the field are ob-
tained in the LORG (localized orbital/local origin) ab-initio approach [16-18]
where local gauge origins associated with localized molecular orbitals replace
the central gauge origin. The working equations for the LORG method are
presented in Section IV, again emphasizing the continuous field perspective,
and including a modification [19] that simulates results of a common origin
gauge approach, for the purpose of the analysis of the results obtained within
the LORG approach in terms of magnetic contributions defined relative to a
central origin. The numerical and pictorial representations of the magnetic
shielding field in the benzene molecule are presented in Section V, including
an analysis into sigma and pi electron contributions. Section VI contains the
discussion, and a few concluding remarks are added in Section VIL.

I1. The Induced Magnetic Field

In the Hamiltonian conventionally used for derivations of molecular mag-
netic properties, the applied fields are represented by electromagnetic vector
and scalar potentials [1,20] and if desired, canonical transformations are in-
voked to change the magnetic gauge origin and/or to introduce electric and
magnetic fields explicitly into the Hamiltonian, see e.g. refs. [1,20,21]. Here we
take as our point of departure the multipolar Hamiltonian derived in ref. [22]
without recourse to vector and scalar potentials.

In a molecule-fixed coordinate system, the multipolar Hamiltonian of ref.

[22] takes the form

1 .o q - q 2
—52__1R. £ 174 1
7P T3 B{rxp]+8 B x r|* + V(r) (1)

for a bound particle of charge g and mass m in the presence of a uniform

H=
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static magnetic induction field B. V(r) is the electrostatic binding poten-
tial, and we neglect electronic spin angular momentum and nuclear-electronic
coupling terms resulting from transformation to a molecule-fixed coordinate
system [23]. In eq.(1) the magnetic gauge origin coincides with the coordi-
nate origin, and in order to introduce an arbitrary magnetic gauge origin, this
multipolar Hamiltonian can be subjected to the canonical transformation [21],

K = eX/Rffe=iX/h
Aot - 1 :
= H+ 21X, H) - o5 X, X, H] + .. (2)
with the generator
X:—g-[BxRo]'l' (3)

where Ro locates the gauge origin. The commutators become

- Z%[B x Ro|- (B xr) (4)

[X,[X, H]] = 2B x Ro[* (5)

=X, H] = %B [Ro x b
1
T 2n?

applying the commutator relation [r, B (r x p)] = ¢A[B x r| along with funda-
mental commutator relations. The higher order commutators vanish, and the
transformed Hamiltonian becomes

- 1

2
L NrC RN R S PO S _ 2
K= 5P 2mB [(r Ro)xp]+8m|B><(r Ro)|*+ V(r) (6)

providing the following single particle velocity operator

d A 1
Zr= 2K, 1]

dt R

v

. 9
=—{p-IBx[r-R }
—{p- B xIr-Ro] (™
For a single electron, the velocity operator in eq.(7) corresponds to the
current operator J(Rop,B) = eV, and hence to the following operator repre-
senting the magnetic field induced at a field point R

"i e I'—R X‘A’
__ e (r=R)xp e?po (r—R) x [B x (r — Ro)]
drme |r— R 8mmie Ir—RJ?

(8)
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For a many electron system, eq.(8) can be cast into the following dyadic form

B"(R,Ro,B) = ——> Y"1, (R)

dmm, 5

Y {l(r, —Ro) - &(R)]1 — (r, —Ro) : &(R)} - B
’ 9)

1 is a unit tensor, and for the s’th electron we have introduced the operators [1].

2
€7 lio
8rm,

A _ (rs -R)

é(R) = r. TR (10)
A ~ a is 7 ~
m,(R) = e,(R) X Ps = m, l‘.j = (l‘s — R) X Ps (11)

Focussing on terms linear in the applied field B, the induced magnetic
field at the field point R obtains as the expectation value of B®(R;Rp, B)
with respect to the first order wave function corresponding to eq.(6), yielding

(B"(R,Ro,B)) =

- ;:::e (0] zs: {l(r, — Ro) - &(R)]1 — (r, — Ro) : &(R)} [0) - B
+ 4:2;?5 ;}%‘Re{(m;m,(nnq) : (QIZS:iS’IO)}-B (12)
= —{%R,Ro) + o”(R,Ro)} - B = —o(R,Ro) - B
(13)
where
1 = (r, - Ro) x b, (14)

reflects the first order perturbation term in eq.(6), and where dependence on
field point, R, and gauge origin, Ro, is emphasized in the notation.

In accord with NMR conventions [8,24], eq.(13) introduces the dimen-
sionless shielding tensor (R, Ro), relating the induced and applied fields at
the point R, although the term ”shielding” probably should be considered a
misnomer in this context since we, manifestly, make no assumptions about
presence or absence of a magnetic nucleus being shielded. Eq.(13) also intro-
duces a separation of the shielding tensor into diamagnetic and paramagnetic
contributions, denoted by superscripts d and p, respectively. Explicit reference



198 M. @. Jensen and A. E. Hansen

to the gauge origin Ro is included in the notation for the three tensors, since
the total tensor may be gauge dependent in approximate calculations [24], and
the separation into diamagnetic and paramagnetic contributions is gauge de-
pendent, regardless of computational approach and accuracy. In eqs.(12,13),
diamagnetic and paramagnetic hence simply designate a ground state expec-
tation term and a sum-over-states term, respectively.

The shielding tensor, and its diamagnetic and paramagnetic components,
are not necessarily symmetric in the Cartesian indices [25-29], and the shield-
ing tensor can in general be decomposed into a symmetric and an antisym-
metric component, i.e.

o=0'+0" (15)
=0"1+ Ao’ + o° (16)

yielding a maximum of 6 distinct elements of the Cartesian form of; = o+
;) for the symmetric tensor, and a maximum of 3 distinct elements of the form
of; = 3(0i; — 0yj) for the antisymmetric tensor. In eq.(16) we have separated
the symmetric tensor into an isotropic part, 0'*° = 1/3Tr(0*) , and a traceless
anisotropy tensor Ae® with a maximum of 5 distinct elements. The elements
of the antisymmetric tensor can be collected into an axial antisymmetry vector

& with the Cartesian components [25]
1 [+
fk = 5 Zé,‘jkdij (17)
ij

where €;5 is an element of the Levi-Civita alternating tensor. If desired, the
decompositions represented by eqs.(15-17) can also be applied to the diamag-
netic and paramagnetic tensors individually.

The expressions for the shielding tensor and its components in eqs.(12,13)
and (15-17) suggest symmetry analyses from several perspectives. Choosing
the coordinate origin at the molecular center-of-mass and coordinate axes re-
flecting the overall molecular point group symmetry, the paramagnetic con-
tributions can be decomposed into electronic spectroscopic symmetry species,
as illustrated in ref. [28] within the LORG approach. Focussing on the site
syminetry at the location of a given nucleus, selection rules for the Cartesian
elements of the symmetric and antisymmetric components of the shielding ten-
sor were derived in ref. [25], see also refs. [28,29]. In ref. [25], the coordinate
system and gauge origin are located at a nucleus of interest,ie. R=Ro =0
in the notation of eqs.(12,13), in which case the diamagnetic tensor is symmet-
ric, regardless of the site symmetry. For general locations of a field point R
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relative to the molecular coordinate system, the results listed for the param-
agnetic contributions in ref. [25] apply for the Cartesian elements of the total
tensor expressed relative to central coordinate system, assuming the direction
of the coordinate axes appropriate for the site symmetry group at the point R
coincide with the direction of the axes of the central system. For the antisym-
metric part of the shielding tensor in particular, the axial vector character of
eq.(17) implies that all three components of the antisymmetry vector are non-
vanishing at field points of C; and C; site symmetry. In addition, the results
obtained in ref. [25] show that all components of the antisymmetry vector van-
ish for field points located at the intersection of two or more symmetry planes,
while field points at C,, and C,,; site symmetry allow a non-vanishing compo-
nent of the vector along the C,, axis, and field points at C, site symmetry allow
a non-vanishing component perpendicular to the symmetry plane. For the dia-
magnetic and paramagnetic tensors, selection rules and index symmetry will
depend on the location of the gauge origin Ro in addition to site symmetry
relative to R.

IT1I.Field Characteristics and Display

The dependence of the induced field Bi?, eq.(12), on the applied field B,
of course simply implies that we have a new induced field for each magnitude
and direction of B. For the purpose of interpretation and display, the linear
dependence on the magnitude of B is circumvented by considering the dimen-
sionless shielding vector which is defined as the negative of the induced field
per unit applied field [14, 28, 30], i.e.

_ (B"(R,Ro,B))

To(R; up) = = = o(R) up (18)
=o°(R)-ug —§(R) x ug (19)
= oc"(R)up + Ao’(R) -up — &(R) x up (20)

where up is a unit vector along the direction of the applied field, B is the
magnitude of the field, and we suppress the gauge reference in shielding vec-
tor and tensors at this point. Note that the shielding vector, eq.(18), follows
the sign of the shielding tensor in accord with our original treatment of this
quantity [28,30], implying that positive shielding makes the direction of the
shielding vector oppose that of the applied field. Eqs.(19,20) show that while
the symmetric part of the tensor in general scales and rotates the shielding
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vector relative to the applied field, the component of the shielding vector gen-
erated by the antisymmetric part of the tensor is strictly orthogonal to the
applied field as well as to the antisymmetry vector. From eq.(18) we can de-
fine a dimensionless intensity of the shielding vector, i.e. a measure of the
intensity of the induced field per unit intensity of the applied field, as

In(R;up) = Ts(R;up)' - To(R;up) = ufy - {o(R)'o(R)} - up

(21)
where the dagger denotes transposition. The decompositions of the shielding
tensor into diamagnetic and paramagnetic parts, or into the components in
eqs.(15-17), allow corresponding (additive) break-downs of the shielding vector,
eqs.(18-20). Eq.(21) similarly allows the evaluation of intensities corresponding
to the various decompositions; however by the quadratic nature of the intensity
expressions, cross terms will in general vitiate additivity.

In an NMR context, i.e. when the field point coincides with the position
of a magnetic nucleus, the implications of the separation of the response fields
in eqs.(18-20) into parts generated by the various components of the shielding
tensor, are appreciated by first noting that the resonance frequency for the
nucleus can be written as [28]

wn(up) = Byn[l — Ts(Ry; up)) (22)

to first order in the components of the shielding tensor. Here vy is the gyro-
magnetic ratio of the nucleus under consideration, Ry is the position vector
of the nucleus, and

Ts(Rn;up) = ul - o(Ry) - up = ul - o*(Ry) - up (23)
= {05 cos® ¢ + Oyy sin? ¢ + o, 8in 26} sin’ 9
+ {0}, cos ¢ + 03, 5in ¢} sin 20 + 7, cos* (24)

is the projection of the shielding vector Tg(Rn,ug), €q.(18), onto the direc-
tion of the applied field. § and ¢ are spherical polar angles of the unit vector
ug, relative to the axes directions of the Cartesian system. Eq.(22) shows how
the nuclear magnetic resonance frequency for this nucleus varies as the applied
field samples all directions in space relative to the fixed molecular framework.
As apparent in eqs.(23,24), only the part of the field that is generated by the
symmetric component of the shielding tensor contributes to the position of the
resonance line, as consequence of the symmetric sampling invoked by the pro-
jection in eq.(23), and the field corresponding to the projected shielding vector
Te{Rn;up) in eqs.(23,24) is referred to as the secular part of the shielding [27].
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The part of the field that is generated by an antisymmetric component of
the shielding tensor therefore makes no observable contribution to the position
of the resonance. However, an antisymmetric shielding component contributes
along with the traceless part of the symmetric tensor, Ae®, to the mechanisms
causing relaxation, as discussed in ref. [29]. In fact, for rapidly tumbling
molecules, the Ty and T3 relaxation times are governed by the isotropic parts
of the intensity quantities I5°(R;up) and /%(R;up), obtained from eq.(21)
using the tensors Ao® and & respectively, and the scalar quantities

Iac*(R)]| = {Tr[ac*(R) Ac*(R)]} = V25 (25)
[le*(R)[[ = {TT[O'G(R)TU“(R)]}E =V2/¢§R)[= 4 (26)

hence serve as measures of the fields induced by the traceless anisotropy and
the antisymmetry, respectively; see ref. [29] for the S and A notation used in
the theory of relaxation.

In the display of the field in Section V, we apply the above separation
into parts generated by the various components of the shielding tensor. The
secular part of the shielding vector, eqs.(23,24), and the intensity quantities
I5°(R;upg) and I%(R;upg), obtained from eq.(21) as discussed above, lend
themselves immediately to the response graph technique described in ref. [14],
as illustrated in Figures (1-3,5), while the antisymmetry vector is illustrated
in Figure 4.

IV. Computational Approach

The LORG (localized orbital/local origin) method [16-18] is an ab-initio
approach at the Coupled Hartree-Fock level, i.e. correct to first order in
the fluctuation potential [31]; its extension to second order is referred to
as SOLO [32,33]. The LORG method is a member of a family of methods
where the central gauge origin in the expressions for the field and tensors in
eqs.(12,13) is replaced by local gauge origins, with the result that convergence
towards complete basis set limits is accelerated significantly relative to the
notoriously slow basis set convergence characteristic of common origin meth-
ods [34,35], and gauge dependence is removed or reduced significantly; see
refs. [36-38] for representative accounts and later developments. In our ex-
perience with shielding calculations for the benzene molecule [17,33], second
order effects are small, and we therefore remain at the first order level.
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In previous presentations [16-19, 28], the LORG equations are formulated
in a nucleus centered coordinate system. Explicit reference to a field point R,
can be introduced following eq.(13), and the resulting LORG equations for the
1, j’th element of the shielding tensor become

aymﬂhﬁﬁ%Z%M@—RJéGU%-qu—RMhrﬂRNM

[}

#2 3l wn|MM(mxwwm@
z{zztu B(R)D0D o, 1@)1‘:3} (27)

o m fBn

Zau (R, Ro,,a)-i-Za” 2 (R,Rq; @)
= oL(R;LORG) + a”“ (R;LORG) = 0;;(R; LORG) (28)

Here u; and u; are Cartesian unit vectors, |a) and |3) are localized orbitals
that are doubly occupied in the HF ground state, |m) and |n) are virtual
orbitals. R, is the position vector of the local gauge origin assigned to or-
bital |a) and I(® = (r — R,) x p is the angular momentum relative to
R.. Superscript 1 denotes terms to first order in the fluctuation potential,
and [Q(l)]_1 = [A® — BW] is the principal propagator at the zero energy
limit [18,31], while t[u; - m(R)]{!) and ¢[u; - l(“)] stand for transition mo-
ments corresponding to the operators m(R) and l(") respectively. In eq.(28),
the resulting tensor is expressed as sums of single orbital contributions, allow-
ing useful decompositions into structural terms, such as bond or group con-
tributions. The terms labelled I contain contributions from occupied orbitals
only, while the terms labelled II contain contributions from virtual orbitals as
well.

Classical notions of magnetism traditionally assume a gauge origin at a
molecular symmetry center, normally center-of-mass, for the division into dia-
magnetism and paramagnetism [39, 40|, while the corresponding terms for nu-
clear shielding traditionally assume a gauge origin at the nucleus under con-
sideration [8,24,25]. The local gauge structure will not in general allow inter-
pretation of the LORG expressions, eqs.(27,28), in classical magnetic terms.
However, as discussed in ref. [19], numerical results that simulate shielding
results obtained in common origin calculations can in fact be obtained within
the LORG technology, and, if desired, the connection to classical magnetic no-
tions can then be established by an appropriate choice of this common origin.
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The required manipulation follows by observing that the numerical problem in
a common origin calculation lies in the evaluation of the paramagnetic term
in egs.(12,13). The corresponding diamagnetic shielding contribution can be
calculated quite accurately from o;(R; LORG), eq.(28), in basis sets of the
quality typically used for LORG calculatlons, using R, = Rp for all o, i.e.

afj(R; Ro) = Zai[j(R, R, = Rg;a) (29)

A common origin paramagnetic contribution can subsequently be obtained as
the difference between the LORG total shielding tensor and the diamagnetic
contribution from eq.(29), i.e

o%(R;Ro) = o{)(R; LORG) — 0% (R; Ro) Za (R,R, = Ro;a)
(30)

As indicated, the possibility of orbital decomposition is retained in the diamag-
netic and paramagnetic terms in eqs.(29,30). The value for the paramagnetic
shielding contribution extracted via eq.(30) does not, of course, correspond to
a well-defined basis set, but is at the same level of numerical quality as the
LORG calculation used for the total shielding.

V.The Magnetic Shielding Field in Benzene

The LORG calculations in the present study of the shielding field in the
benzene molecule were performed with Version11.X of Program RPAC [41],
and the response surface graphs shown in the figures are produced with the
GRAPHICS modules in RPAC.11X; Program Gaussian 94 [42] generated the
SCF results. We used the experimental geometry and a [3s3pld/2slp] atomic
basis set [16], yielding a RHF ground state energy of -230.74549968 a.u. All
shielding results reported here refer to nucleus-free field points, i.e. locations of
relatively low electron density. In this case the socalled FULL LORG option,
where all local origins are identified with centroids of the localized orbitals, i.e.

R, = (a|r|e) V a (31)

is the appropriate gauge choice [16]. For the localization of the molecular or-
bitals, the core and sigma canonical orbitals were block localized using straight-
forward Foster-Boys localization [16,43], while the pi orbitals were left delo-
calized, the resulting orbital scheme respecting the symmetry of the molecule.
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The decompositions into diamagnetic and paramagnetic contributions reported
below are obtained using eqs.(29,30), identifying the common gauge origin Ro
with the center of the ring, alias the center-of-mass Rcom, and the additional
decompositions into core+sigma and pi contributions are welldefined since the
localized orbitals respect symmetry with respect to the plane of the molecule.

Numerical results for the shielding field of the benzene molecule are col-
lected in Table 1 for the center of the molecule (labelled COM), and for points
along a quarter circle of radius 2.47 A from the z-axis to the z-axis, see Figure
3 for specification of axes. The radius of the circle corresponds to the dis-
tance from the ring center to a proton but, as defined, the points lie in the
entirely nucleus-free zz-plane. Except for COM, the entries in the table are
labelled by the angle between the z-axes and the direction to the field point.
The table includes the isotropic part of the shielding, ¢™*°, and the principal

Table 1 Isotropic and Principal Value Shieldings, and Intensity Measures for
the Benzene Molecule. See text.
o on  on  om |Ae’] |lo°||
0 c+s 3.1 26 2.6 4.2 1.3 0.0
pi 1.8 -1.8 -1.8 8.9 8.7 0.0
total | 49 08 0.8 13.1 10.0 0.0
/6 c+s 3.3 19 29 5.2 2.4 14
pi 1.0 -35 -23 8.7 9.5 2.8
total | 4.3 -0.6 -0.4 13.9 11.8 4.2
/3 c+s 14 -1.3 03 5.2 4.8 6.5
pi 0.7 -53 -05 8.0 9.4 0.3
total | 2.1 -5.0 -1.8 13.2 13.7 6.8
7/2 | c+s | -39 -10.7 -1.7 0.6 8.4 0.0
pi 39 -26 6.1 84 8.2 0.0
total [ 0.0 -13.3 4.4 9.0 16.7 0.0
COM | c+s | -6.3 -185 -0.2 -0.2 14.9 0.0
pi [21.1 13.0 13.0 37.2 19.8 0.0
total [ 14.8 12.8 12.8 18.7 4.8 0.0

axes shieldings for the total shielding tensor and for its core+sigma (c+s) and
pi contributions. The principal axes shieldings result from diagonalization of
the symmetric part of the respective tensors, and we follow the convention
Os3 > 032 > 011, for indexing the principal axes [44]. The directions of the
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principal axes are apparent in Figure 1, as discussed below. The table also
includes the field strength measures defined in eqs.(25,26), for the traceless
anisotropy, Ae®, and the antisymmetric part, o* of the tensor. Since the
field points labelled COM, /2, and 0 lie at the intersection of two or more
symmetry planes, the antisymmetry vector, eq.(17), and hence the intensity
measure in eq.(21) vanish identically, see Section II, as apparent in the table.
The C, site symmetry symmetry of the other field points allows non-vanishing
components perpendicular to the C, plane, as also discussed in Section II, and
hence non-vanishing intensities according to eq.(21); see also Figure 4 and the
discussion of this figure below.

Looking at Table 1 in more detail, the c+s and pi contributions to the
isotropic shielding at the various field points trivially sum to the corresponding
total values, as do the principal axes shieldings at COM, 7 /2 and 0, since the
principal axes directions for these points coincide with the Cartesian axes for
symmetry reasons, although the principal axes at COM clearly are reordered
as consequence of the convention for indexing the axes. For the other field
points, only the direction of the principal axis perpendicular to the sampling
plane is fixed by symmetry, and the corresponding principal values (o, = 033
in all cases) again sum correctly. The directions of the principal axes in the
zz-plane for these points, and the corresponding principal values, result from
the tensor diagonalizations, and are not fixed by symmetry. The fact that
the corresponding components approximately sum to the total values, for all
three points after reordering, reflects that the principal axes directions for the
c+s and pi components lie within a few degrees of each other, see below. As
discussed in Section III, the separate contributions to the intensities can not
in general be expected to sum to the corresponding total values regardless
of site symmetry. Note in particular, that the total intensity of the traceless
anisotropy at COM is significantly smaller than the c+s and pi contributions
because of large negatively signed cross terms.

Figure 1 shows cuts in the zz-plane of the response graphs 14,28, 30] for
the secular shielding Tg(R;ug), eq.(24), for the core+sigma and pi results
listed in Table 1. Only the three carbon atoms lying in front of the plot plane
are shown in Figures 1 and 2. For each surface, the distance along a given
direction from the center of this surface to a point on the surface provides
the sign and magnitude of Tg(R;up) at the location of the center of the
surface, induced by an external field applied along the direction considered,
and negative values of Tg(R;up) are indicated by stippled lines. Recall that
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Figure 1 2-Dimensional Response Graphs of Shielding Vector.
Left panel; pi shielding. Right panel; sigma shielding 1 A ~ 10 ppm.
COM shielding is fourfold reduced. See text.

the sign of the shielding field, by definition, follows the sign of the shielding
tensor, see comments following eqs.(18,19). The scale of the surfaces is such
that 1 A corresponds to a shielding of 10 ppm, except for the surfaces at
COM where 1 A corresponds to 40 ppm (representing a fourfold reduction
of the shielding at COM relative to the other field points). The value of
Ts(R;up) at an extremum of a given surface is equal to a principal value for
the shielding represented by this surface, cfr. Table 1, while the direction of
the corresponding principal axis is given by the direction from the center of
the surface to this particular extremum. As alluded to above, the directions of
the c+s and pi principal axes are strictly parallel for the three high symmetry
locations, while they lie within a few degrees of each other for the other two
points.

Figure 2 is a central result of the present investigation, showing cuts in the
zz-plane of the surfaces for Tg(R; ug), for the pi contributions (upper panels)
and core+sigma contributions (lower panels), decomposed into diamagnetic
parts (left hand panels) and paramagnetic parts (right hand panels). The pi
contributions are shown on the same scale as in Figure 1, including the four-
fold reduction of the shielding at COM relative to the other field points, while
the scale for the core+sigma contributions is such that 1 A corresponds to a
shielding of 80 ppm, except that a fourfold reduction again is applied for of
the shielding at COM. Hence all core+sigma shieldings are reduced by a factor
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of eight relative to the pi shieldings in this figure. The corresponding numer-

Figure 2 2-Dimensional Response Graphs of Shielding Vector.

Upper left panel: diamagnetic pi shielding. 1 A ~ 10 ppm.

Upper right panel: paramagnetic pi shielding. 1 A ~ 10 ppm.

Lower left panel: diamagnetic core+sigma shielding. 1 A ~ 80 ppm.
Lower right panel: paramagnetic core+sigma shielding. 1 A ~ 80 ppm.
COM shielding is fourfold reduced in all panels. See text.
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ical results are not reported for fear of tabulatory overcrowding. However as
an example, we note that the perpendicular diamagnetic and paramagnetic
shieldings at COM for the core+sigma contributions in the lower panels of
Figure 2 are 326 ppm and -345 ppm, respectively, adding up to the total value
of -19 ppm for this perpendicular shielding shown in Table 1 and Figure 1.
The overall pattern of the contributions displayed in Figure 2 is that for the
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pi electrons, the paramagnetic shieldings are significantly smaller than the
diamagnetic shieldings, making the diamagnetic parts dominate the total pi
shieldings displayed in Figure 1. On the other hand, for the core+sigma elec-
trons, the paramagnetic and diamagnetic shieldings are large, but oppositely
signed, leading to the significant cancellations evident by comparing the scales
in Figures 1 and 2 for the core+sigma surfaces.

The fact that the antisymmetry vector, eq.(17), vanishes for symmetry
reasons for the field points in the molecular plane, and for the point on the
z-axis, but retains a non-vanishing component, §,, perpendicular to the zz-
plane for the other points, is discussed above. The latter feature is illustrated
in Figure 3, which shows the total antisymmetry vector for the /3 field point
projected onto the molecular plane. The vector accordingly extends from the z-
axis, and is found to be negatively signed. The scale such that 1 A corresponds
to 2.5 ppm. The other vectors in the figure correspond to points generated
by repeated reflections in the symmetry planes containing the z-axis and a
C-H bond, and the rotatory behaviour of the vector reflects its axial vector
(pseudovector) character.

Figure 3 Antisymmetry vector, £, at 7/3 field points. 1 A ~ 2.5 ppm.
See text.

y

el

\\

pd

=

Figure 4 finally shows 3-dimensional response graphs for the intensities
I3(R;up) and 157 (R; up) of the shielding vectors corresponding to the anti-
symmetric tensor o and the traceless anisotropy tensor Ae*, respectively, at
the 7/3 field point. To bring out the 3-dimensional perspective these figures

are rotated relative to the 2-dimensional response graphs, showing clearly the
doughnut-like shape of the intensity for the antisymmetric component. In fact
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Figure 4 3-Dimensional Response Graphs of Intensity.
Left panel; antisymmetry intensity, /g, right panel; anisotropy intensity, 15°.
1 A ~ 80 ppm?. See text.
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I3(R;up) is identically zero for this field point when the applied field is per-
pendicular to the Cy; symmetry plane containing the point. This result holds
for all field points in the C, plane, since the antisymmetry vector is perpendic-
ular to the plane, and since the field generated by the antisymmetric part of
the shielding is strictly orthogonal both to the antisymmetry vector and to the
applied field. The surface for /3°(R;up) shows the characteristic elongated
response seen also in Figures 1 and 2.

VI1.Discussion

The ring current model has played a dominating role in the discussion
of magnetization and proton shieldings in aromatic systems, as reviewed in
ref. (9], see ref. [19] for references to later developments. In Pauling’s original
formulation [40], the central point is the absence of paramagnetic contributions
from the pi electrons for magnetic fields applied perpendicularly to the plane
of the aromatic ring, due to the almost cylindrical symmetry of the pi orbitals.
This leaves a diamagnetic pi electron current responsible for the characteris-
tic magnetic anisotropy of aromatic systems, since Pauling further assumed
"normal” (i.e. almost isotropic) contributions from sigma and core electrons.
The model is often illustrated by diagrams like Figure 5, showing that the
induced field generated by the pi electrons opposes/enhances the perpendicu-
larly applied external field inside/outside the aromatic ring, see e.g. ref. [8].
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Figure 5 The diamagnetic ring current effect in benzene.
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The present perspective for the contributions to the shielding field is
brought out by Table 1 and in particular by Figures | and 2, and with the com-
mon gauge origin at COM in egs.(29,30), our diamagnetic and paramagnetic
contributions relate directly to Pauling’s terminology. As noted in Section V,
the upper panels of Figure 2 demonstrate first of all that, for all field points,
the paramagnetic response for the pi electrons is almost vanishing when the
external field is applied perpendicularly to the molecular plane, and they are
also considerably smaller than the diamagnetic response, for all directions of
the applied field, making the total pi shielding field in Figure 1 strongly dom-
inated by the diamagnetic contributions, in complete accord with Pauling’s
assumptions. See e.g. ref. [19] for the selection rule arguments rationalizing
this result. For the core + sigma contributions shown in the lower panels
in Figure 2, the diamagnetic and paramagnetic contributions are oppositely
signed, but numerically almost identical. These almost cancelling magnetic
contributions therefore echo Pauling’s assumption of "normal” contributions
from core and sigma electrons. Among the more general aspects of the re-
sponse features shown in Figures 1 and 2, it is seen that the response at COM
is notably larger than the corresponding response at the other field points,
probably in large parts due to the larger electron density at COM. In addition
it is apparent that, except for the paramagnetic pi electron shieldings which
are dominated by the almost vanishing perpendicular components, all other
response graphs are strongly dominated by the radial direction.

To relate the pi electron ring current diagram in Figure 5 to the response
surfaces of Figure 2, we note that the diamagnetic pi electron response for
a field applied perpendicularly to the molecular plane at the 7/3 field point
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is almost zero, implying according to eq.(19,23) that the shielding vector is
(almost) orthogonal to the applied field at this point. This location therefore
corresponds to a top point, i.e. a point of horizontal tangent, at a field line
in Figure 5. Pursuing this line of thought, the negative perpendicular dia-
magnetic component at the m/2 in-plane field point corresponds to a positive
induced field component, recalling the sign convention in eq.(18}, in accord
with Figure 5. For the other field points, the response to a perpendicular field
are all positive, corresponding to induced field components opposing the ap-
plied field, also in accord with Figure 5. Since Figure 5 only relates to a field
applied perpendicularly to the ring, the radial dominance of the diamagnetic
pi shielding noted above, of course is not apparent in this diagram.

In ref. [19], we applied the same computational and response graph ap-
proach to the shielding of protons inside and outside one of the aromatic an-
nulene systems studied in ref. [45]. As expected many of the above features, in
particular the characteristics of the pi electron contributions, are found also for
the proton shieldings. Larger differences appear in the core 4+ sigma contribu-
tions, because of the increased electron density at the protons compared to the
present sampling of the field at locations of low electron density. With regard
to the ring current effect, we demonstrate in ref. [19], that the diamagnetic pi
electron contributions are almost insensitive to ring closure, and we argue that
rationalization of the unique magnetic anisotropy of aromatic systems in terms
of diamagnetic ring currents seems a misrepresentation of the actual mecha-
nism. In place of "ring current effect”, and we therefore propose the term
”Pauling-London-Pople effect”. However, we emphasize that reservations con-
cerning the rationalization of the effect of course in no way imply reservations
concerning the remarkably reliable predictions based on the model [8,45].

Turning finally to the question of the antisymmetric component of the
shielding tensor, the selection rules and the consequences of the axial vector
character of the antisymmetry vector are discussed in Sections II, and illus-
trated in Table 1 and Figure 3 in Section V. For nuclear shielding, it is known
that the antisymmetric shielding component can be quite large for nuclei at po-
sitions of strained electronic structure involving multiple bonds [28,46]. How-
ever, it is seen that even for a highly symmetric molecule like benzene, with a
completely unstrained electronic structure, the antisymmetric shielding com-
ponent is non-trivial at locations of lower site symmetry, as witnessed by the
ratio of the two intensity measures in Table 1 for the two C, site locations,
and by the response graphs in Figure 4.
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VII.Concluding Remarks

We have focussed on the perspective of the induced magnetic shielding
field as a molecular response property of interest in its own right, accessible
through computational and graphical studies. For the benzene molecule used
as an illustrative examples, most of our results echo wellknown aspects of nu-
clear shielding in aromatic systems. However, among the features brought out
specifically by combining computations and graphics for the field at nucleus-
free locations, are the radial dominance of the shielding responses for all ex-
cept the paramagnetic pi-electron contributions, and the fact that the field
intensity corresponding to the antisymmetric part of the shielding tensor is
of non-trivial magnitude at low site symmetry locations around the molecule.
Turning briefly to potentially useful practical applications of this approach,
we note that the numerical and graphical representations of the field and its
intensities outside the molecule, can provide information on the magnetic per-
turbations, including relaxations [29], in other molecules due to the presence
of the system under consideration. The present use of a computational scheme
based on localized electronic contributions furthermore allows similar ab-initio
treatments of magnetic perturbations due to molecular fragments, mutatis
mutandis the multipolar approaches of refs. [7,11-13].

In retrospect, we believe that Professor Mulliken was perhaps somewhat
overstating his case in the remark quoted in the Introduction, concerning the
status of computational chemistry in 1965. However, considered as a prophetic
remark, the quotation certainly applies today, and it is a pleasure to dedi-
cate this account to Professor Yngve Ohrn acknowledging his many important
contributions to this development. These contributions include not only his
own work on theoretical and computational approaches to central questions in
chemistry, but also his continued engagement in the Sanibel Conferences and
in the International Journal of Quantum Chemistry.
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1. INTRODUCTION

It is with great pleasure that we dedicate this article to our colleague
and friend, Professor Yngve Ohrn, on his 65" birthday. His penetrating insight
and clarifying formulation of physical problems in careful quantum mechanical
terms have inspired and aided all his collaborators and coworkers. Over the last
four decades he has had an impact in many areas of quantum molecular
mechanics and a great influence on many researchers in this area. Yngve Ohrn’s
and Jan Linderberg’s seminal little yellow book "Propagators in Quantum
Chemistry” (1) has been the resource for seemingly innumerable studies and
research projects for the last 25 years. Its focus is Double Time Propagators,
with particular reference to the Electron Propagator and the Polarization
Propagator. Both are exceptionally useful in the mathematical description of
nuclear, atomic, molecular and condensed matter system properties, as they
describe the linear response of a system to a time-dependent perturbation. Yngve
Ohm and various collaborators introduced many successful decoupling schemes
for the propagator equations and used them to determine approximations to the
Electron Propagator and the Polarization Propagator (for example 2, 3).

A major problem in the first order approximation of the Polarization
Propagator, [equivalent to the Random Phase Approximation (RPA) - also
known as the linearized Time-Dependent Hartree Fock (TDHF) approximation],
is the inconsistency of the ground state involved in the definition of this
propagator. The adjoints of the perturbationaly corrected excitation operators
produced by RPA do not kill this ground state, as they should if the theory were
consistent. In the late 70's Yngve Ohrn and Jan Linderberg (4) showed that the
nearest one could get to a consistent ground state was to use states of the
Antisymmetrized Geminal Power (AGP’s) form. In ensuing years Yngve Ohm
and coworkers applied this generalized RPA theory to calculation of the
excitation spectra of many small molecules (5).

The solution to the consistent ground state problem turns out to be
closely related to the theory of Coherent States and the theory of group
representations. The biending of these two topics involve the construction of
group related generalized phase spaces. His combined interests in Quantum
Molecular Dynamics, Wave Packet Dynamics, and Coherent States thus led
Yngve Ohrn naturally to the Time-Dependent Variational Principle as a means
of obtaining approximate solutions to the Time-Dependent Schrédinger
Equation for systems of electrons and nuclei. By applying that principle to
coherent states of both electrons and nuclei, one is able to avoid the Born-
Oppenheimer approximation so that the time evolution of electrons and nuclei
can be treated efficiently without first finding electronic potential energy
surfaces, then studying the coupled motion of nuclei on these surfaces. Since
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the middle 1980's Yngve Ohrn and collaborators have been developing and
applying this Electron Nuclear Dynamics theory in a system of computer
programs named ENDyne. The present implementation is at the level of TDHF
(i.e. single determinants constructed of complex general spin orbitals) and
classical nuclei (i.e. infinitely narrow nuclear wavepackets). The results obtained
so far have been impressive as compared both with calculations using other
methods and with experiment. The variables used are nuclear coordinates and
momenta and complex parameters labeling the electronic state. The
approximate solutions to the TDSE are characterized by the evolution paths of
these variables as determined by the generalized clas-'cal equations of motion
obtained by using the TDVP,

In this volume dedicated to Yngve Ohm we feel it is particularly
appropriate to extend his ideas and merge them with the powerful practical and
conceptual tools of Density Functional Theory (6). We extend the formalism
used in the TDVP to mixed states and consider the states to be labeled by the
densities of electronic space and spin coordinates. (In the treatment presented
here we do not explicitly consider the nuclei but consider them to be fixed.
Elsewhere we shall show that it is indeed straightforward to extend our
treatment in the same way as Ohrn et al. and obtain equations that avoid the
Born-Oppenheimer Approximation.) In this article we obtain a formulation of
exact equations for the evolution of electronic space-spin densities, which are
eguivalent to the Heisenberg equation of motion for the electrons in the system.
Using the observation that densities can be expressed as quadratic expansions of
functions, we also obtain exact equations for these one-particle functions.

A brief summary of motivation may perhaps be helpful. On the whole,
contemporary versions of Density Functional Theory are presented in two
separate conceptual and logical frameworks, one each for time-independent and
time-dependent DFT. Even within the constrained search formulation of time-
independent DFT, there are several rather deep and interconnected questions.
Commonly these are discussed in terms of symmetry (and symmetry breaking),
occupation number distributions, and functional differentiability. Their
resolution is important for both fundamental reasons and to provide pathways to
more powerful and reliable DFT approximations. Implicit in them is the issue of
mixed states. Because customary formulations of time-dependent DFT are
separate, it is not evident how resolution of those issues in the time-independent
case would carry over. Further, the importance of parameter-space metrics in
the END work of Ohrn et al. versus the absence of such metrics in conventional
time-dependent DFT suggests strongly that a formulation directly from the
TDVP would be beneficial and clarifying, in that it would provide a rigorous
basis for the use of dynamics in parameter space, including mixed states right
from the start, and would provide a significantly enhanced foundation for
constructing approximations.
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2. MIXED STATE TIME-DEPENDENT VARIATIONAL
PRINCIPLE

Conventional presentations of DFT start with pure states but sooner or
later encounter mixed states and densities (ensemble densities is the usual
formulation in the DFT literature) as well. These arise, for example in
formation or breaking of chemical bonds and in treatments of so-called “static
correlation” (situations in which several different one-electron configurations
are nearly degenerate). Much of the DFT literature treats these problems by
extension and generalization from pure state, closed shell system results. A
more inclusively systematic treatment is preferable. Therefore, the first task is
to obtain the Time-Dependent Variational Principle (TDVP) in a form which
includes mixed states.

In a landmark publication in 1981, Kramer and Saraceno (7) [hereafter
“K&S” to distinguish from Kohn-Sham, usually denoted as “KS” in the DFT
literature, a usage we follow] showed how to use the Time-Dependent
Variational Principle to construct generalized classical equations of motion for
quantum mechanical state vectors in terms of labels that characterize those
vectors parametrically. (Obviously, “classical” in this setting refers to the form
of the equations, not the content.) This construction leads to equations that
determine evolution paths in a parameter space. In the case of a parameterization
that covers all of state space those equations are entirely equivalent to the exact
Time-Dependent Equation Schrodinger Equation (TDSE) and to approximate
TDSE's for parameterizations that label a subset of states in a continuous
fashion. In their work they showed that in certain cases the parameters could be
related to group coset spaces (8) and give rise to families of Coherent States
(CS) (9-12), where the set of coherent states is generated by the action of a coset
on areference state. A familiar example is the set of single determinantal states,
in which all the states are generated by the action of a coset of the group of one-
particle unitary transformations acting on a given single determinantal reference
state, leading to the Thouless parameterization of these states (13). In the case of
group-generated CS's, the labels are complex variables that holomorphically
(complex analytically) parameterize a set of N-particle states and the generalized
dynamics takes place in the manifold of these states (which in general is
nonlinear). In general not all N-particle states are produced by the action of the
chosen group on the reference state. The resulting equations of motion
correspond to the restriction of the TDSE to this submanifold. This formulation
of approximate TDSE's has been examined at great length in many contexts (14-
18).

The most general formulation is in terms of real parameters, as any
complex parameterization can always expanded into real and imaginary parts,
while the converse construction (complex parameters from combination of real
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ones) is not always possible. The real parameterization does not take one
directly into the group and coherent state formalism. However in the context of
DFT the real parameterization is particularly natural, since the pervasive
perspective is that N-particle states are labeled by densities which are real-
valued functions of space and spin variables.

The K&S treatment is in terms of pure N-particle states i.e. vectors in
an N-particle Hilbert space. As noted, to encompass DFT in its most general
form one must consider mixed N-particle states i.e. states described by N-
particle Density Operators. Thus this section extends the K&S treatment to
include mixed states by using the vector space structure of N-particle operator
space and applying the K&S treatment to state "super vectors" in this operator
vector space [If one can define a linear structure on a space of operators, then
those operators can be viewed as supervectors and any map that maps a linear
operator space into itself can be viewed as a superoperator. The terms
supervector and superoperator were first introduced by Zwanzig (19).]
Although most of the formal manipulations and expressions are identical in
appearance (with those of K&S), the interpretation in terms of operators is quite
different.

Note to the reader: the notation can be somewhat intricate, thus it is
summarized in Appendix A.
2.1 States and Superoperators

The mixed and pure states of an N-particle fermion system can be
described by positive and normalized operators, 8y , which form a convex set
contained in the space of Trace Class (Appendix B) operators B, (f}CN ) acting in

the N-particle fermion Hilbert space H* .
sy ={p";D" 201DV} =1;0" e B(XV)] D)

where H" is defined to be the N-fold antisymmetrized tensor product of the
one-particle Hilbert space K.

Positive elements, X, of the vector space of operators B, (f}CN ) can
always be expressed as a product of a Hilbert-Schmidt operator (Appendix B)
with its adjoint as X=0Q(Q. [The Harriman (20) decomposition of the density
into positive sums of products of orbitals is in fact a very special case of this
relationship, which will be important later.] One needs to keep in mind that this

factorization is not unique however: QU for any unitary U produces the same X.
Moreover UQ produces the same X for U belonging to the invariance group of X

(Appendix C). The space of Hilbert-Schmidt operators, B, (G{N ) , is a Hilbert

space that has an inner product defined in terms of the trace operation
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(x1v)=1r{x"r} 2.2)
This fact allows us to express the set 8, as the unit sphere in Bz(f}CN ) as

8y ={0:(010)=1:0 B, (1)} 2.3)
The action of the Hamiltonian, H, can be expressed as a superoperator mapping
the Hilbert space B, (SHN ) into itself by

A:Q - HQ; Qe B,(H") Q.4)
The superoperator H inherits the unboundness of H and its domain is defined as
Dom(A) ={0.HQ e B, (1" )} 2.5

In the following we consider Hamiltonians, H(t), that are explicitly time-

dependent. The definitions Eq. (2.4)-(2.5) also hold without modification in
these cases.

2.2 State Evolution Equations

Now consider operators Q that depend on real parameters x, which can
be considered as coordinates of points of a linear or nonlinear manifold M of

operators Q contained in B, (S{N ) , [including 582(9{N ) itself], i.e. the real
coordinates x denote a point Q € M . Following K&S, generalized classical
equations of motion for evolution paths x(t) can be obtained for these operators,
which are given by

{x.E}=x
£ - 102 (Q(x)AQ(x)) 2.6)
X)= =

8(x)  (2(x)Io(x))

The Poisson brackets are defined for functions f:M — C by

of . dg
) =% 2Le 28 2.7
{ g} Zj’ax,- 6] ax] ( )

where the antisymmetric matrix that defines a "phase space" structure for the
manifold was shown by K&S to be given by

éij = (TI_I)I.J.

N = l{a—x,g- - gﬁ} ln{(Q(x’)lQ(x))}

(2.8)

L

X =X
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Note that for general parameterizations this metric matrix is neither skew
diagonal nor constant; see below. The equations of motion expressed in Eq.
(2.6) are obtained by using the Principle of Stationary Action, §A =0, with
Lagrangian

(Q(x(t)) [i % - ﬁ(t)}Q(X(t)))
(@(x(e)a(x(1)))

L(Q(x(t)), Q(x(t))Jr ,t) = Re

2.9

and Action
A= f’a( ) (x(0))" .t 2.10)

where the end points (x(t,) ( )) of the paths are held fixed. The

E) .
"superoperator”, za—t , that produces / times the time rate of change of operators

and is defined in a way analogous with ﬁ(z) in Eq. (2.4), is not self-adjoint on

the space B, (G{N ) . Therefore the process of taking the real part of the inner
product in Eq. (2.9) is significant.

The metric term Eq. (2.8) is important for all cases in which the
manifold M has non-zero curvature and is thus nonlinear, e.g. in the cases of
Time-Dependent Hartree-Fock (TDHF) and Time-Dependent Multi-
Configurational Self-Consistent Field (TDMCSCF) calculations. In such
situations the metric tensor & varies from point to point and has a nontrivial
effect on the time evolution. It plays the role of a time-dependent force
(somewhat like the Iocation-dependent gravitational force which arises in
general relativity from the curvature of space-time). In the case of flat i.e. linear
manifolds, as are found in Time-Dependent Configuration Interaction (TDCI)
calculations, the metric is constant and does not have a significant effect on the
dynamics.

If the inverse in Eq. (2.8) does not exist then the metric is singular, in
which case the parameterization of the manifold of states is redundant. That is,
the parameters are not independent, or splitting of the manifold occurs, as in
potential curve crossing in quantum molecular dynamics. In both cases, the
causes of the singularity must be studied and revisions made to the coordinate
charts on the manifold (i.e. the way the operators are parameterized) in order to
proceed with calculations.

The form of the action principle given above was first applied to
quantum mechanics to describe the time evolution of pure states (i.e.
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wavefunctions) by Frenkel (21) and leads, in the case that the manifold M is all
of K", to the TDSE. We have extended it to more general operator manifolds

Mc3B (ZH'N ) in the manner outlined above, and for the case M =3B, (JCN ) ,

have shown (22) that the equations of motion (2.6) are equivalent to the
Heisenberg Equations of Motion (HEM) for the N-particle state operators DY

ip" =[H,0"}; DY =g T{D"}=1 @.11)
In this particular case the x =(x;,x, ) parameters label the Q operators by
0(x) = O(x,,x,) = chll(pk ‘Dl (2.12)
1Sk Isd

r
where X,y =Recy, X, =lmcy, d =(N), the points x =(x,,x, ) lie on the

hypersphere
d
N (K + 53 ) =1 (2.13)

k=1

r
{(Dk A<k < (N)} is a complete orthonormal basis for K™, andris the
dimension of one-particle space, which in the exact case is infinite.

The equations of motion (2.6) can be expressed compactly in matrix
form as
dx _;0€
2ot 2.14
gkl (2.14)
and solved by standard integration techniques (23).

The preceding evolution equations also can be used to generate
equations for stationary states by setting the time derivative to zero giving the
two equivalent forms (signified by the double arrow);

{x;,€}=0; forallic»f‘%g:o (2.15)

3. TIME-INDEPENDENT DENSITY FUNCTIONAL
THEORY
In order to apply the preceding development to states parameterized by

densities we must first analyze the structure and properties of this type of
parameterization.
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3.1 Definition of the energy functional of the density

The relationship between N-particle states. in which we include mixed
states. represented by N-particle operators as defined in Eq. (2.1), and the space-

spin density p(y) is not 1-1. Here and throughout the following development, y

is the combined space-spin variable {r,o). These facts are the essence of the

power and simplicity of the density functional method and at the same time the
source of its conceptual complexity and intricacy. The power and simplicity
come from being able to characterize an N-particle system by a real positive
semi-definite function of a single 3D spatial variable and one 2D complex spin
variable, while the conceptual complexity and intricacy come from developing
an explicit understanding of how such a density determines a N-particle state.

To develop a framework in which to treat these topics in a rigorous
manner for both time-dependent and independent systems, we adapt the
constrained search of Levy (24) to generate a well-defined energy functional of
the density, then follow a constrained optimization analysis of the problem as
described, for example, in the book by Hestenes (25). These techniques allow
one to specify the way paths of N-particle density operators can be defined in N-
particle operator space such that they are labeled by densities in 1-1 fashion. The
expectation of the Hamiltonian with respect to N-particle states on these paths
then becomes a well defined functional of the density p(y) and the ground state
energy is the minimum value of this functional. The treatment is somewhat akin
to that of Kryachko and Ludefia’s “orbits’(26) but differs (in an essential
fashion) in determining the paths by optimization criteria which assure that the
resulting functionals have well-defined functional derivatives irrespective of the
topology of the density. Kryachko and Ludefia, in contrast, identify orbits by
employing the Bader density surface criterion (27), which means that those
orbits are connected inescapably with the molecular point group symmetry.
Even at the time-independent level, molecular structure and bonding often
involve changes in the point group symmetry, so that inescapable connection
seems to intertwine two issues better left apart. Dynamics simply makes such
conceptual and procedural issues harder.

First we define the linear map that produces the densities from N-
particle states. It is a map from the space of N-particle Trace Class operators into
the space of complex valued absolute integrable functions of space-spin
variables

2B (") > L(R* xC?) = L(Y) 3.1
defined by
() =2 (X)) = (@' elxfen(y). 62
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The field operators used in the definition above are given by

o(y)= Y 5:(y)a; (3.3)

1<isr
in terms of the discrete field operators, {a,- ,a,T} , which are defined using a basis
of one-particle functions of space and spin {(pi 1<i< r} and their action on the

vacuum vector |¢)

aj|#) =|o:) (.4)

The field operators satisfy the fermion anti-commutation relationships
[e(y).'(v)], =8(y-v)

Tl =

The kernel of Z}, is a linear subspace of B, (9{ N ) , which we use to define an

3.5

equivalence relationship on BI(SJ{N )

X ~Yo X-veKer[Zy} o Eh(X) =2y (r)=¢ (3.6)
where the doubled arrow indicates equivalent statements. We denote these
equivalence classes by [é’ ] v and note that they form a linear space, in quotient

(")
notation, B Kersh The map E}V , when restricted to the convex set of
er=y

N-particle states, Sy , has values in the convex set, By , of positive functions
in L;(Y) that integrate to the value N

Py = {p;p(y) 2 07IP(Y)dy =N } G

Harriman (20) has shown that this map is "onto” i.e. any element of P, comes
from at least one element of 8,,. Note that this property does not rule out the
possibility that an element of B, can also come from operators not in 8 . This

“onto" property should be compared to the case that arises in the N-
representability problem (28) where not every positive two-particle operator
comes from a state in 8y so the contraction map in that case does not have the

“onto” property.
The energy functional defined by the Hamiltonian, H,
EH:SN - R

Ey(D")=Tr{HD"} 38
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is, however, not uniquely defined on the equivalence classes [0], . i.e. it is not

N
(") . N o
defined on the space _; as many different D" 's give the same p

er:N

while producing different values E H(DN ) . Thus Ey, is not well-defined as it is

multivalued on individual equivalence classes. In order to obtain an energy
functional that is well-defined, we continue with the constrained search logic
and define another functional in terms of the space-spin density as
Fy(p)= Min Ey(D")=Eyz(D¥ 3.9
u(P) DNESlN(p) H( ) H( (P)) (3.9
where 8y (p) =[p], M8y is the set of N-particle states that produce the same

density and DY (p) is the minimizer in the set 8 (p) . Note that we exclude the

case of a non-unique minimizer; see Savin (29) for a related discussion. The
minimization of Eq. (3.9) contains three types of constraints, normalization,
positivity and fixed density. The normalization and positivity constraints can be

+
handled by the factorization DY = —-QQ—T which leads to the energy
1r{00'}
functional definition
Tr{HQQ'}
F, = Min —————= MinE
H(p) QQ’rGSN(P) Tr{QQT} Qe(p)N H(Q)
R (3.10)
(o)

= Min ————=E (Q.(p
QE(p)N (Q‘Q) H( ( ))

One can show (30) that densities are square integrable and thus belong to the
Hilbert space L, (Y) of square integrable functions. This allows one to define
the set, ( p) w » Of feasible Q's by a quadratic constraint function for a fixed p as

g:B(3H") > L(Y)

g(Q.p) =0 (3.11)

2(0.p)==x(00")-
The variation in Eq. (3.10) can be carried out by using a Lagrangian function

L(0. A, p) = J/'L 3.12)
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whose stationary points determine the constrained minima of E H(Q) .By
considering the sensitivity of the minimizer, 0.(p) , to variations in p and
checking that certain conditions on the first and second derivatives of

L(Q, A, p) are satisfied, Hestenes (25) showed that one can define a path of
solutions, Q«(p), parameterized by p. On this path one can define an energy
functional

Fy(p)= Eu(Q:(p)) (3.13)
and a Lagrange parameter functional, l( p), which can be identified with the

functional derivative 5—;‘;— of F(p) along that path. Note that the energy is a 1-1

functional of the density on this path and simultaneously that the functional
derivative is defined on this particular path. It is possible define other paths in

B, (T}CN ) on which the energy is also a 1-1 functional, but on those paths the

following crucial fact will not be true

E, = Ap’éil;‘ {FH(P)}
(3.14)
D= {pf p(y)20; fP(Y)dy = N}

where E, is the ground state energy of the system. The paths Q.(p) clearly

define paths in Bl(f){N ) by DY (p)= Q,«(p)Q*(p)T . The preceding construction
of the energy functional is discussed in more detail in (30).

The explicit form of the functional Fy is of course unknown and in
practical applications has to be approximated. In order to facilitate the creation
of these approximations one decomposes Fy into a sum of other functionals that
focuses all the unknowns into one component, the exchange-correlation
functional, Fxc.

Fu(p) = Fe(p)+ Fxc(p)+ Fn (P)+ Fru (P)+ Fr(p) (3.15)
(with subscripts C, XC, eN, Ext, and T denoting Coulomb, exchange-correlation,
electron-nuclear attraction, external, and kinetic energies respectively). It is
crucial to remark that (3.15) is nor the Kohn-Sham decomposition familiar in
conventional presentations of DFT, There is no reference, model, nor auxiliary
system involved in (3.15). From the construction presented above it is clear that
in order to maintain consistency and to define functional derivatives properly all

these functionals need to be defined on the same path in ‘B, (f}( N ) . These two

observations lead to what may be unfamiliar definitions for the kinetic energy
functional and the exchange-correlation functional, as follows:
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1 p()(y)ddy,

2 ) lv-¥1

Fe(p)=

Fr(p)= Tr{—%ZVf{Q*(p)Q*(p)*}} = Tr{10.(p)2-(p)'} = E- (DY (p))

3.16
Fye(p)= Tr{[i]Q*(p)Q* (P)T} —Fe(p) = Exc(D¥ (p)) )

R I g ¢

Fea(p)= P(y)z V(r, My

Note in particular that the exchange-correlation functional that emerges here
does not involve the kinetic energy. From the perspective of the DFT literature,
(3.16) is a formulation of the Hohenberg-Kohn functional that is constructed to
ensure that the functional derivatives required for variational minimization
actually exist. We return to these issues in Sect. 3.3. Also note that in the time-
dependent case the external potential V(r;)is often considered to be explicitly

time-dependent and further, that if nuclear motions also are taken into account
the eN term is also time-dependent.

3.2 Factoring the Energy Functional through the First Order Reduced
Density Operator.

An appealing way to apply the constraint expressed in Eq. (3.14) is to
make connection with Natural Orbitals (31), in particular, to express p asa
functional of the occupation numbers, n, and Natural General Spin Orbitals
(NGSO's), {;}, of the First Order Reduced Density Operator (FORDO)
associated with the N-particle state appearing in the energy expression Eq. (3.8).
In order to introduce the variables n and {y/;} in a well-defined manner, the

constrained search process Eq. (3.9) needs to be factored into two stages. The
first search is over all N-particle states that produce the same FORDO and hence
produces an energy functional of the FORDO. The second search is over all
FORDO's that correspond to a fixed density, thus producing an energy
functional of the density. This sequential process constructs paths in N-particle
state space that are labeled by FORDO's and paths in the set of FORDQ's that
are labeled by densities. On these paths there is 1-1 correspondence among N-
particle states, FORDO's and densities.
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FORDO's are determined by their occupation numbers and their
NGSO's, a relationship that is only unique up to unitary transformations that mix
NGSO's with the same occupation numbers. However one can parameterize this
association to make it unique. Hence on the paths determined by the constrained

energy functional, one has a 1-1 correspondence between {r;,y;} and densities,

and densities thus can be viewed as a functional of {n;,y;}. This construction

leads to variational equations for the ground state energy in terms of occupation
numbers and NGSO's.

The FORDO is defined by a linear contraction map, C}\, , given by the
following

Ch:B,(3Y ) - B, (9¢)
D' = C}V(DN)
Di} = Tr{a}a,-DN} (B.17)

r

1 1 1
D —ZD,-jaiaj

i,j=1
The energy functional, Oy (D‘) , of the FORDO is defined by
1y _ : NN _ N{(pl

Oy(D )—DNQ;IK(D])EH(D )= Ex(Df (DY) (3.18)
in terms of the energy Ej; on the path D,ﬁV(DI), where SN(Dl) =[D1]N N8y
is the set of N-particle states that contract to the same FORDO D' . (Note that
non-positive operators also contract to D' thus the content of [DI]N is not limited
to states.) The equivalence classes [X],; X € B, (D{I)are defined in an

analogous manner to [p], , by replacing 2} by Cy , L(Y)by Bl(ﬂfl ) in Egs.
(3.1), (3.2), (3.6) and considering off-diagonal values in Eq. (3.2). The energy
functional F; from Eq. (3.9) then can be expressed as

Fy(p)= legjf‘(p)OH(Dl) = 04(Di(p)) (3.19)

in terms of Oy defined on the path Dj;(p) . Here 8y,(p)= [p], N8y, is the set
of FORDO's that produce the same density, 8y, is the set of N-representable,
FORDO's and [p], the set of one-particle Trace Class operators that map to the

density p . The equivalence classes [p], in one-particle Trace Class operator
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space B, (i}Cl) are defined analogously to [p], ., which are in N-particle operator

space. The path D (p) can then be expressed as the composition
DY (p) = D}’ (Di(p)) = (D4 - D} )(p) (3.20)

A FORDO D! always can be expressed in natural form as

D'= an|1/fi><'//i|= Z'Vi><vi|

1<i<r 1<igr

<'/’,~)V/,->:5;,-; (vr‘l"f>=”'5“; 0<np <1 3.21)

(7}
Yo =
1<isr

where we have introduced the occupation-number-normalized NGSO's{v; }. On

the path Dy(p) thereis a 1-1 correspondence
p o Dy(p) o {v(p)l<si<r}=v(p) (3.22)

As this relationship is 1-1, the density p can be expressed as a function of v, i.e.
p = p(v), and both p and v can be treated as equivalent, but different, variables

for the argument of the energy functional Fy . The minimization of Eq. (3.14)
that determines the ground state energy then becomes

E, = Min{Fy(v)} (3.23)
veX
The feasible region X is defined by the constraints
h(V)=Y V[ -N=0
i=1
h(v)=lv.[ ~1<0 (3.24)
h(v)= <v,. Ivj>=0; [# ]
and the constrained minimum of Eq. (3.23) can be obtained from the Lagrangian
Le(v)=Fy(v)—- D Ashy — by (3.25)
1Sij<r
Noting that
p(y) = Y {y|vi)Xvily) (3.26)
15i<r
one has, via the chain rule,
OFy OFy op _OFy v
v, & &v, &

1

(3.27)
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It is useful to note that Eq. (3.27) defines the action of a local operator
9y H' 5 K by
5
6Fy 6Fy  OFy [5FH }
y)= = vily)=| ==vi [(¥)
&v; ) viy)  do(y) ) 3

From Eq. (3.25) and the change of variables in Eq. (3.27), we obtain Euler

(3.28)

equations 5& = & =0, which can be expressed as the generalized
ov, ov;
eigenvalue problem
oFy
5 KT = Y Ay, (3.29)
1<j<r

and its complex conjugate. The component potential functionals can be obtained

by taking the functional derivatives of Eq. (3.16) leading to exact, but in some

O0F OF; OFyc OF.y OF,,,
Ta ) and

op o S bp op

derivatives are all evaluated on the same path DY (p) = (D,f’ o D} )(p) , which

cases, unknown expressions for . These

OF,
again, leads to the definitions of a—Tand as local potentials in the one-
0

particle Eq. (3.29) for the density.

3.3 Relation with the Conventional Kohn-Sham Procedure.

The reader should note that no restrictions were placed on the form of
the density expansion Eq, (3.26); in particular there is no limit on the number of
terms, As already noted, therefore Egs. (3.29) are not conventional Kohn-Sham
equations. Rather they are an exact one-particle form of the Hohenberg-Kohn
variation procedure and use Hohenberg-Kohn potentials in the definition of the

F
effective one-particle Hamiltonian (5—5&— u) . They have some kinship with
0

the generalized Kohn-Sham equations treated, for example, by Levy and Perdew
(32) but there is still a key difference. Unlike Kohn-Sham procedures, in (3.16)
no auxiliary state has been introduced to provide a partitioning and regrouping
of the terms.

At least for the case of a non-degenerate ground state of a closed shell
system, it is possible to delineate the standard Kohn-Sham procedure quite
sharply. (The caveat is directed toward issues of degeneracy at the Fermi level,
fractional occupation, continuous non-integer electron number, and the like. In
many but of course not all works, these aspects of the theory seem to be
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intertwined in an unanalyzed way with incompatible assumptions about single
determinantal KS states.) For that specific case, the standard KS auxiliary state
is a single determinant of singly occupied orbitals, which is an Independent
Particle State (IPS) (any conventionally doubly occupied orbitals simply occur
twice). The form is appealing because it incorporates Pauli exclusion explicitly,
and is explicitdy N-representable while being easy to manipulate.

With these motivational remarks, we now recover standard KS theory
(in the particular instance just defined) from Eq. (3.16) for this specific case but

with an important new constraint. Let Sy, ,P(p) be the set of all Independent
Particle FORDO's corresponding to p with precisely N non-zero terms:

D}P = 2|(Pi><(pi |
1SiSN (3.30)
<‘Pi |(P j> =d;
By Harriman's theorem already cited there is always at least one such FORDO

for each legitimate p. We now define the KS kinetic energy functional, which
for a fixed number of particles is system independent, as

Tys(p) = Min( Tr{TD}p} = Er(Dfpo(p)) (3.31)

Dipesy,p(p
where Er is defined in Eq. (3.16) and D}}, (p) is the unique Independent Particle
N-particle state that corresponds to the minimizer D}Po (p) of this constrained
optimization, which if the conditions described in (25) are satisfied determines
paths Djpy(p) and Dj}s(p)in B, (9{1) and B, (Q{N ) respectively. It should be
noted that the paths Djpy(p) and D (p) are in general very different from the

paths Di(p), D4(p)and D (p). The definitions in Egs. (3.16) can then be

transformed to standard KS form by regrouping and defining difference
functionals between exact and independent particle paths in the following
manner (note that the HK kinetic energy and XC terms involve a system

dependent path D (p)in N-particle state space i.e. Fy(p) = ET(D;N (p)) and
Fxc(p)= EXC(D*N (P)) )
Fr(p)=Txs (p)- Fr(p) = Er(Din(p))- E-(DY () (3.32)

then N
Fr(p)= T (p) - F:(p) (3.33)
The KS XC potential term can then be deﬁnid by
Fyexs(P)= Fxe(p) - Fr(p) (3.34)

leading to the identification
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Fr(p)+ Fxc(p) = Ts(p) + Fxc ks (p) (3.35)

By construction, KS functionals are well-defined, (but note that the XC
KS term is defined with the help of two distinct paths) and give well-defined
functional derivatives, so their variation proceeds as in the preceding section,
leading superficially to the standard KS equations.

There is, however, an important distinction that seems to have been
missed in most if not all of the DFT literature (29,33). In essentially all
presentations of the standard KS procedure, the functions corresponding to

{@;} are restricted to the reals, usually implicitly. In fact this restriction cannot

be true in general without either a violation of the constraints to the proper path
or, alternatively, forcing the extremum of the constrained functional to lie above
the actual energy minimum. (To illustrate the point, Harriman’s construction of
single-determinants associated explicitly with a specified density relied upon
complex orbitals.) The proof is simple. Harriman’s theorem provides at least one
determinant for each feasible density but with the orbitals restricted only to

L,(Y) . Fukutome (34) has shown, however, that all possible single

determinants with orbitals from L, (Y) separate into eight distinct classes

according to spin and time reversal symmetries. Therefore all possible densities
can be so classitied (the densities associated with each class have a unique
topology). Since some of the classes have orbital forms which are manifestly
complex, it follows that to include all feasible densities in the paths and at the
same time search them with a single KS determinant, the determinant must in
general have complex orbitals,

There are two immediate consequences of this result. First, is a
previously unappreciated ambiguity in the so-called adiabatic connection

formulation of Fyc gs[p]. In that treatment, the functional is found from a Pauli

coupling constant integral which usually is said to connect from “the non-
interacting ground state”, i.e. the KS determinant, to the fully interacting ground
state. If however, the KS determinant is restricted to real orbitals, then in
general that coupling constant integral will not be connecting to the ground state
of the non-interacting system but only an upper bound to its ground state.
Secondly, in general, the exact KS potential will not be a pure real function,
contrary to the unstated assumption in essentially all of the literature.
Alternatively, if one insists on real orbitals, then the single KS determinant must
be given up and replaced by a suitably chosen and characterized multi-
determinantal auxiliary function. Taken together, these previously unnoticed
aspects of KS theory also provide a significant opportunity for improvement in
practical approximations, a topic that we address in Section 5.
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In the preceding discussion we have expanded the density in terms of

N £ M <rfunctions that belong to the one-particle Hilbert space ' such that
their norms are less than or equal to one and the trace of the density is equal to
N. All these expansions could in principle be exact; there is no need for

M =r =, as is clearly demonstrated in the KS procedure, where M =N . If
M < eoand r =0, then new forms of auxiliary states, i.e. different from single
determinantal ones, are implicitly introduced.

Another class of expansions is also possible, but in these the functions
cannot be interpreted as belonging to the Hilbert space of one-particle states,
even though they are functions of one space and one spin variable and do belong
to a Hilbert space. In such expansions the norms of the functions are less than
or equal to N and 1< M <<, while the trace of the density is equal to N. In the
extreme case of M =1one can even express the density as p = ww@ , where

W= p% . This factorization leads to the Pauli potential (35); we shall discuss it

in detail elsewhere (30). For each value of M, while r = = one could choose a
different partitioning of the XC and kinetic energy in a similar fashion to Eq.
(3.35). Such choices would be closely related to the generalized KS schemes
already mentioned.

4. TIME-DEPENDENT DFT.

4.1 Characterization of the Lagrangian as a function of the density

The definition of the Lagrangian in Eq. (2.9) in terms of the paths x(z)
needs to be modified when time-dependent densities p(f) are considered as the
variables x(f) in Eq. (2.9), as L is not a well-defined functional of p(t) Ctis

necessary to proceed somewhat parallel with the determination of paths in the
preceding section in order to surmount this difficulty. In the context of K&S
therefore, the Lagrangian which results will have no new content; rather, the
analysis is restructured to make the functional dependence on the density precise
and well-defined. First define an intermediate Lagrangian

£,(00).00)", o). A0)) =£(Q(1).0() ) [ A Wg(t.y)dy @A)

where L(Q(t), Q(t)f,t) is the Lagrangian defined in Eq. (2.9), A(r) a time-

dependent Lagrange multiplier function and the constraint function g(z) is
defined for a fixed time-dependent p as

2(t.y) =2k ()" Yy)- p(1.y) =0 4.2)
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The equality in the preceding constraint is in the sense of the Ll(Y) norm for
fixed ¢. The actual Lagrangian controlling the dynamics then is defined as

Llot) =, Min ){al( 0().0(1)" . p(1) A1)}
= £, 0:(pl0))- (1)) 2(p(1))

where the paths O.(p(r)) & B, (9{ N ) are defined by the constrained

minimization in the same manner as in the time-independent case. This
Lagrangian is of the same form as in (7) modified only by constrained search
considerations in order to get a well-defined functional of the time-dependent
density.

“4.3)

4.2 Exact Equations of Motion in terms of the Density
With the Lagrangian in hand, the principle of stationary action

13
sA=[" 80(p(t))dr =0 4.4)
4
leads to the equation of motion
{p.€}=p @.5)

where the equivalent classical Hamiltonian is given by
_H(p(r) _(2(p)AQ.(p(1)
Eele) 8(o(1))  (0:(p(r))0-(p(1)))

and the inner products in Eq. (4.6) are as defined in Eq. (2.2). The Poisson
brackets are defined in a fashion similar to Eq. 2.7)

[

but now with a metric integral kernel, which depends on p(t) € L,(Y) that is
defined by &(y’,y) = (n‘l)(y’, y), where

el 88 & 8]
U(y 1")‘ {Sﬁ(y;) 59()’) 5p(y,) 5ﬁ(y)}1 (Q (p)|Q (P)) . (48)

The time-dependent Eq. (4.5) in terms of the density is exact and equivalent to
the full Heisenberg equation of motion when no approximations or models are
invoked. It is thus worthwhile to display it in more detail

& 5 (p)
§ ———dydy’ 4.9)
YL5 )5 o(y’)

(4.6)

4.7
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The first term in this integral is a delta function and produces pointwise
equations

58(p)

&o(y’)

4.3 Exact Equations of Motion in terms of one-particle Functions

dpty

jé Ly.Y) = edy (4.10)

The time-dependent density can be expressed as a sum of products of
unnormalized, time-dependent NGSQO's analogously with Eq. (3.26)

p1,y) = Dy [vi())vi(0)]y) @.11)

1<isr

and one can set up a 1-1 correspondence between p(t) and
y={v:i(1)}1<i<r}. This correspondence allows us to express the

Lagranglan as a functional £(v,V) . Note however that unlike functionals used
in the Time-dependent Hartree Fock approximation (14), this Lagrangian is not
complex analytic in the variables (v, V) separately.
The equation of motion Eq. (4.5) and Eq. (4.9) can be expressed in
terms of the variables v(r) ={v;(t)l<i<r}
{v,-,8}=v,- ={v,.E} =V, (4.12)
In more detail these relations are

Will) _§ g V(1))

1<j<r _/
4.13)
(t))
1<jsr j
where
) 5§ 6
ﬂij("(’))“’{gw—g(s——}ln(@( )IQ*(V)) 4.14)

and &; = ("-1>.j . Using Eq. (4.11) the components Vvi£ of the gradient of the

equivalent classical energy can be expanded as
oE(v(1 6E(v(t)) & 6E(v(t)) _ _
( ( )) _ ( ( )) p(y) dy = ( ( )) vj(y)dy = v, (4.15)

dv;  oply) v, 3 o(y)

and

} 4.16)
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Using Eqs (4.11), (4.13), (4.15) and (4.16) one then can obtain time-dependent
equations for the unnormalized NGSO's v

261, {59{ v ()M}vj @17)

1< < 6p
jsr
Note that the tlme-dependent version of the constraints of Eq. (3.24)

=S (ef -3 =0

J(v(®) =) ~1=0 “.18)

h
y(v(0) = (Vi) v, () = 0 i = j

need to be maintained, which necessitates the use of time-dependent Lagrange
parameters in a modified evolution equation based on Eq. (4.17).

Again we point out the rather remarkable fact that the coupled Egs. (4.17) are
exact and are equivalent to the full HEM if no other constraints, other than those
of Eq. (4.18), are placed on v, H , nor 8. These coupled equations describe

evolution paths in ' = L,(Y) and the local potentials %:Z—){— and g—s act as

time-dependent operators mapping H' — H' . The curvature tensor £;(v) can
iy pping ij

be obtained either from the expression in Eq. (4.14) or from Eq. (4.8) by using
the coordinate transformation Eq. (4.11) that introduces matrix elements of the
operator defined by the kernel

n(,):l{ 5 & 8§
VY= () a0(y) ~ ooly’) B(y)

between NGSO's {v;(1)1<i<r}.

4.19)
p=p

}ln(g*(a)uo,*(p))

The local potential 65—3{ can be expanded in terms of the component
0

potentials Eq. (3.16), now considered as time-dependent, leading to a time-
dependent exchange-correlation potential

M:%{n{&]@(p(z))@(p(z))*}—Fc(pm)} @20

p
where the path .(p(t)) is defined by Eq. (4.3).
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4.4 Other Forms of Time-Dependent Density Functional Theory

Time-Dependent Density Functional theory (TDDFT) has been
considered with increasing interest since the late 1970's and many papers have
been published on the subject. The treatments presented by Runge and Gross
(36) and Gross and Kohn (37) are widely cited in the discussion of the evolution
of pure states. The evolution of mixed states has been considered extensively by
Rajagopal et al. (38), but that treatment differs in many aspects from the form
given here.

In essentially all of the prior formulations of TDDFT a complex
Lagrangian is used, which would amount to using the full expectation value in
Eq. (2.9), not just the real part as in our presentation. The form we use is natural
for conservative systems and, if not invoked explicitly at the outset, emerges in
some fashion when considering such systems. A discussion of the different
forms of Frenkel’s variational principle, although not in the context of DFT, can
be found in (39).

Another place where we diverge from other developments of TDDFT is
in the use of the metric term Eq. (2.9). These terms arise in a non-trivial manner

as the paths O.( p) are manifestly nonlinear functionals of p and thus have

significant affects on the evolution of the density. Regarding the Time-
Dependent KS form of the theory as used by e.g. Theilhaber (40), it has been
suggested (14) that the metric terms should cancel as in TDHF. However we do
not concur with this suggestion as the overlap functional that appears in the
Lagrangian that produces the one-particle equations depends on the paths

DY (p),0u(p) in B, (f}f N )and B, (S}CN ) respectively, not on independent

particle paths. Independent particle paths are determined by these equations via
the auxiliary KS single determinantal state, but if is not those auxiliary states
that appear in the Lagrangian nor determine the generalized phase space metric.
Our form of TDKS equations would modify Eqs. (17)-(18) to refer to only N
one-particle functions, (thus each function must be normalized to 1), and use the

kinetic and XC functionals T (p) and Fxc ks (p) from Eq. (3.35) to generate the
potentials in the evolution equations.

One could view the occurrence of the metric terms in the equations of
motion as an annoying complication, but we hold a more positive view. First
they assure that whatever the choice of parameters to be used as dynamical
variables, that choice will not introduce unphysical artifacts. Second, the metric
terms are another component of the theory with potential for providing guiding
principles for development of XC models. Those terms also allow the
mathematical origin of physical affects to be assigned.
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The mixed state TDDFT of Rajagopal et al. (38) differs from our
formulation in the aspects mentioned above and in the nature of the operator
space where the supervectors reside. A particularly notable distinction is in the

use of the factorization D = QQ" of the state density operator that leads to

unconstrained variation over the space of Hilbert-Schmidt operators, rather than
to a constrained variation of the space of Trace-Class operators.

For areview of TDDFT the reader should consult (36) and Gorling
(41). In the latter work TDKS is developed and a fairly exhaustive list of
TDDFT references is given.

4.5 Time-Independent NGSO Equations from Time-Dependent Theory

The critical points of the equivalent classical Hamiltonian € occur at
stationary state energies of the quantum Hamiltonian H and correspond to
stationary states in both the quantum and generalized classical pictures. These
points are characterized by the constrained generalized eigenvalue equation
obtained by setting the time variation to zero in Eq. (4.17)

(v) 58(v)
ér { 8(V) }V j
dt SJZSr / & |7

- {aﬂ(v) _eWw) 58(v)

op op

The ground state energy corresponds to the lowest value of € that satisfies Eq.
(4.21) in a self-consistent manner, The variables v belong to the nonlinear
manifold defined by the constraints expressed in Eq. (3.24). Often it is possible
to find intrinsic coordinates for this manifold and convert the problem into an
unconstrained one. Notice in particular that the N-particle state energy, €,
appears explicitly in Eq. (4.21), thus this equation can be used to determine the
ground state energy, which is the lowest self- consistent root of Eq. (4.21) or
excited state energies given by higher self-consistent roots. Techniques
commonly used in geometry optimization to obtain saddle points could used be
effectively in this latter context.

5. APPROXIMATIONS

421

5.1 Model Hamiltonians

In the preceding sections we have introduced effective one-particle
equations, both time-dependent and time-independent, for one-particle functions
that determine the density through the expansion

p(t.y) = Z(ylvi(t»(v,-(t)ly); 1SM<r 5.1

1sisM
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The time-independent case corresponds to fixed time 1=0. The only constraints
on this expansion are that the Hilbert space norm of the orthogonal functions

{v;} should be less than or equal to one, if the functions are to be interpreted as

one-particle states and less than or equal to N otherwise, and the integral of p
over space and spin variables should equal the number of particles. The effective
one-particle Hamiltonian that determines these functions in Egs. (3.29) and
(4.21) in general depends on the density and its derivatives and is composed of
terms that make up the Hohenberg-Kohn energy functional. The equations we
have displayed are exact and lead to the exact solutions of the quantum
mechanical equations. However finding exact solutions is not possible in
general because (a) the XC potential terms is not known, (b) the metric tensor is
not known in the time-dependent case, and (c) it is not feasible to solve the
equations if the dimension of the space of functions is infinite and M = (i.c.
the standard form of the equations that we have presented),

Approximations thus must be introduced that involve modeling both
the XC potential and the metric tensor, and a truncation of the space within

which to choose the unknown functions {v;} to finite dimension r <. The
modeling is based on the restricted ansatz chosen for the form of states used to
determine paths that approximate DY (p), D}(p) and DY (D‘) . It can be carried

out, for example, by postulating and fitting functional forms involving the
density, its derivatives and fitting parameters to match the properties of high
quality CI calculations. If the expansion size M # r then, in analogy to the KS
case, the form of the exact potentials will be different and thus the chosen
functional forms in the modeling/fitting procedure will have different properties.

Traditionally the expansion Eq. (5.1) used in the KS procedure has
been in terms of % real functions of space variables only. In order to allow some

spin-polarized solutions this treatment is extended to allow N real space
functions half associated with alpha spin and half with beta spin. Generalizations
of the KS procedure would allow functions of a more general form and
expansions with a greater number of functions than N in Eq. (5.1). Such
generalizations would be based on auxiliary states other than a real restricted
single determinant. Approximate forms of these generalized KS equations
would correspond to the approximate forms of the time-independent one-particle
equations discussed in this article in the case when M # r . More detail is found
in (42).

Approximate time-dependent KS formulations differ more sharply from
approximations to our time-dependent formulation than do the time-independent
ones as they do not explicitly refer to a time-dependent metric term. In time-
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dependent KS, these terms either are added implicitly to the approximate XC
potential or combined with other potentials.

5.2 Symmetry Constraints

All of the approximation procedures noted above lead to density-
dependent effective one-particle Hamiltonians. In such approximation schemes
it is possible to obtain better results by relaxing some physical symmetry
constraints on the form of approximate solutions i.e. allowing symmetry-broken
solutions. The types of symmetry-broken solutions that are possible by relaxing
spin and time-reversal symmetry have been discussed at length in (42), where
we applied Fukutomes' analysis of the Hartree-Fock solutions to DFT. An
alternative perspective on that same analysis is that, if more general solutions
were included in the formulation of an approximate Hamiltonian, the resulting
solutions would not be symmetry-broken. In short, an approximate Hamiltonian
which does not have the generality discussed in the preceding subsection may
yield an energetically favorable solution by breaking symmetry. Such symmetry
breaking can be construed as a reintroduction of the missing flexibility.
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APPENDIX A: GLOSSARY OF MATHEMATICAL
SYMBOLS

Sy The convex set of N-particle states

Sy ( p) The set of N-particle states that produce the same density
p

Sy The of First Order Reduced Density Operators (FORDO's)

Sxi(p) The set of FORDO's that produce the same density p

Syup(p) The set of Independent Particle FORDO's that produce the
same density p

Sy The set of p-particle Trace Class operators that are N -
representable.

B, (%N) The space of trace class operators acting in the Hilbert
space KV

H N The Hilbert space of pure N-particle fermion states. It is an
N-fold antisymmetric tensor product of the Hilbert space of
pure one-particle states.

p¥ N-particle state operator, if it is not a projector ontoa 1D
subspace it represents a mixed N-particle state

%(%N) The Hilbert space of Hilbert Schmidt operators acting in
HN v

34 The Hamiltonian superoperator (the Hamiltonian
represented as an operator acting on Hilbert Schmidt
operators)

(1) Inner product in ‘BZ(S}CN )

M Submanifold (in general, nonlinear) of operators in
B,(%Y).

g(x) Equivalent classical Hamiltonian defined on M ; xisa
coordinate system on M i.e. the points of M are states and
the coordinates of these points are x.
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[7]
Py

e
N

Normalization function of states in M

Pty
—_—

Poisson Brackets defined on tangent spaces of M

& The symplectic metric tensor defined on the tangent spaces
of M

3 Superoperator acting on Hilbert-Schmidt operators

3 producing their time derivative.

L Lagrangians

Combinatorial coefficient "r choose N"

Charge density as a function of space and spin variables
(r.0)

R3 x C?

Linear normed space of absolutely integrable complex-
valued functions of 3 real and 2 complex variables.
Arbitrary elements are denoted by £ and densities by p

Hilbert space of square-integrable complex-valued
functions of 3 real and 2 complex variables.

Linear map from the space of bounded N-particle operators
to the space of absolutely integrable complex-valued
functions of the variables y.

Contraction map from N-particle Trace Class Operators to
p-particle Trace Class operators.

Continuous Fermi field annihilation operator that depends
on the space-spin variable vy.

Discrete Fermi field annihilation and creation operators

Linear space of equivalence classes of Trace Class
operators. The operators are equivalent if there difference

lies in the kernel of Z}

P Positive cone of space-spin densities derived from N-
particle states.

Ey Linear energy functional based on the Hamiltonian H; it
acts on the space of N-particle Trace Class operators.

E; Linear energy functional based on the Kinetic Energy
operator.

Exe Linear energy functional based on the XC terms.

Fy Nonlinear energy functional based on the Hamiltonian /), it

acts on the space of absolutely integrable complex valued
functions of the variables y.
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Oy Nonlinear energy functional based on the Hamiltonian H; it
acts on the space of one-particleTrace Class operators.

DY (p) Path of N-particle states; each state on the path corresponds
to a density p and is the minimum energy state for that
density.

D,f’ ( Dl) Path of N-particle states; each state on the path corresponds
to a fixed FORDO and is the minimurmn energy state for that
FORDO.

D},( ) Path of FORDO's; each FORDO on the path corresponds to
a density p and is the FORDO that corresponds to the
minimum energy state for that density.

Dﬁro (p) Paths of IP N-particle states and the unique FORDO's that
correspond to these states.

and Dipo(p)

0+(p) Path of Hilbert Schmidt operators

[<]y

Equivalence classes of N-particle Trace Class operators that
all map to the same function {.

[¢];

Equivalence classes of 1 particle Trace Class operators that
all map to the same function

[ X]N The set of N-particle Trace Class operators that contract to
the one-particle operator X.

<p>1v Set of N-particle Hilbert-Schmidt operators that produce N-
particle states associated with the same space-spin density.

C The complex numbers

CS Coherent State

FORDO First Order Reduced Density Operator

HK Hohenberg-Kohn

K&S Kramer and Saraceno

KS Kohn-Sham

NGSO Natural General Spin Orbitals

R The real numbers

TDHF Time-Dependent Hartree-Fock

TDVP Time-Dependent Variational Principle

APPENDIX B: SPACES OF OPERATORS

Bounded Operators B(H)

The set of bounded operators acting in a Hilbert space H form a
normed linear space. The norm is given by the bound on the operator




Time-Dependent Variational Principle in Density Functional Theory 247

(w|Xv)
X[ =sup-+—; eX (B1)
Ix] Ty Y

Trace Class Operators B, ()

The set of trace class operators form a subset of ¢i:¢ set of bounded
operators defined by

1
ﬂl(f}{)z{X;Tr{(XTX)z}<oo} (B2)
This set also forms a normed linear space with norm defined by
L
X1, = Tr{(x* x)? } (B3)

Hilbert-Schmidt Operators B, ()

The Hilbert-Schmidt operators are another subset of the set of Bounded
Operators defined by

B,(90) ={X; Tr{x "X} <o} (B4)
This set forms a Hilbert space with an inner product defined by

(x1¥)=1r{X"Y} (BS)
which defines the Hilbert-Schmidt norm

1, =(x1x)* (B6)

The set of Trace Class operators and Hilbert-Schmidt operators are not in
general contained in each other, but they are connected in the following manner

X eB,(H)= X' X € B,(H) (B7)
If the dimension of H is finite all of these spaces of operators are identical.

APPENDIX C: IN_VARIANCE GROUPS

If X is an operator then its invariance group Inv(X) is defined to be
mv(X)={U; uxut=x; U'U =vU" =1} (1)

If v is a vector then its invariance group Inv(v) is defined by

Inv(v)={U; lv=v; U'U=UU" =T} (€2
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Abstract

Specially tailored, ultrafast laser fields can be used to control the charge
carriers in semiconductor heterostructures. Two examples are presented
in this work. The first is a ten-well superlattice with an injection well
and a detection well. The laser field that creates the maximum density
in the detection well is computed using the techniques of optimal control
theory. In the second example, a genetic algorithm is used to design a
superlattice in which the overlap of the lowest five eigenfunctions is as large
as possible. A subsequent round of optimization determines the laser field
that drives an electronic wave packet to maximum overlap with a chosen
target distribution, at a chosen target time.

1. Forward

It is a pleasure to contribute this paper to a volume celebrating the 65th
birthday of Yngve Ohrn. Yngve is my official Mentor at the University of
Florida, and he is an inspiration to me, both personally and professionally.
Yngve has taught me that to do science you have to be tough, but also
have a sense of humor.

2. Introduction

Quantum wells are produced by epitaxially growing alternating layers
of an insulator and a semiconductor. In the resulting structures, the charge
carriers (holes and electrons) are constrained in the direction of growth, and
unconstrained in the orthogonal dimensions. Unlike molecular potentials,
the constraining potentials in quantum wells can be designed to have nearly
arbitrary shape. Application of a DC field causes the electron levels in the
conduction band to move into tunneling resonance, while the hole levels in
the valence band move out of resonance. Thus, varying the DC field allows
control of the energy levels and density of states. When a heterostructure is
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excited with an appropriate ultrafast laser pulse, an electronic wave packet
is created in the conduction band, which tunnels back and forth across the
structure [1]. As the wave packets oscillate they radiate, typically in the
THz regime [2].

Advances in ultrafast laser technology, in conjunction with improved
techniques for growing semiconductor heterostructures, have enabled de-
tailed investigations of coherent electronic dynamics and carrier-carrier in-
teractions in the solid state. High quality structures exhibit dephasing
times well in excess of the 10 fs resolution possible with existing ultrafast
light sources. Investigations of the coherent interaction of a laser field with
the induced polarization in a heterostructure have led to the observation of
a variety of coherent phenomena, including Bloch oscillations [3], heavy and
light hole quantum beats [1], Rabi-flopping [4], and THz and far-infrared
emission [5-7].

The ability to create and observe coherent dynamics in heterostructures
offers the intriguing possibility to control the dynamics of the charge carri-
ers. Recent experiments have shown that control in such systems is indeed
possible. For example, phase-locked laser pulses can be used to coherently
amplify or suppress THz radiation in a coupled quantum well [5]. The
direction of a photocurrent can be controlled by exciting a structure with
a laser field and its second harmonic, and then varying the phase differ-
ence between the two fields [8,9]. Phase-locked pulses tuned to excitonic
resonances allow population control and coherent destruction of heavy hole
wave packets [10]. Complex filters can be designed to enhance specific char-
acteristics of the THz emission [11,12]. These experiments are impressive
demonstrations of the ability to control the microscopic and macroscopic
dynamics of solid-state systems.

The purpose of this work is to demonstrate that the techniques of quan-
tum control, which were developed originally to study atoms and molecules,
can be applied to the solid state. Previous work considered a simple exam-
ple, the asymmetric double quantum well (ADQW). Results for this system
showed that both the wave packet dynamics and the THz emission can be
controlled with simple, experimentally feasible laser pulses. This work ex-
tends the previous results to superlattices and chirped superlattices. These
systems are considerably more complicated, because their dynamic phase
space is much larger. They also have potential applications as solid-state
devices, such as ultrafast switches or detectors.
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3. Theory

3.1. Semiconductor Dynamics

Calculating the exact response of a semiconductor heterostructure to
an ultrafast laser pulse poses a daunting challenge. Fortunately, several
approximate methods have been developed that encompass most of the
dominant physical effects. In this work a model Hamiltonian approach
is adopted to make contact with previous advances in quantum control
theory. This method can be systematically improved to obtain agreement
with existing experimental results. One of the main goals of this research is
to evaluate the validity of the model, and to discover the conditions under
which it can be reliably applied.

The wave function for confined carriers in a quantum well can be written
as [13],

o2 5 (F) = TR (2)u (), (1)

where o = ¢, h,l, labels the charge carrier (electron, heavy-hole or light-
hole, respectively), n labels the subband, u® are the band edge bulk Bloch
states, and K is the wave vector of the plane wave in the z — y plane. The
envelope functions, F,2(z), are solutions of a one-dimensional, effective-mass
Schrédinger equation (in atomic units) [13-15],

1 d?

2mg, dz?

+ Vo(2) £ Eoz| F}(z) = ESF2(2), )

where m, is the effective mass along the z-direction and Ey is the magnitude
of the applied DC field. In the third term, the upper sign (+) is used for
the holes, and the lower sign (—) is used for the electrons. V,(z) is the
confining potential along the direction of growth.

In the DC-biased structures considered here, the dynamics are domi-
nated by electronic states in the conduction band [1]. A simplified version
of the theory assumes that the excitation occurs only at zone center. This
reduces the problem to an n-level system (where n is approximately equal
to the number of wells in the structure), which can be solved using conven-
tional first-order perturbation theory and wave-packet methods. A more
advanced version of the theory includes all of the hole states and elec-
tron states subsumed by the bandwidth of the excitation laser, as well as
the perpendicular & states. In this case, a density-matrix picture must be
used, which requires a solution of the time-dependent Liouville equation.
Substituting the Hamiltonian into the Liouville equation leads to a mod-
ified version of the optical Bloch equations [13,15]. These equations can
be solved readily, if the & states are not coupled (i.e., in the absence of
Coulomb interactions).
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The simplified theory is adequate to obtain qualitative agreement with
experiment [1,16]. Comparisons between the simplified and more advanced
versions of the theory show excellent agreement for the dominant (elec-
tronic) contribution to the time-dependent dipole moment, except during
the initial excitation, where the k states are coupled by the laser field [17].
The contributions to the dipole from the heavy holes and light holes are not
included in the simplified approach. This causes no difficulty in the ADQW
because the holes are trapped and do not make a major contribution to the
dynamics [1}. This assumption may not be valid in the more general case
of superlattices, as discussed below.

3.2. Quantum Control

The simplified theory allows the time-dependent wave function to be
calculated rapidly for any specified laser field. However, controlling the
dynamics of the charge carriers requires the answer to an inverse question
[18-22]. That is, given a specific target or objective, what is the laser field
that best drives the system to that objective? Several methods have been
developed to address this question. This section sketches one method, valid
in the weak response (perturbative) regime in which most experiments on
semiconductors are performed.

The theory begins by constructing a target operator A that specifies the
desired outcome of the experiment. In general, A is a projection operator
onto a set of observables. The objective is to maximize the target yield, or
the expectation value of A at a chosen target time, ty [23,24],

Alty) = (vit) | A1 u(ep)). 3)

To prevent the optimization procedure from discovering trivial, or non-
physical solutions, the yield must be optimized with respect to a set of
constraints. These constraints can take many forms, including details of
the experimental apparatus and the physical system [23-30].

If the target is a pure electronic state (or coherent superposition state)
in the conduction band, |®.), the target operator can be written as

Ac = ]q>c> ((Dcl . (4)

Then, in the perturbative regime, a control kernel can be constructed as
[23,24],
Mc(ta, t1) = (W2(22) | ®c) (e | Y281 +12)), (5

where [42(t)) is the time-evolved wave packet in the absence of the field (i.e.,
the promoted state). The optimal fields are then computed as solutions of
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an eigenequation by discretizing a symmetrized (Hermitian) version of the
control kernel onto a numerical grid, over the allotted time interval [23,24],

t
/ 'dr'Mf (r,7)E(r')y = AE(7). (6)

to

In this equation, the eigenvectors A are the target yields, and the eigen-
vectors, E(t), are the optimal fields. The eigenvector associated with the
largest eigenvalue is the globally optimal field, in the weak response limit.

In some cases, calculating the optimal fields explicitly is inconvenient,
either for computational reasons, or because the quantity to be optimized
cannot be expressed in terms of a simple control functional. In such situa-
tions alternative procedures can be applied. One method is to express the
laser field E(t) as a function of a small number of parameters, and then
vary the parameters to maximize the yield. For example, the laser field can

be written I
E(t) = Age~ =) /Tmie) O

where Ay is the amplitude, # is the center time and I'vIn 16 is the temporal
width (full-width at half maximum). Then the time-dependent phase, ¢(t),
can be expanded in a Taylor series as

¢(t)=¢>+w(t—t_)+%b(t—t_)2+---, (8)

where ¢ is the (irrelevant) phase constant, w is the center frequency, and
b is the linear chirp. In the perturbative limit, Ay is also irrelevant, since
the yield scales linearly with the amplitude of the field. The four remaining
parameters, #, I', w and b, are sufficient to characterize the laser pulse for
a large variety of experimentals.

To determine the optimal parameters, traditional methods, such as con-
jugate gradient and simplex are often not adequate, because they tend to
get trapped in local minima. To overcome this difficulty, higher-order meth-
ods, such as the genetic algorithm (GA) can be employed [31,32]. The GA
is a general purpose functional minimization procedure that requires as in-
put an evaluation, or test function to express how well a particular laser
pulse achieves the target. Tests have shown that several thousand evalua-
tions of the test function may be required to determine the parameters of
the optimal fields [17]. This presents no difficulty in the simple, pure-state
model discussed above.



254 J. L. Krause

17 A Barriers

_ \\\ | ’/’/95 A wells

Mini-Band
S | L
} UL
130 A *
Injection Well
80 A
Detection
Well

Figure 1. DC-biased, ten-well superlattice. A shaped laser field ex-
cites a wave packet localized initially in the injection well. The ob-
jective is to created the maximum density possible in the detection
well, at a chosen target time.

4. Results

As a first example of the control of charge carriers in semiconductor
heterostructures, consider the superlattice depicted schematically in Fig. 1.
The structure consists of a series of ten GaAs wells with widths of 95 A,
separated by AlGaAs barriers of 17 A. At one end of the well is a 130 A
injection well, and at the other end is a 80 A detection well. A DC bias
field forms a mini-band in which the twelve lowest electronic levels move
into near tunneling resonance. Excitation with a laser to the injection
well creates an electronic wave packet that tunnels back and forth through
the structure. The object in this case is to produce, at a chosen target
time, as much density as possible in the detection well. Note that this is a
challenging objective, because the detection well is not in strong tunneling
resonance with the ten equally-spaced wells.

The globally optimal laser field for this example is presented in Fig. 2.
The field is relatively simple with structure at early times, followed by a
large peak with a nearly Gaussian profile. Note that the control formalism
enforces no specific structure on the field a priori. That is, the form of the
field is totally unconstrained during the allotted time interval, so simple
solutions are not guaranteed. Also shown in Fig. 2 is the locally optimal
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Figure 2. Optimal laser fields for the control scenario in Fig. 1. The
solid line is the globally optimal laser field. The dashed line is the
locally optimal Gaussian field.

field discovered by the genetic algorithm, as parameterized in Egs. 7 and
8. The locally optimal field, in this case, performs nearly as well as the
globally optimal field, indicating that the complicated structure at early
times in the globally optimal field is not critical to attaining the control
objective.

The square of the wave packet produced by the globally optimal field
at the target time is shown in Fig. 3. Analysis of both the globally optimal
field and the locally-optimal Gaussian field indicates the presence of a small
negative chirp, which creates a large density in the wells adjacent to the
detection well at the target time. This allows some density to leak through
to the the target well. If the chirp is removed from the pulse, the density
in the target well diminishes by about a factor of six.

As this first example indicates, experiments involving superlattices have
an additional complication compared to the ADQW treated previously. In
the ADQW, essentially all quantities of interest can be calculated analyt-
ically. The well widths and barriers widths are designed such that the
electronic levels move into tunneling resonance at a value of the DC field
sufficient to immobilize the holes. This is not guaranteed to be the case in
superlattices, where the electronic levels display a complicated pattern of
repulsion and anticrossing as the DC field is varied. In addition, as shown
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Figure 3. Wave packet produced by the globally optimal field in Fig. 2
at the target time.

in the 10-well superlattice, there is no guarantee that a specified control
objective is possible in a given structure. Thus, the superlattice presents a
double optimization problem. An initial round of optimization is required
to design the structure, and then a second round is required to optimize
the excitation field.

An example of the results of this double optimization procedure is pre-
sented in Fig. 4. In this case, a 5-well structure is designed to optimize
tunneling. To do this, the magnitude of the DC field is fixed (to prevent
the system from discovering a solution in which the bias field is zero, and
the wells are equally spaced) and the well widths and barriers are allowed
to vary freely over a prescribed range (to prevent the system from discov-
ering a solution consisting of just a single well). The evaluation function is
chosen to be

5
n=[[~, )
i=1
where 5
Pi=Y" |6yl (10)
=1

In this equation, |<;5,-]-|2 is the density of the ith eigenfunction in the jth
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Figure 4. Control of wave packet dynamics in an optimal 5-well
structure. The parameters of the structure are designed to maximize
tunneling. The wave packet at the target time (solid line) has a large
overlap with the target (dashed line).
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well. This function assures that the eigenfunctions are as delocalized as
possible, subject to the constraints on the well widths and the bias field.
The optimal structure discovered by the GA in this case is shown in Fig. 4.
The first four wells are slightly chirped (that is, they decrease slightly in
width from well one to well four), and the first and fifth wells are about the
same width. This may be an attempt to reduce the effects of an avoided
crossing between two eigenvalues. For the second round of control, a target
is chosen as a Gaussian distribution localized in the fifth well. As shown
in the figure, the wave packet produced with the globally optimal field has
large overlap with the target at the target time, indicating that control in
this example is quite effective.

5. Discussion

The theory discussed in this paper treats the biased superlattices as one-
dimensional systems in a single particle envelope approximation in which
the electrons and holes act independently. Scattering mechanisms, which
cause a loss of coherence, have not yet been included in the formalism.
Loss of coherence represents a significant obstacle to quantum control in



258 J. L. Krause

semiconductors. Phase breaking collisions result in a loss of wave packet
coherence and place an upper limit on the ability to manipulate coherent
charge motion in these systems (phonons are not important in the cur-
rent experiments because they are performed at cryogenic temperatures).
One of the key issues to be addressed in future work is to what extent (if
any) dephasing can be overcome by a suitably chosen control field. Note,
though, that for certain applications and target states, it may not be nec-
essary to minimize dephasing effects. For example, control of incoherent
charge transport in devices might use time-dependent pulse trains to switch
tunneling resonances on or off [33].

As the number of eigenstates available for coherent coupling increases,
the dynamical behavior of the system becomes considerably more com-
plex, and issues such as Coulomb interactions become more important. For
example, over how many wells can the wave packet survive, if the holes
remain locked in place? If the holes become mobile, how will that affect
the wave packet and, correspondingly, its controllability? The contribution
of excitons to the experimental signal must also be included [34], as well as
the effects of the superposition of hole states created during the excitation
process. These questions are currently under active investigation.

In summary, this work has shown that superlattices are promising sys-
tems for investigation of quantum control in the solid state. The examples
presented here show that the dynamics of charge carriers can be controlled
using relatively simple, experimentally laser fields. Superlattices are ideal
candidates for quantum control precisely because their complexity does not
allow for simple, intuition-guided experiments, and because their dynamics
are largely unknown.
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1 Introduction

Easy availability of ultrafast high intensity lasers has fuelled the dream of their
use as molecular scissors to cleave selected bonds (1-3). Theoretical approaches
to laser assisted control of chemical reactions have kept pace and demonstrated
remarkable success (4,5) with experimental results (6-9) buttressing the theo-
retical claims. The different established theoretical approaches to control have
been reviewed recently (10). While the focus of these theoretical approaches
has been on field design, the photodissociation yield has also been found to
be extremely sensitive to the initial vibrational state from which photolysis is
induced and results for Hf (11), HI (12,13), HCI (14) and HOD (2,3,15,16)
reveal a crucial role for the initial state of the system in product selectivity
and enhancement. This critical dependence on initial vibrational state indi-
cates that a suitably optimized linear superposition of the field free vibrational
states may be another route to selective control of photodissociation.
Towards this end, a scheme to establish the optimal linear mix of the
field free vibrational eigenstates for the given photolysis pulse and chosen
photodissociation objective has been pursued in our group (17-20) whereby,
the emphasis is shifted from control through design of an appropriate field,
to control through the design of an optimal linear combination of the field
free vibrational eigenstates for the chosen photolysis pulse and preferred pho-
todissociation objective. This Field Optimized Initial STate (FOIST) based
approach to control, shifts the focus from control via field design to the design
of an optimal initial state for the chosen field and is computationally simple

to implement. Applications of our FOIST based selective control to HI (17,
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19) and IBr (18,19) have shown considerable enhancement in selectivity and
product yield.

It is our purpose in this review to present a brief summary of some
of the main results from the applications of our FOIST based approach to
selective control of photodissociation. The formal and computational consid-
erations of this method are summarised in section 2 and in section 3, we discuss
some representative results from our applications. Some concluding remarks
summarising the main results and avenues for further research are collected in

section 4.

2 Method

For molecules possessing a dipole moment f, the effect of the radiation field
€(t) may be obtained by solving the time dependent Schrédinger equation,
L0 - - A
sy = Ay, AE)=H-i-ay (1)
with Hy being the field free Hamiltonian. The solution ¢ at some time T
can be expressed as ¥(T) = U(T, 0)%(0), where U(T, 0) is the (not necessarily

unitary) propagator and 4(0) is the wavefunction for the initial state of the

molecule to which the photodissociation pulse €(t) is applied.

2.1 Product yield as the time integrated flux

Defining the time integrated flux operator F' as
Y . .1 o
F= [ at0i,0 0,0, j=5-[ps0-r)+ér-r)p (@)

with m as the reduced mass, j the momentum operator along the reaction

coordinate and ry the grid point in the asymptotic region where the flux is
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evaluated. In the case of more than one possible dissociation channel, the
operatorj' is channel specific and in a discrete representation of the electronic
curves on a spatial grid, r4 denotes the grid point appropriate to the desired

channel. The time-integrated flux,

[ Gre= [ de o) 5 196 = [ drp0)101(:,0) 5 0, 00 (3)

T .

or [ at (3 = @(O)|F1(0), @
represents the product yield and may be controlled by altering the field de-
pendent part F* or the field free initial state (0).

2.2 FOIST based selective control

Earlier control schemes (1,4,5,10) have attempted control over photodissocia-
tion entirely through field manipulation by altering F for a fixed 1(0). In our
FOIST scheme (17-19), control over product yield is sought through prepara-
tion of the initial wavefunction ¥ (0) as a coherent superposition of vibrational
eigenstates of the ground electronic state for the chosen photolysis pulse (for
the short femtosecond pulses to be considered here, rotational motion is ig-
nored). Of course, the field itself may also be altered which will change the
nature of the optimal 1/(0). By expanding 4(0) in a basis of (M +1) field free

vibrational eigenfunctions,

M
¢(0) = Z—o Cm Pms (5)

flux maximization is reduced to the familiar Rayleigh - Ritz variational opti-

mization (17) of {c,} through diagonalization of an (M +1 x M + 1) matrix
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F whose elements are

N
Fu = (| Flor) ~ At 2_:()(1/’&(”At)| J i(nAt)), (6)

with At as the step size for the numerical time propagation and N;At =T.
The largest eigenvalue fpq; of F is the maximum product yield (flux)
and the corresponding eigenvector {cn®?} is the set of coeflicients which define
the optimal initial wavefunction
M
Yr0) = 3 ™ bm (7)
m=0
constituting the superposition that will provide the maximum achievable prod-
uct yield faz out of the particular channel specified by F for the chosen field
€(t). As in other variational calculations, the larger the basis set size, “better”
the results. However, due to the difficulties in the simultaneous overtone exci-
tation of many vibrational levels, the basis set expansion in Eq. 5 is restricted
to only the ground plus the first two excited vibrational levels leading to a 3

x 3 F matrix which is computationally trivial to diagonalize.

2.3 Time dependent wave packet analysis of FOIST

In the time dependent wave packet analysis (21) the Schrodinger equation

Heoxa(0) = in 289, ®)

is solved with x; = pos¢(0) as the initial wavefunction on the ¢-th excited
state and e is the transition dipole moment between the ground (0) and the
£-th excited state. The field free vibrational ground state ¢(0) in our case is

the optimal linear combination ¥™*(0). The time-evolution of the promoted
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wavefunction x,(0) is governed by,

Xe(t) = exp(—iHest/h)xe(0), (9)

and the overlap (x.(0)|x.(t)) of the time evolving wavefunction x,(t) with
the initial x,(0) is the autocorrelation function. To ensure correct branching
ratio (22), the autocorrelation function is evaluated after a sufficiently large
time interval 7 such that the norm of the wavefunction on different curves has
stabilised and the system population is completely out of the curve crossing
region. The Fourier transform of the autocorrelation function yields frequency
dependent partial absorption cross-section

o(w)=Cuw /t:o et @B (3 (1) | xe (T + 1)) dt, (10)
where C is a constant (21), w is the frequency of the incident radiation and E,
is the energy corresponding to the initial state. The branching ratio is given
by the ratio of the sum of partial photoabsorption cross-sections for the two

channels.

2.4 Numerical Considerations

Photodissociation of IBr (18,19,23-27) has been studied extensively and is
our representative system of choice. The results to be presented are for
the photolysis of IBr employing a multicolor cw field of the form ¢(t) =
A Z?,:o cos (w — wp )t where A is the amplitude, w the photodissociation fre-
quency and wpg = (E, — Ey)/h is the Bohr frequency for transition between
the ps and the ground (0g) vibrational energy levels. The vibrational eigen-

values E, and corresponding eigenfunctions ¢, of the electronic ground state
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are computed using the Fourier Grid Hamiltonian (FGH) method (28). The
optimal linear combination maximizing flux out of the lower I + Br channel
(to be labelled as 1) is denoted by ¥** and ¥J**® represents the combination
which maximizes flux out of the upper channel (labelled 2) with I+ Br* as
the dissociation product. The split-operator fast Fourier transform with Pauli
matrix propagation algorithm (29) was utilized to integrate the time depen-
dent Schrodinger equation. The total spatial grid of 14 a.u. starting from 2.0
a.u. was divided into 1024 equally spaced points. The flux was monitored at
14.75 a.u. beyond which “ramp” type optical barrier of height 0.01 a.u. was
set up till the end of the grid to prevent any unphysical reflection of the wave
packet. In the following section we present some illustrative results from the

application of our FOIST scheme to IBr photodissociation.

3 Selective control of IBr photodissociation

The potential energy curves (Fig. 1), the non-adiabatic coupling, transition
dipole moments and other system parameters are same as those used in our
previous work (18,19,23,27). The excited states 1:B(O*) and 2:B(3II{) are
non-adiabatically coupled and their potential energy curves cross at R = 6.08
a.u. The ground 0:X(*Yf) state is optically coupled to both the 1:B(O+)
and the 2:B(3II{) states with the transition dipole moment ug; = 0.25u0;.
The results to be presented are for the cw fleld €(t) = A X2, cos (w — wpo)t
described earlier. However, for IBr, we have shown (18) that similar selectivity

and yield may be obtained using Gaussian pulses too.
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3.1 Flux maximization using FOIST

The variation of maximized flux out of channels 1 and 2 as a function of field
amplitude at a laser frequency w = 0.087 a.u. (19094 cm™) using the optimal
combinations *** and ¥*** of the ground, first and second vibrational levels
(filled symbols) is compared with maximum from any one of the v=0, v=1 and
v=2 vibrational eigenstates (open symbols) in Fig 2. Since the optimal FOIST
combination comprises of v=0, 1 and 2 vibrational states, the optimized flux
is compared with the maximum attainable if total initial population was to be
in any one of these and not just with the yield from v=0. The circles represent
flux out of the I + Br, and triangles out of the I + Br* channel. For the broad
range of field strengths considered in Fig. 2, the sum of flux out of I + Br
and I + Br* channels adds to 1 which means there is total dissociation. At
lower amplitudes, yield out of the I + Br* channel is greater and at larger
amplitudes the yield is predominantly out the of the I + Br channel.

The results of Fig. 2 therefore show that for the chosen frequency,
almost total dissociation is attainable for a range of field amplitudes and we
can get more I + Br or I + Br* (the desired selectivity) with simple cw fields
employed in the FOIST scheme. We may therefore infer that considerable
dissociation and selectivity (almost any branching ratio) may be achieved using
the scheme (18,19) presented here. The extent of optimization however varies
with field amplitude and at the two ends of the field range, the FOIST results
do not provide much improvement over the maximum available from one of
the pure vibrational states in the optimization manifold. It should however be
noted that FOIST alone can provide which of the v=0, 1 or 2 is optimal for

the chosen objective.
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3.2 Spatial attributes of the optimal initial state

The selective flux maximization from the FOIST scheme shown in Fig. 2 is
achieved by altering the spatial profile of the initial state to be subjected to
the photolysis pulse and since changes in flux are due to the flow of probability
density, it is useful to examine the attributes of the probability density profiles

from the field optimized initial states.
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Fig. 1 Potential energy curves of IBr. Fig. 2 Flux out of channels 1 and 2

as a function of field amplitude.

The probability density plots for the first three vibrational states ¢q, ¢; and
¢ of the IBr molecule are plotted in Fig. 3 and the probability density profile
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from the optimal superpositions ** and ¢7*** which maximize flux

out of I+ Br and I + Br* channels respectively for a field frequency w = 0.087
a.u. (19094 cm~! / 524 nm) and amplitude A = 0.03 a.u. are displayed

in Fig. 4. The chosen field amplitude is the lowest for which almost 100%

dissociation (18) occurs using a pulse length of 480 fs (20,000 a.u.), followed

by further propagation without the field for another 387 fs (16,000 a.u.).
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Fig. 3 Probability density for the Fig. 4 Probability density for the

vibrational eigenstates ¢o, $1 and ¢2  optimal superpositions Y**® and ¥3**®

The probability density for the ground vibrational level ¢, peaks at 4.66

a.u., that for 97 at 4.8 a.u. and for ¢/7*** at 4.58 a.u. The optimal wave-

function 1J"** seems to maximize flux out of channel 2 (I + Br*) by localizing

the probability demsity to the left of that given by the ¢y wavefunction and
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¥7** maximizes flux out of channel 1 (I + Br) by localizing probability density
to the right of the ¢y probability density peak. Though the results presented
here are for a single representative frequency, this trend of ¥J*** peaking to
the left of ¢y and ¥** to its right persists throughout the frequency range
specified earlier. The probability density profiles for ¥]*** and ¥J**® are mu-
tually exclusive and much more compact as compared to those from ¢, ¢; or
¢9. Furthermore, the probability density profiles from pure eigenstates ¢o, ¢1
and ¢, (Fig. 3) subsume the spatial attributes of both %*** and ¥5*** (Fig.
4) which explains why selective photodissociation cannot ensue from the use
of only one of these molecular eigenstates as the initial state. This is achieved
in the cases studied by us through dominant component coming from v=0 for
Y5*® and from v=1 at lower amplitudes and v=2 at higher amplitudes for
ypes.

This need for a suitable mixing of vibrational states for selective control
of photodissociation is also seen in the optimal control theory based calcula-
tions (23) on IBr where the additional frequency components of the optimal
field separated from each other by IBr ground state vibrational spacings, large
expectation value for the internuclear distance on the electronic ground state
corresponding to vibrational stretch for highly excited vibrational levels of IBr
and extremely intense fields required to achieve this in the very beginning of
the control procedure point to the same central role of initial mixing of vi-
brational states in achieving selective control. In our FOIST scheme, y%*
and ¥7*** represent the premixing of vibrational states required for selective
control with an additional advantage that the photolysis pulse may be chosen

beforehand for practical convenience.
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3.3 The dynamical evolution of the optimal initial state

In the FOIST based selective control, it is the %" or the 95 which are
transported to the excited electronic states. In the case of IBr, the B(3IIF)
state is coupled four times more strongly with the ground state (o1 = 0.25u¢;)
as compared to the B(O™) state. Also, the B(O") state is far off resonance
within the frequency band considered by us and the amplitude transferred to
the B(3T1{) level will therefore be much larger and dominate the photodis-
sociation outcome. The broad mechanistic details may therefore be inferred
from arguments employing the dynamics ensuing from the evolution of the
wavepacket on the B(3II§) curve alone. We may therefore deduce from the

structural features of | ¥§**®

|* (Fig. 4) that for any given frequency, transi-
tions from the initial state represented by %5'* will occur to the energetically
higher or steeper, more repulsive region of the excited B(*II{) potential en-
ergy curve. The excited molecule described by #5**® will therefore traverse the
B(I{) - B(O7) crossing with greater velocity and exit out of the excited I
+ Br* channel compared to where the molecule is represented by ¥*** which
transfers it to a relatively smoother region of the B(3II{) state potential energy
curve thereby facilitating a slower adiabatic exit out of the lower I + Br chan-
nel. Selective maximization is effected through localization of the probability
density at internuclear distances which enable Franck - Condon transitions
to appropriate region of the excited states. Transfer of the wavefunction to
the more steep, repulsive part of the excited potential energy curves favours
high velocity diabatic exit into the higher channel. Localization away from the
repulsive wall favours slow adiabatic exit into the lower channel.

This interpretation of the control mechanism utilizing 4¥*® and 5**
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as the initial states is consistent with the analysis of the frequency dependence
of IBr photodissociation as a function of the molecular radial velocity using
the Landau - Zener theory presented by Devries et al where increase in pho-
todissociation yield out of the I+ Br* channel with increase in frequency is well
correlated with an increase in radial velocity at the crossing point (24). From
Fig. 4, it is obvious that | %% |* and | 42 |* are localized in a mutually
exclusive manner and that the optimization leads to a significant altering of
the spatial profiles to excite the molecule to the region most suited for direct-
ing flux out of the desired channel. A more detailed substantiation of these

assertions has been attempted elsewhere (19).

3.4 Absorption spectrum and branching ratio

The mechanism of the FOIST based selective control of IBr photodissociation
has been further probed by the use of ¥{*** and ¥7*** in the TDWP calculation
of IBr absorption spectrum (Fig. 5) and branching ratio (Fig. 6).

The absorption cross-section obtained using ¥§**® as the initial con-
dition is smooth with only a negligible interference pattern around 600 nm.
The absorption spectrum from ¥"** as the initial condition contains a series
of sharp peaks characteristic of predissociation dynamics (25) in the higher
wavelength region due to a slower approach to the B(*II{) - B(O") crossing.
The longer wavelength region is dominated by predissociation in the vicinity
of the energy values around the B(3IIy+) - B(O?) crossing leading to the com-
plicated interference pattern seen in the ¥**® absorption profile. In contrast,
the smoothness of the absorption spectrum from ¥§"** as the initial condition

stems from the initial placement of the ¥7**® wavepacket on the steeper part
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of the excited curve which facilitates faster diabatic exit with little time for
interference. The absorption spectrum from ¢q (Fig. 5) as the initial condition
has also been plotted and compares well with other calculated and experimen-
tal (25,26) absorption spectra for IBr. The absorption spectra peak at the
wavelengths corresponding to the vertical Franck - Condon transition energies

with ¥"*, ¥I*** and ¢ as the initial states.

0.05 — T — .
- 28 — IBr —
§ R
003 — — 0
2 I @ o0 - -
45 EE, I ¢
g 0 - . = 16 b -
901 — |  max .
< I 12 ¥
000 T t—"T7 08 P U S
350 400 450 500 550 600 650 700 350 400 450 500 550
Anm) A(nm)
Fig. 5 Total absorption spectrum Fig. 6 Branching ratio I'(Br*/Br)

The branching ratio I'(Br* / Br) with ¢, ¥ and ¥7*** as the initial
conditions are plotted in Fig. 6. At all energy values, ['(Br* / Br) is much
larger in magnitude with ¥**® as the initial condition compared to that with

¢o or Y*** as the initial condition and I'(Br* / Br) is uniformly smaller with
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¥7** as the initial condition as compared to 13**® or ¢ as the initial condition.
This does seem to suggest that preparation of the initial state for a suitable
photolysis pulse using our FOIST scheme can provide selective control through

constructing appropriate linear combination of vibrational states.

4 Concluding remarks

Results from the selective control of IBr photodissociation using the optimal
superpositions selected by the Rayleigh - Ritz variational procedure for max-
imization of flux out of the desired channel for the chosen field confirms the
utility of the FOIST approach advocated here. The results reveal that the se-
lective maximization is effected through localization of the probability density
at internuclear distances which enable Franck - Condon transitions to appro-
priate region of the excited states. Transfer of the wavefunction to the more
steep, repulsive part of the excited potential energy curves favours high veloc-
ity diabatic exit into the higher channel. Localization away from the repulsive
wall favours slow adiabatic exit into the lower channel. The nascent mechanis-
tic notions linking selectivity to appropriate modification of the initial state
have been further examined by an analysis of the resulting absorption spec-
trum and branching ratios and this central role for modified spatial profile in
selective control provides a new possibility for experimental exploration.

The experimental realization of the optimal initial states is however a
completely uncharted area at this time. In an earlier paper (17), we have pre-
sented the formmlae to obtain field parameters required to achieve these field
optimized initial states and the optimal control (30) approach may also be

easily and profitably employed to attain this FOIST comprising of only three
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vibrational levels. The parametric equations of motion for Time dependent
Schrédinger equation (31) also provide an economic map of vibrational popu-
lation as a function of field parameters and may be harnessed for this task. We
however believe that while the theoretical tools are useful, the central result
from our investigations (17-20,23,27) is that instead of putting the entire onus
of selective control on a theoretically designed laser pulse which may not be
easy to realize in practise, the approach where different vibrational population
mixes are experimentally obtained and subjected to readily attainable photoly-
sis pulses leading to an empirical experimental correlation between selectivity
attained for diverse photolysis pulses and initial vibrational population mix
used, represents a more promising and desirable alternative. Our results, we
hope will spur such experimental tests and a concerted partnership between
field and initial state shaping is required to better realize the chemical dream
(1,2) of using lasers as molecular scissors and tweezers to control chemical
reactions.

It is our hope that the approach advocated here will merit experimen-
tal attention, where, instead of attempting selective control by using an active
field manipulating a passive molecule in the ground vibrational state, experi-
ments will be planned to use a variety of population mixes as the initial state.
Should a pattern of the kind where altered spatial probability density profiles
of the type studied here are experimentally confirmed to lead to selective con-
trol, generation of these profiles can be reduced to finding a suitable linear
combination of known vibrational eigenfunctions without requiring any time
dependent quantum mechanical calculations whatsoever. In an extremely op-

timistic scenario, since the profile of the standard simple harmonic oscillator
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eigenfunctions is well known, a lot can be done by mere inspection as well.
Also, we have utilized three vibrational states, but there could be frequency
ranges where only two vibrational states play a dominant role and further
simplification may be obtained by examining flux as a function of initial vi-
brational states for an even easier shaping of the optimal linear combination.

In conclusion, the Rayleigh - Ritz variational maximization of flux by
generating an optimal spatial profile for the initial wavefunction offers a new
and flexible alternative for laser assisted selective control of chemical reactions.
It is our hope that the FOIST based approach presented here will attract reg-
uisite experimentation and a concerted partnership between field and initial
state shaping advocated here will assist in keeping the dream of controlling
chemical reactions by modifying the underlying quantal dynamics, alive, and
attractive for further pursuit. A detailed study of the variational properties of
the time integrated flux operator underlying our FOIST scheme to correlate
field attributes with the resulting optimal mix of field free vibrational eigen-
states in ¥ and ¥J'** will provide additional mechanistic insights and an

effort along these lines is underway in our group.

It is difficult not to be sentimental when I(MKM) recall my graduete studentship
under Yngve Ohrn. I feel privileged to have had him as my supervisor and it is
with utmost pleasure that I take this opportunity to record my deep gratitude to him

for his fine example combining high scientific achievement with superlative human

qualities.
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ABSTRACT

Molecular anions that possess excess internal vibrational and/or rotational
energy can eject their “extra” electron through a radiationless transition event
involving non Born-Oppenheimer coupling. In such processes, there is an
interplay between the nuclear and electronic motions that allows energy to be
transferred from the former to the latter and that permits momentum and/or
angular momentum to also be transferred in a manner that preserves total energy,
momentum, and angular momentum, There are well established quantum
mechanical expressions for the rates of this kind of radiationless process, and
these expressions have been used successfully to compute electron gjection rates.
In this paper, we recast the quantum rate equation into more physically clear
forms by making use of semi-classical approximations that have proven useful
in rewriting the quantum expressions for rates of other processes (e.g., photon
absorption) in a more classical manner. It is hoped that by achieving alternative
and clearer interpretations of the electron ejection rate equation, it will be

possible to more readily predict when such rates will be significant.

1. INTRODUCTION

1.1 Relation to Experiments

There exist a series of beautiful spectroscopy experiments that have been
carried out over a number of years in the Lineberger (1), Brauman (2), and
Beauchamp (3) laboratories in which electronically stable negative molecular
ions prepared in excited vibrational-rotational states are observed to eject their
“extra” electron. For the anions considered in those experiments, it is unlikely
that the anion and neutral-molecule potential energy surfaces undergo crossings
at geometries accessed by their vibrational motions in these experiments, so it is

believed that the mechanism of electron ejection must involve vibration-rotation
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to electronic energy flow. That is, the couplings between nuclear motions and
electronic motions known as non Bon-Oppenheimer (BO) couplings have been
postulated to cause the electron ejection rather than curve crossings in which the
anion’s energy surface intersects that of the neutral at some geometries.

In earlier works (4), we and others (5) have formulated and computed such
non BO coupling strengths for several of the anion systems that have been
studied experimentally including:

1. Dipole-bound anions (Sa, 4f) in which the extra electron is attracted primarily
by the dipole force field of the polar molecule and for which rotation-to-

electronic coupling is most important in inducing electron ejection.

2.NH (XI) for which (4d) vibration of the N-H bond couples only weakly to
the non-bonding 2p,, orbital and for which rotation-to-electronic coupling can be
dominant in causing electron ejection for high rotational levels.

3. Enolate anions (4¢) that have been “heated” by infrared multiple photon

absorption for which torsional motion about the H,C-C bond, which destabilizes

the 1 orbital containing the extra electron, is the mode contributing most to
vibration-to-electronic energy transfer and thus to ejection.

Our calculations have been successful in interpreting trends that are seen in
the experimentally observed rates of electron ejection. However, until now, we
have not had a clear physical picture of the energy and momentum (or angular
momentum) balancing events that accompany such non BO processes. It is the
purpose of this paper to enhance our understanding of these events by recasting
the rate equations in ways that are more classical in nature (and hence hopefully
more physically clear). This is done by
1. starting with the rigorous state-to-state quantum expression for non BO
transition rates (4g),

2. including what is known from past experience (4) about the magnitudes and
geometry dependencies of the electronic non BO matrix elements arising in these

rate expressions, to
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3. make the simplest reasonable semi-classical approximation to the nuclear
motion (7) (i.e., vibration-rotation) and its coupling to the electronic motions.
By so doing, we are able to arrive at expressions for rates of electron ejection
that, in our opinion, offer better physical insight into these radiationless
processes and thus offer the potential for predicting when such rates will be

significant in other systems.

1.2 State-to-State Quantum Rate Expression
Within the Born-Oppenheimer approximation to molecular structure, the

electronic Schrédinger equation

he (11Q) W(rlQ) = Ex(Q) wi(rlQ) M
is solved to obtain electronic wavefunctions yi(r/Q), which are functions of the

molecule’s electronic coordinates (collectively denoted r) and atomic coordinates

(denoted Q), and the corresponding electronic energies Ei(Q), which are functions

of the Q coordinates. The electronic Hamiltonian

he(rlQ) = % {-6/2m, V> +1/2 5 &/rij - TaZae” frig

+ 12 Zgstt ZaZo € /Rap ) @

contains, respectively, the sum of the kinetic energies of the electrons, the
electron-electron repulsion, the electron-nuclear Coulomb attraction, and the
nuclear-nuclear repulsion energy. In h, , second-order differential operators
involving the coordinates of the electrons appear, but the coordinates of the
atomic centers appear only parametrically in the various Coulomb potentials.

Hence, the solutions {yy and E;} depend only parametrically on the nuclear

positions.
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Given the solutions to the electronic Schrédinger equation, the solutions of
the full Schrédinger equation (i.e., the equation in which all nuclei and electrons

are moving)

H(rQ) ¥(r,Q =E ¥(r,Q) 3)
are expressed as sums over the (complete set of functions of the electronic

coordinates r) electronic functions {wy (r|Q)}

¥(r,Q) = Zx W(rlQ) Xk (Q), @)
with the “expansion coefficients” y(Q) carrying the remaining Q-dependence.

When substituted into the full Schrddinger equation, this expansion of ¥ gives

equations which are to be solved for these {y} functions:

(H-E)Z yi(rlQ) Xk (Q) = 0. ®
Using the fact that the full Hamiltonian H is he plus the kinetic energy operator

for nuclear motion T

H=he+T= he+ 3, (h/2m, Vy), ©)
and premultiplying the above Schrédinger equation by W and integrating over

the electronic coordinates gives the set of coupled equations that need to be

solved for the {yy}:

T | wn*@Q) {he +T -E} y(rlQ) 1i(Q) dr

= {Ex(Q) -E} %a(Q + T %(Q)

+ T, %y {f W*(lQ) (-ib-dyi/OR,)(-ik-dx/aRa)/m, dr

+§ Yn*(Q) (K3 Wi/dR,’ V2m, dryx} = 0. 9

The expression
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{En(Q) -E} xn(Q) + T xn(Q)=0 (8a)
is, within the Born-Oppenheimer model, the equation governing the nuclear
motion functions {}i 1 (Q)} in the absence of the so-called non Bom-
Oppenheimer (non BO) coupling terms (i.e., the latter two terms in Eq.(7)).
Within this model, the vibration-rotation functions {¥y (Q)} of each specific
electronic state labeled k are found by solving the vibration-rotation Schrdinger

equation

{T + Ex(Q)} xk,L (Q) = &L Xk,L (Q) (8b)
There are a complete set of functions of Q (i.e., the {)x 1} for gach electronic
state k.

In the theory of radiationless transitions as covered in this paper (6,4g), the
two non BO terms are treated as perturbations (not externally applied, but arising
as imperfections within this model of molecular structure) that can induce
transitions between unperturbed states each of which is taken to be a specific

Bom-Oppenheimer product state:

YL (r,Q) = Wk (Q) Xk,L (Q)- (&)
It is reasonably well established that the non BO coupling term involving second
derivatives of the electronic wavefunction contributes less to the coupling than
does the term (-0 /0R,) (-ik0Y/0R,)/m, having first derivatives of the
electronic and vibration-rotation functions. Hence, it is only the latter terms that
will be discussed further in this paper.

With this background, it should not be surprising that it has been shown
that the rate R (sec!) at which transitions from a Bom-Oppenheimer initial state
Y=y to a final state Wi = yyy¢ is given, via first-order perturbation

theory, as:
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2
R = (2 [i<xil <wi [Pl e >(P/wxe>]" 8(er + E - &) p(E) dE. (10)
Here, &; ¢ are the vibration-rotation energies of the initial (anion) and final

(neutral) states, and E denotes the kinetic energy carried away by the ejected
electron (e.g., the initial state corresponds to an anion and the final state to a
neutral molecule plus an ejected electron). The density of translational energy

states of the ejected electron is p(E) = 41cmeL3(2meE)U 2/h? . We have used the

short-hand notation involving P P/l to symbolize the multidimensional

derivative operators that arise in the non BO couplings as discussed above:

Py Y®/uys) = Ly (-H0yyoR,)(-ir0% #0R,)/my, (1n
where R, runs over the Cartesian coordinates (X, Y, , Zy ) of the a atom whose
mass is m,. In Eq. (10), the product p dE is unitless, 8(gr + E - ;) has units of
sec?/(gm cm?), the square of the P matrix element has units of (gm cm/sec)?, the
square of the P/l matrix element has units of (cm/sec)z, and 2nt/k has units of

(sec/(gm cmz)). Hence the product has units of sec!.

1.3 The Electronic Non BO Matrix Elements

The integrals over the anion and neutral-plus-free-electron electronic states

mi = <Yy [P yi> (12)
are known to be large in magnitude only under special circumstances:

1. The orbital of the anion from which an electron is ejected to form the state yf

of the neutral (usually the anion’s highest occupied molecular orbital (HOMO))
must be strongly modylated or affected by movement of the molecule in one or
more directions (Q). That is dyj/0Q, which appears in Py; , must be significant.
2. The state-to-state energy gap €; - &, which is equal to the energy E of the

ejected electron, must not be too large; otherwise, the oscillations in the ejected
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electron’s wavefunction g will be so rapid as to render overlap with dyi/0Q
negligible.

Moreover, symmetry can cause m; r= <Wr |P| ;> to vanish. In particular, if the
direct product of the symmetry of y; and of 3/0Q do not match that of y¢, then
m; ¢ will vanish.

Let us consider these conditions in more detail before proceeding further
because they form the basis for approximations that are introduced later. The
derivatives or responses of the anion’s orbitals to nuclear motions dy;/0Q arise
from two sources:

1. The orbital’s LCAO-MO coefficients depend on the positions of the atoms
(or, equivalently, on bond lengths and internal angles). For example, the *
orbital of an olefin anion that contains the “extra” electron is affected by
stretching or twisting the C-C bond involving this orbital because the LCAO-
MO coefficients depend on the bond length and twist angle. As the bond
stretches or twists, the mt* orbital’s LCAO-MO coefficients vary, as a result of
which the orbital’s energy, radial extent, and other properties also vary.

2. The atomic orbitals (AO) themselves respond to the motions of the atomic
centers. For example, vibration of the X*IT NH" anion’s N-H bond induces dy;
character into the 2p, orbital containing the extra electron as shown in Fig. 1.
Alternatively, rotation of this anion’s N-H bond axis causes the 2p, HOMO to
acquire some 2pq character (see Fig. 1 again). Such AO responses can be

evaluated using the same analytical derivative methods that have made
computation of potential energy gradients and Hessians powerful tools in

quantum chemistry.
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d¥/dR = (P(R+8) - ¥(R))B d'¥/de = (¥(6+5) - ¥(8))/8

causes 2p, to acquire d character C2Uses 2px to acquire 2p,
character

Figure 1. Orbital response of NH ‘s 2p,, orbital to (a) vibratation of the N-H
bond (left) and (b) rotation of the N-H bond (right).

Another view of how the LCAO-MO coefficients vary with geometry can be
achieved by differentiating h, y; = E; y; with respect to Q (an arbitrary molecular
motion) and then premultiplying by the anion-plus-free-electron function Yy and

integrating over the electronic coordinates r to obtain:

<yr [ohe/0Q|y; >/(E; -Eg -E) = <y¢|d/0Qys;>. (13)
In this form, one sees that the response of the anion’s electronic state, when
projected against the neutral-plus-free-electron state to which it will decay, will
be enhanced at geometries where the anion and neutral potential surfaces
approach closely (so the denominator in Eq. (13) is small). Enhancement is also
effected when the initial and final states have a strong matrix element of the

“force operator” ohe/0Q. The latter is effectively a one-electron operator
involving derivatives of the electron-nuclear Coulomb attraction potential X; Z,
Z,¢? /1ii a» SO the matrix element <y |0h/dQ|y; > can be visualized as

<o |0he/0Q|d; >, where @; is the anion’s HOMO and ¢sis the continuum orbital

of the ejected electron. At geometries where the anion-neutral energy surfaces are
far removed, the denominator in Eq.(13) will attenuate the coupling. If the state-

to-state energy difference g; - e¢= E accompanying the electron ejection is large,



292 J. Simons

the integral <¢¢ |0h./0Q|¢; > will be small because the continuum orbital ¢¢
will be highly oscillatory and thus will not overlap well with (dh./0Q )¢;.

In summary, for non BO coupling to be significant (4) the anion’s HOMO
must be strongly modulated by a motion (vibration or rotation) of the
molecule’s nuclear framework and the state-to-state energy gap must not be too

large as to render the HOMO-to-continuum-orbital overlap insignificant. For the

HOMO to be strongly modulated, it is helpful if the anion and neutral energy
surfaces approach closely (n.b., this is not the same as requiring that the state-to-

state energy gap €; - & be small) at some accessible geometries.

It should be emphasized that it is necessary but not sufficient for E{Q) -
E;(Q) to be small over an appreciable range of geometries; this only guarantees
that the denominator in Eq. (13) is small. It is also necessary that E{Q) - E{(Q)
decrease at a significant rate as the point of closest approach is reached; this is
why we say the surfaces must approach closely. Viewed another way, if E{Q)
- Ej(Q) were small yet unvarying over some range of geometries (Q), then the

HOMO’s electron binding energy (and thus radial extent) would remain
unchanged over this range of geometries. In such a case, movement along Q
would not modulate the HOMO, and thus dyj/0Q would vanish. Let us consider

a few examples to further illustrate.

1.4 A Few Exampies

In Fig. 2 are depicted anion and neutral potential curves that are
qualitatively illustrative of (1b,4d) the X2ITNH™ case mentioned earlier. In
this anion, the HOMO is a non-bonding 2p,, orbital localized almost entirely on
the N atom. As such, its LCAO-MO coefficients are not strongly affected by
motion of the N-H bond (because it is a non-bonding orbital). Moreover, the

anion and neutral surfaces have nearly identical R, and @, values, and similar

D, values, as a result of which these two surfaces are nearly parallel to one
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another and are separated by ca. 0.4 €V or more than 3000 cm’!. It has been seen
experimentally that excitation of NH  to the low rotational states of the v=1
vibrational level, which lies above v=0 NH neutral, results in very slow (e.g.,
cs. 108 sec™!) electron ejection, corresponding to ca. one million vibrational
periods before detachment occurs. However, excitation to high rotational levels
(e.g., J = 40) of v=1 produces much more rapid electron ejection (ca. 10%-1010
sec’]). These data have been interpreted as saying that vibrational coupling is
weak because of the non-bonding nature of the 2p, MO, while rotational
coupling becomes significant for high J.
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Figure 2. Anion (lower) and neutral (upper) potential energy surfaces illustrative
of NH™ where the surface spacing does not vary strongly along R.

Fig. 3 shows a hypothetical case similar to the NH  situation but for which
the anion and neutral curves approach closely at longer bond lengths. In this
case, one would expect larger rates of detachment than in NH™ because
1. The state-to-state gap &; -€¢ is small for the two states labeled in Fig. 3.

2. The anion and neutral curves approach one another at R values that are
accessible to the vibrational wavefunctions of the two states shown in Fig. 3,

thus allowing strong modulation of the HOMO.
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Figure 3. Anion (lower) and neutral (upper) potential energy surfaces illustrative
of cases where the surface spacing varies strongly along R and becomes small at
some R.

In Fig. 4 are shown anion and neutral potential curves, as functions of the

“twist” angle of the H,C-C bond in a typical enolate anion (2,4€) such as
acetaldehyde enolate HCCHO" . Angles near 6 =0 correspond to geometries
where the p; orbital of the H,C moiety is delocalized over the two py orbitals of
the neighboring C and O atoms, thus forming a delocalized 1 HOMO.
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Figure 4. Anion (lower) and neutral (upper) potential energy surfaces illustrative
of enolate cases where the surface spacing varies strongly along the HyC-C

torsion angle 8 and becomes very small near 6 = 90°.
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At angles near 6 = 90° , the py orbital of the H>C group is no longer stabilized
by delocalization; so the HOMO’s energy is much higher (as a result of which
the anion-neutral surfaces approach closely). In this case, excitation of, for
example, v=7 in the H>C-C torsional mode of the anion might be expected to
produce electron ejection because v=7 of the anion lies above v =0 of the
neutral. However, over the range of 0 values accessible to both the v=7
vibrational function of the anion and the v=0 function of the neutral, the anion-
neutral potential energy gap is quite large (i.e., E¢(Q) - E;(Q) is large even
though g; -€¢ is small). In contrast, excitation of v=9 of the anion could produce
more rapid electron ejection (to v=2 of the neutral, but not to v=0 of the neutral)
because for the v=0 — v=2 transition there are angles accessed by both v=9
anion and v=2 neutral vibrational functions for which Eg (Q) - E{(Q) is small and
changing; moreover, the state-to-state gap €; -€¢ is also small in this case.

The purpose of these examples and of considering the nature of the
electronic non BO matrix element was to prepare for critical approximations that
are to be introduced. In particular,

1. We will focus on transitions for which g;- £r_is small.

2. We will focus on molecular deformations that most strongly modulate the
anion’s HOMO, so

3. we will focus on geometries Q near which the anion-neutral surface spacing is

small and changing.
2. TIME CORRELATION FUNCTION EXPRESSION FOR RATES
Before dealing further with the non Born-Oppenheimer case, it is useful to

recall how one can cast other rate expressions, such as the rate of photon

absorption (7) accompanying an electronic transition in a molecule, in terms of a
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Fourier transform of a time dependent function that involves dynamical motions

on the initial and final electronic states’ potential energy surfaces.
2.1 The Optical Spectroscopy Case

2.1.1 From Wentzel-Fermi Golden Rule to the Time Domain

The expression for the rate R (sec™!) of photon absorption due to coupling V
between a molecule’s electronic and nuclear charges and an electromagnetic field
is given through first order in perturbation theory by the well known Wentzel

Fermi “golden rule” formula (7,8):

2
R = Qu/B)i<wi xi [V] vt xe>[" 3(er - € - o). (14)
Here, y; ¢ and ¥; rare the initial and final state electronic and vibration-rotation
state wavefunctions, respectively, and g; ¢ are the respective state energies which

are connected via a photon of energy k. For a particular electronic transition

(i.e., a specific choice for y; and yeand for a specific choice of initial vibration-
rotation state, it is possible to obtain an expression for the total rate Rt of

transitions from this particular initial state into all vibration-rotation states of
the final electronic state. This is done by first using the Fourier representation of
the Dirac 8 function:

3(er - &; - ko) = (1/21k) | explit(es - &; - ho)/k] dt 15)

and then summing over the indices labeling the final vibration-rotation states (s

Rr=Qn/k)Z; (1/2nh) [ explit(es - €; - hw) /k)

<Wi %i VI W 26> <y 2 [V] e 2 >* dt. (16)
Next, one introduces the electronic transition matrix element (which may be an
electric dipole matrix element, but need not be so restricted for the development

presented here)
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Hif = <ye|Vy;> (17
and uses the facts that the y; ¢ are eigenfunctions of the electronic Hamiltonian
he and that the ¥; ¢ are eigenfunctions of the vibration-rotation Hamiltonia T +
Vif(Q) belonging to the two electronic states having potential energies V; £(Q)

and vibration-rotation kinetic energy T (both of which are functions of the

molecule’s atomic position coordinates collectively denoted Q)

he Wi r=Vif(Q) Wig (18a)
[T+ Vir(Q) ] %if =EifXis- (18b)

These identities then allow Rt to be rewritten as

Rr=QrnMZs (1/21k) [ exp[-it @]
<xilexp(-ithyh) p; ¢ ¥ x> <yrexp(ithgB)| Wil x> dt. _ (19

In this form, the completeness of the {x¢}

elxe<xd = 1 20
can be used to eliminate the sum over the vibration-rotation states belonging to

the final electronic state and thus express Rt in the following manner:

Ry= (2n/k) (1/27k) | exp[-it @]
< exp(ithi/h)x; | Wis* exp(ithe®) pi¢| xi > dt. @n

The above expression is often visualized (and computed) (9} in terms of the

(a) One function F is equal to the initial vibration-rotation function }y;> upon
which the electronic transition perturbation y; ¢ acts, after which the resultant
product function is propagated for a time t on the final-state’s potential energy

surface by using the propagator exp(ith¢h).
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(b) The second function F is equal to the initial vibration-rotation function |;>
which is propagated for time t on the initial-state’s potential energy surface
using the propagator exp(ith;/k) (which, of course simply produces exp(ite;/h)
times |;>) , after which the electronic transition perturbation W; ¢ is allowed to
act.

The overlap <F5 |[F)> is then Fourier transformed at the energy ko of the
photon to obtain the rate R of absorption of photons of frequency o.

Before returning to the non-BO rate expression, it is important to note that,
in this spectroscopy case, the perturbation (i.e., the photon’s vector potential)
appears explicitly only in the p; r matrix element because this external field is
purely an electronic operator. In contrast, in the non-BO case, the perturbation
involves a product of momentum operators, one acting on the electronic
wavefunction and the second acting on the vibration/rotation wavefunction
because the non-BO perturbation involves an explicit exchange of momentum
between the electrons and the nuclei. As a result, one has matrix elements of the
form <y;| <y; |P| wg>(P/W)xs> in the non-BO case where one finds <y;| <y;
[V} we >[xs> in the spectroscopy case. A primary difference is that derivatives of
the vibration/rotation functions appear in the former case (in (P/p)y, ) where only

% appears in the latter.

2.1.2 The Semi-Classical Approximation to Rt

There are various approximations (7) to the above expression for the

absorption rate Rt that offer further insight into the photon absorption process

and form a basis for comparison to the non Bom-Oppenheimer rate expression.
The most classical (and hence, least quantum) approximation is to ignore the fact

that the kinetic energy operator T does not commute with the potentials V; ¢ and

thus to write
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exp(ith; /') = exp(itT/k) exp(itV; g'h). (22)
Inserting this into the above equation for Rt and also assuming that T also
commutes with [; ¢ (or that L, £ does not depend significantly on geometry Q),

gives

Rr= (2n/k) (1/2nhk) | expl-it ]
<y exp(itV/B)| p; ¢ * exp(itVeB)| p; | x; > dt. (23)

Then, carrying out the Fourier integral over time gives,

(1/2mh) | explit(Vs - Vj- kw) /A] dt = 8(Vs - V; - ko). 24)
This delta function can be used in the expression for Ry to constrain the

multidimensional integral over vibration-rotation coordinates (denoted Q) to

those specific values which obey the energy conservation condition

ho = VH(Q) - Vi(Q), (25)
thereby yielding
Ry=(2n/k) < il Mif* 8(Vs - Vi- bo) Wil x> - (26)

This semi-classical result can be interpreted as saying that Rt is given as the
norm of the function ;¢ , consisting of the perturbation ;¢ acting on the
initial vibration-rotation state, constrained to those regions of space which obey
the condition B = VH{Q) - V;(Q). This condition is equivalent to constraining

the integration to those regions within which the change in classical kinetic

energy in moving from the initial-state surface V; to the final-state surface Vr is

zero. One can visualize such geometries as those at which the upper potential

energy surface V¢(Q) is intersected by the lower surface V; (Q) once the lower
surface is shifted to higher energy by an amount k. In Fig. 5 is shown such an
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intersection between a V{Q) surface and a lower-state V;(Q) surface that has been
shifted upward in energy. In this example, transitions between the initial level g;
and the final level ¢, whose difference &¢- g; = ho determines the energy shift,

would occur at R values near where the two surfaces cross.

2.1.3 Relation to Landau-Zener Surface Hopping Rates
It is instructive to examine further the approximate semi-classical form for

Rt shown above because, when viewed as a rate of transition between two

intersecting energy surfaces, one anticipates that connection can be made with
the well known Landau-Zener theory (10). For a non-linear molecule with N

atoms, the potentials V; ¢(Q) depend on 3N-6 internal degrees of freedom (for a

linear molecule, V; ¢ depend on 3N-5 internal coordinates). The subspace S

€i

L DL L L L O L L L O L L B L L)
R in Angstroms

Figure 5. Anion (lowest) and neutral (second lowest at large R) potential energy
surfaces arising in the photon absorption case. The curve that is highest in
energy at large R is the anion surface that has been shifted upward in energy by
the photon’s energy ho (which has been chosen to make &¢ equal to g; plus the

photon’s energy).
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within which V¢(Q) = Vi(Q) +he will be of dimension 3N-7 for the non-linear

molecule case. Any geometrical arrangement of the molecule can be described by
specifying an orientation Q (i.e., three orientation or Euler angles for a non-
linear molecule), a 3N-7 component vector s lying within the subspace S and a

distance d along the unit vector n that is normal to S at s:

Q={Q ,R}, where R=s+dn. 27
Points lying within S are characterized by d=0.

The integral appearing in Rt can be rewritten (7b) as an integral over
orientations, an integral over the 3N-7 dimensional subspace S, and a one-
dimensional integral over d:

Rr = Qu/k)dQ [dS Jdd [i(s. Q) |ii (5,4,Q)]° 8(Ve(s,d)

- Vi(s,d) - ho). (28)
Expanding V¢ (s,d) - Vi(s,d) - ho in powers of d about the point d=0 and
realizing that V¢(s,0) - V;(s,0) - ho =0, allows the delta function to be written

as a delta function for the variable d:

8(Vi (s,d) - Vi(s,d) - hw) = 8(V¢(s,0) - Vi(s,0) - b + [Fe(s) -Fi(s)] d )
= | Fls) -Fis)|”' 8(d). @9
Here, Fj ((s) are the gradients of the respective potentials V; ¢ along the direction

n normal to S evaluated at the point s,d=0; these gradients, of course, are the

negatives of the classical forces normal to S experienced on the V; ¢ surfaces.
With this expression for the delta function, the rate R can be expressed as an

integral over orientations and over coordinates totally within the space S:

Rr = QumfdQ [aS 1i(s,0,Q) it (5.0,Q) | Fx(s) Fi(s)" . (30)
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The Landau-Zener expression for the probability P of moving from V;(Q) +
ha to VAQ) under the influence of the perturbation y; ¢ (s,0,Q) is

2 -1
P =21 |p;f(s,0,Q)|" [ | Fe(s) -Fi(s)| Bval @31
where vy is the speed at which flux passes through the intersection of the two

surfaces (n.b., any velocity components lying within S do not cause flux to
move between the surfaces since, within S, the surfaces are degenerate). If this
probability is multiplied by the probability of the molecule residing within S

(ie., by ]xi(s,0,9)|2) , then by the rate at which the molecule moves from d=0
to d=3 (i.e., by v4/8), and if one then integrates over all orientations and all S

and over the small range d=0 to d=3, one obtains:

[ds dQ Ixi(s,0,Q)1 (va/8) P &
= QIR [dS bi(s.0.)F i (5.0, | Fy(s) -Fi(s)' = Ry, (32)

That is, the semi-classical approximation to the photon absorption rate is

equivalent to a Landau-Zener treatment of the probability of hopping from V; +

ko to V¢ induced by the electronic coupling perturbation y; ¢ (5,0,82).

2.2 The Non Born-Oppenheimer Case

2.2.1 From Wentzel-Fermi Golden Rule to the Time Domain

Let us now consider how similar the expression for rates of radiationless
transitions induced by non Born-Oppenheimer couplings can be made to the
expressions given above for photon absorption rates. We begin with the
corresponding (6,4g) Wentzel-Fermi “golden rule” expression given in Eq. (10)

for the transition rate between electronic states \; r and corresponding vibration-

rotation states ) f appropriate to the non BO case:
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2
R = 2k [ |<xil <wi [P| we>(P/p)xe>] 8(er + E - &) p(E) dE. (10)
We recall that €; ¢ are the vibration-rotation energies of the molecule in the

anion and neutral molecule states, E denotes the kinetic energy carried away by
the ejected electron, and the density of translational energy states of the ejected
electron is p(E). Also recall that we use the short hand notation to symbolize the
multidimensional derivative operators that arise in non BO couplings and that
embody the momentum-exchange between the vibration/rotation and electronic

degrees of freedom:

Pyt )(P/uys) = I, (-ir0yg/dR,) (-ir0x#OR,)/ma (11
where R, is one of the Cartesian coordinates (X,, Ya, Z, ) of the ath atom whose
mass is m,. These 3N coordinates span the same space as the three center of

mass coordinates plus the Q , s, and d coordinates used earlier in detailing the
semi-classical photon absorption rate expression.

In the event that some subset {Q;} of internal vibration or rotation
coordinates have been identified as inducing the radiationless transition, (Py¢
)(P/uxs) would represent I (-irdyy/0Qy) (-ik-ox#0Q))/(1;), where | is the
reduced mass associated with the coordinate Q;. As indicated in the discussion of
Sec. I. C, it is usually straightforward to identify which distortional modes need
to be considered by noting which modes most strongly modulate the anjon’s
HOMDO. So, for the remainder of this work, we will assume that such active
modes have been identified as a result of which the sum X (—ih-a\yf/an) (-ix
0x70Q;)/(i;) will include only these modes. The integration over all of the other
coordinates contained in the matrix element <y;| <y; |P| wg>(P/W)xs> in Eq.
(10) can then be carried out (assuming the electronic element <y; [P| y¢ > to not

depend significantly on these coordinates) to produce an effective Franck-Condon
like factor (FC):
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<xil <wi [P ye >(P/p)xe>

= Mjminactive J4Qj <Xi; 1Xe5> Mimactive | 4Qj <xijl <wi Pl we >(/)xs 5>

= FC Mieactive | dQj <xijl <wi [P we >(P/Wxe > (32)
Since, by assumption, the anion and neutral molecule do not differ significantly
in their geometries (and vibrational frequencies) along the coordinates
contributing to the FC factor (otherwise, the anion-neutral energy gap would
depend substantially on these modes), the FC factor is probably close to unity in
magnitude. Hence, for the remainder of this paper, we will focus only on the
active-mode part of this expression, and will do so assuming only one such
mode is operative (i.e., we treat one active mode at a time).

Introducing the electronic coupling matrix element

mi = <yr [P| yi>, (33)
which plays a role analogous to the i f of photon absorption theory, and

realizing that P is a Hermitian operator, allows the non BO rate R to be

rewritten as:

R = (2n/k) [ <(P/uyxil mig*fxe> <xe| mif (P>
8(es +E - ) p(E) dE. 34
If the Fourier integral representation of the delta function is introduced and the

sum over all possible final-state vibration-rotation states {¥y} is carried out, the

total rate RT appropriate to this non BO case can be expressed as:

Ry = (2n/k) T¢f (1/21h) [ explit(er - & +E)/h]

<(P/wyxil mi g *|xe> <xel mig (P/u)y;> dt p(E) dE. (3%
The next step is to replace (g¢+ E) <xgd by <x¢| (T + V¢ +E) and (g; )] x; > by
|(T + V;) x> which reduces Rt to



Non-Adiabatic Induced Electron Ejection in Molecular Anions 305

Rt = (2n/k) Z¢f (1/27th) [ p(E) <m; g (P/u) exp(it(T + Vi)/k) x|
> <xrlexp(it(E+ T + V¢)/B) mis (P/u)y;> dt dE. (36)

The sum Z¢ [y £><x¢| =1 can then be carried out to give

Ry = 2n/k) | (1/218) [ p(E)

<m; ¢ (P/u) exp(it(T + Vi)/k) xi | exp(it(E+ T + V)/k) m; ¢ (P/p)y;> dt dE.  (37)
In this form, the rate expression looks much like that given for the photon

absorption rate in Eq. (21), but with m; ¢ (P/p) replacing the molecule-photon

interaction potential V. As in the absorption case, one can view (and even

compute) Ry as the Fourier transform of the overlap of two time propagated

functions:

(a) The first F is the initial vibration-rotation state %; upon which the non BO

perturbation m; ¢ (P/W) acts after which propagation on the neutral molecule’s

potential surface V¢ is effected via exp(it( T + V)/h).

(b) The second F is the initial function ¥; which is propagated on the anion’s

surface V; via exp(it{ T + V)/k) (producing, of course, exp(ite;/k) ;) after which

the perturbation m; ¢ (P/W) is allowed to act.

The time dependent overlap <F; | F|> is then Fourier transformed at energy E =

€; -&¢, and multiplied by the density of states p(E) appropriate to the electron

ejected with kinetic energy E.

It should be noted that to use the above time-domain formulas for
computing rates, one would need an efficient means of propagating wave packets
on the neutral and anion surfaces, and one, specifically, that would be valid for
longer times than are needed in the optical spectroscopy case. Why? Because, in
the non-BO situation, the <F; | F{> product is multiplied by exp(iEt/k) and then

integrated over time. In the spectroscopy case, <F, | F|> is multiplied by
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exp(-iot) and integrated over time. However, in the former case, E corresponds
to the (small) energy difference E = g; - & , whereas ha is equal to the energy of
the optical spectroscopic transition. Hence, short time propagators give

sufficiently accurate <F, | F1> functions to use in the spectroscopy case, but

longer time propagations will be needed in the non-BO case.

2.2.2 The Simplest Semi-Classical Approximation Fails
If one attempts to follow the photon absorption derivation and make the

assumption that the kinetic energy operator T commutes with V; ¢ and with m; ¢

(n.b., T does commute with P/p), the following expression is obtained for RT:

Rt = @2n/k) | (172nk) | p(E)
<m; ¢ (P/1) exp(it(V)/B) i | exp(i(E+ Ve)/R) my ¢ (P/p)y;> dt dE. (38)

The Fourier integral over time can be carried out and one obtains

Ry = (2n/k) [ p(E) <mi(P/u) xil 8(Ve+ E- V) mig (P/uyy> dE. (39
For anions that are electronically bound, the anion’s electronic energy V; (Q) lies
below the neutral molecule’s electronic energy V¢(Q) as depicted in Figs. 2-5.
Hence, because E is a positive quantity, there are no geometries for which the
argument of the delta function in the above expression vanishes and, as a result,
the non BO rate can not be cast in terms of shifted intersecting energy surfaces as
can the photon absorption rate.

Therefore, the simplest classical treatment in which the propagator exp(it
(T+V)/A) is approximated in the product form exp(it (T)/) exp(it (V)/h) and the
nuclear kinetic energy T is conserved during the “transition” produces a
nonsensical approximation to the non BO rate. This should not be surprising
because (a) In the photon absorption case, the photon induces a transition in the
electronic degrees of freedom which subsequently cause changes in the vibration-

rotation energy, while (b) in the non BO case, the electronic and vibration-
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rotation degrees of freedom must simultaneously interchange energy and
momentum and/or angular momentum, which is impossible to do without the

nuclei recoiling.

2.2.3 An Approximation that Works

The matrix element occurring in the non BO rate equation

M = <m; ¢ (P/u) exp(it(T + Vi)/k) x; | exp(it(E+ T + Vp)/k) mi¢ (P/W)y;>  (40)
can more fruitfully be handied by

a. replacing exp(it(T + V)/h) x; by exp(it(e;)/h) x; , which is exact, and

b, approximating exp(it(E+ T + V¢)/h) by exp(it(E+ T )/h) exp(it(Vo/h),

which is an approximation, thus achieving

M = <m; ¢ (P/u) exp(it(e)/k) x; | exp(i(E+ T )/B) exp(it(Ve ) mig (PAW)x>. (41)

Now introducing completeness relations in the forms

Jdp jp><p| =1 (42a)
JdQ|Q>=<Q|=1 (42b)

and using (T + V;) % = € %, allows M to be written as

M =[dQ" ] dQ [ dp <mi(P/p) exp(it(e)/m) 3; 1Q™>
<Q’l p> exp(it(E+ Terass J/B) <plQ><Q| exp(it(Ve (Q)/R ) mis (P/u)x>.  (43)
Here T35 is the eigenvalue of the Q-coordinate’s kinetic energy operator T in

the momentum eigenbasis {|p>}

Totass = (0 /240) (44)
and
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<Q'lp> = k)" exp(ipQ'B) @45)
is the coordinate representation of the momentum eigenfunction along the active
Q coordinate.

The integration over time can be carried out and gives the following

expression fot the total rate:

Rr = (2wh) [ p(E) [dQ’ 1dQ /[ dp <mis(P/W) 1 Q> <Q’| p>
O( Tepass + E+ Ve (Q) - &) <plQ> <Q| my ¢ (P/u)x;> dE. (46)
Since the energy E is restricted to match the state-to-state energy differences E =

€; - &, the integral over dE in Eq. (46) can be replaced by a sum over accessible
final-state g¢ values multiplied by the spacing between neighboring such states

(dEg=¢g¢-€r.)) :

Ry = (2n/h) Z¢ p(;-€¢ )AEs | dQ’ [ dQ [ dp <mi s (P/p) x; IQ™><Q’| p>

8( Tetass + Ve (Q) - €9 <plQ> <Q| my ¢ (P/U)Y>. @
In this form, which is analogous to Eq. (26) in the photon absorption case, the
rate is expressed as a sum over the neutral molecule’s vibration-rotation states to
which the specific initial state having energy €; can decay of (a) a translational

state density p muttiplied by (b) the average value of an integral operator A

whose coordinate representation is

AQ,Q) =/ dp|Q">m;f (Q) <Q’| p>
8( p*/21q + Vi (Q) - €9 <p|Q> mi (Q) <Q| 48)

with the average value taken for the function

v = |[(P/u)x> 49
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equal to the anion’s initial vibration-rotation state acted on by P/ (in the
harmonic approximation, P/uy; would yield a combination of functions of one
higher and one lower quantum of vibration or rotation).

The integral operator A can be recast in a different form by carrying out the
integration over the p-variable in Eq. (48) identifying

f(p) = (2nh)™"? exp(-ipQ/k) (2nh) " exp(ipQ'/h) (50)
and a = g¢- V¢ (Q). Doing so produces

[36 1210 - a)f(p)ap

—o0

0
8(p? 121q ~a)f(p)dp+ [8(p? /241 ~a)f(p)dp

—o0

B(x - ), Bigx) 2
B(x - a) f(,FHiqx) + £l BHqr)} 2
ZHQX

+j8(x a)f(~ Jqux) «/——

1]
O t— § 05;8 O t— 3

= {f(Zqa) + f(~2Hqa)} ﬁ‘L—QQ—a

1 , Y
- L 2Cos([Q ~QI g =Vi@) /4 : o
o os{[Q —Ql,/2uq(es — V§(Q)) / A} \lqu (er - Ve(Q) e

The quantity {2uq (&r - V(Q))} 12 is the classical momentum along the Q

coordinate with energy €r moving on the neutral molecule’s surface V¢ (Q), so
Hq divided into this is the speed of movement at Q. Substituting this result

back into the expression for Rt gives
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\J ] 1
Rr=(21/h)Y p(e; —€¢)dE¢ [dQ [dQ < m; ¢(P/p)x; |Q > —

f
Cos{[Q -Qly2Kq(ef = V¢(Q)) / 1}

Ho
2Hq(er - Vi(Q)

Bearing in mind the discussion of the nature of the electronic non BO matrix

<Q|m;(P/wy; > (52)

elements m; ¢ (Q) given in Sec. I. C, the above rate expression can be further
approximated by constraining Q’ and Q to the region Q’=Q=Qq where the anion

and neutral surfaces approach most closely:

d{Ve(Q - Vi(Q}/dQ=0atQ=Qp. (53)

If, as assumed, m; ¢(Q) is significant only near Qg, then we can approximate m, ¢

Qas

m; ¢(Q) =8(Q-Qo)m* (53b)
where the quantity m* is the integral representing the total strength of the m; ¢

coupling concentrated at the geometry Qg

m*= Imi,f(Q)dQ- (530)
Introducing this approximation into Eq. {52) and using the fact that the argument

of the Cos in Eq. (52) vanishes, allows Rt to be written in its simplest form

as:

1
ﬂ'.hVo

Ry =(21/ 1) Y. p(e; — &r)dE{(P/ w)xi(Qq)}* > m* 2 (54)
f

where v is the velocity along the Q-coordinate at the geometry Qg:
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J2rqoler = Ve(Qp))
Vo =
Ho

(55)

and |mi"‘[2 is the square of the integrated electronic non BO matrix element

introduced above (n.g., |m"‘[2 has units of (gm cm?¥/sec)?.
3. INTERPRETATION OF RATE EXPRESSION

The semi-classical expression shown in Eq. (54) for the rate of ejection of

electrons from a specified initial vibration-rotation state ; (Q) induced by non

BO coupling to all accessible neutral-molecule-plus-free-electron final states
(labeled f) gives this rate as:

1. A sum over all final vibration-rotation states €¢ lying below g; for which the
geometry Qg is within the classically allowed region of the corresponding
vibration-rotation wavefunction ¥y (Q) (so that vy is real) of

2. the modulus squared of the function m*(P/)y; evaluated at Qg

3. multiplied by the state density p(g;-€¢) dE¢ for the ejected electron and

multiplied by (2n/k)(1/nh), and finally
4. divided by the speed v of passage through Qg .

4. SUMMARY

The rate of ejection of electrons from anions induced by non BO couplings
can be expressed rigorously as a Fourier transform of an overlap function

between two functions

Rt = 2n/k) [ (172n8) [ p(E)
<mij ¢ (P/p) exp(it(T + Vi)/k) % | exp(it(E+ T + Vo/k) mi ¢ (P/uyx;> dtdE  (37)
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one of which is the initial vibration-rotation function %; acted on by the non BO
perturbation m; ¢ (P/1) and then propagated on the neutral molecule surface, the
other being the initial y; propagated on the anion surface and then acted on by
m; ¢ (P/p). In computer applications, it would be efficient to compute Rt in this
manner whenever long-time surface propagation tools are applicable.

By introducing the simplest semi-classical approximation to the
propagators, in which the nuclear motion kinetic energy is assumed to commute
with the anion and neutral potential energy functions and with the non BO

coupling operators, one obtains

Ry = (2n/k) [ p(E) <mj ¢ (P/u) %i| 8(Ve+ E- Vi) | mis (P/u)y;> dE. (39
Unlike its success in treating the photon absorption rate expression, this
simplest approximation produces a nonsensical expression in the present case

because there are no geometries at which (V¢+ E- V;) =0, as a result of which
Rt is predicted to vanish. In the photon absorption situation, there are

geometries at which the classical momentum is conserved (i.e., where the excited
and shifted ground state surfaces intersect). In the non BO transition case, such
geometries do not exist because the transition is not one in which the nuclear-
motion momentum is conserved. Quite to the contrary, non BO transitions
involve the simultaneous interchange of energy (from the nuclei to the electrons)
and of momentum and/or angular momentum.

Improving on the semi-classical treatment of the vibration-rotation motion

only slightly allows Rt to be recast in a form

R =Q2n/h)Y pe; —€r)dEs [dQ [dQ <m;¢(P/ 1)y |Q > EL

h
f
Cos{[Q -Q]y2uq(es - V£(Q)) / 1}

Ho . .
Tiiat Vi@ <Qim;e(P/Wyx; > (52)
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that may prove computationally useful in cases where the geometry (Q)-

dependence of the non BO electronic matrix element m; ¢ is known. In this
expression, the rate is given in terms of the functions m; ¢ (P/u)y; , the density

of state function p, the classical momentum on the neutral molecule’s surface,
and a Cos function whose argument is the classical action connecting the points

Q’ and Q via the momentum of the neutral molecule having energy e¢. This

Cos function will oscillate rapidly when this action is large, so its dominant
contributions to the rate will arise for small momenta and/or small Q’-Q values.

Finally, by using what is known about the geometry dependence of the mj f
functions (i.e., that m; ¢ is strongly “peaked” near geometries Qg where the anion

and neutral surfaces approach most closely), it is possible to further simplify the

semi-classical equation for Rt

1

Ry =Q2n/h)Y. ple; ~er)dEe{(P/Wx;(Qq)}* > m* > ——

54
f nhVO ( )

to one that requires knowledge of the derivative of the initial-state vibrational

wavefunction (P/py;) evaluated at Qg , the speed vy at which classical motion on
the neutral molecule surface passes through Qg , the density of states p, and the
magnitude of the integrated strength m* of m; y at Qo .

It should be emphasized that it is not the modulus [); (Qo) |2 that enters
into the weighting function in Eq. (54), it is the derivative (P/uy;) whose
modulus squared enters. In contrast, in the photon absorption case, the rate

involves, as given either in Eq. (28) or Eq. (30)

Rr = (2n/k)[dQ JdS Jdd bci(s,d,ﬂ)l2 [Mif (s,d,ﬂ)l2 (Ve (s,d)
- Vi(s,d) - hw). (28)
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2 2 -1
RT = (2u/B)dQ S [xi(s,0.Q)|" i (s.0,Q) | Fe(s) -Fi(s)|" . (30)
the modulus squared of ; itself. The qualitative difference in the two cases has
to do with the inherent requirement that the nuclear-motion momentum and/or

angular momentum change in non BO transitions while the same quantities are

preserved in photon absorption events (in the semi-classical treatment).
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1. INTRODUCTION

The molecular dynamics of electronically excited systems, where electronic
energy and charge transfer occur as a result of collisiens or photoexcitations,
requires a quantal treatment of the electronic rearrangement. The traditional
approach to quantum molecular dynamics is to first generate the potential energy
surfaces for fixed nuclei, and their couplings due to nuclear displacements, and
to follow this by doing the quantal dynamics of the nuclear motions. (1-3) This
procedure is very accurate when it can be done in detail, which is the case only
for small molecular systems with small total energy. Otherwise the number of
potential surfaces and their couplings become too numerous and complicated
for detailed calculations.

An alternative to the traditional approach is to generate the electronic states
as needed during the dynamics. This has been done for atomic collisions,
where detailed calculations and comparisons with experimental results are possi-
ble.(4-8) General treatments of the coupling of electronic and nuclear motions in
molecular systems can be done in a variety of formulations. In particular, Ohrn,
Deumens and collaborators have implemented a general variational treatment in
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terms of coherent states for both electrons and nuclei, and have successfully ap-
plied it to collisional phenomena involving atoms and molecules.(9-11) Another
approach developed from an early investigation of variational improvements to
the time-dependent Hartree-Fock approximation applied to ion-atem collisions,
and will be elaborated in the present contribution.(12-16) It consists of obtain-
ing the wavefunctions of nuclei in the case of small deBroglie wavelengths, also
called the eikonal approximation, and of allowing nuclear trajectories to evolve
in effective potentials obtained from time-dependent many-electron wavefunc-
tions.(17-23) Taking the limit of the eikonal approximation for vanishing wave-
lengths gives the classical description of nuclear motions, coupled to quantal
electronic transitions. The eikonal approximation is more general because it
allows for quantal phase interference of nuclear states, with their phases con-
structed from mechanical actions along trajectories. In this regard it is closely
related to the semiclassical methods for wavefunctions and propagators intro-
duced to deal with molecular collisions,(24, 25) and to wavepacket methods
for quantum molecular dynamics.(26) The present treatment also relates to the
recently revisited initial value representations (IVR), where transition probabili-
ties and properties are obtained from semiclassical calculations integrating over
initial values of coordinates and momenta.(27, 17, 28-30) Models have also
been developed to describe electronic states coupled to nuclear motions in terms
of Hamiltonian equations for electronic amplitudes.(31-33)

To properly describe electronic rearrangement and its dependence on both
nuclear positions and velocities, it is necessary to develop a time-dependent
theory of the electronic dynamics in molecular systems. A very useful approx-
imation in this regard is the time-dependent Hartree-Fock approximation (34).
Its combination with the eikonal treatment has been called the Eik/TDHF ap-
proximation, and has been implemented for ion-atom collisions.(21, 35-37) Ap-
proximations can be systematically developed from time-dependent variational
principles.(38-41) These can be stated for wavefunctions and lead to differential
equations for time-dependent parameters present in trial wavefunctions.

The treatment developed here is based on the density matrix of quantum
mechanics and extends previous work using wavefunctions.(42—45) The density
matrix approach treats all energetically accessible electronic states in the same
fashion, and naturally leads to average effective potentials which have been
shown to give accurate results for electronically diabatic collisions.(19) The
approach is taken here for systems where the dynamics can be described by a
Hamiltonian operator, as it is possible for isolated molecules or in models where
environmental effects can be represented by terms in an effective Hamiltonian.

The following treatment starts with the complete quantal equations and in-
troduces an eikonal representation which allows for a formally exact treatment.
It shows how a time-dependent eikonal treatment can be combined with TDHF
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and a multiconfigurational extension in terms of density matrices. It then deals
with the propagation of coupled fast and slow degrees of freedom by introduc-
ing a local interaction picture and describes the relax-and-drive computational
procedure implemented in applications. (16, 15, 21, 46, 35-37) This procedure
allows for the efficient calculation of coupled differential equations for functions
with very different time scales, as is usual in molecular electronic rearrangement.
The procedure is of general interest and is described here for propagation of a
general density matrix.

2. DENSITY MATRIX TREATMENT

2.1. Equation of motion for the density operator

The density operator I‘(t) is a Hermitian and positive function of time, and
satisfies the generalized Liouville-von Neumann (LvN) equation(47, 45)

ih— = [H(t),T(#)] + Rpl (1)

which contains the Hamiltonian operator H for the system, in general a function
of time, and a Liouville superoperator R p which describes dissipative phenom-
ena when the system interacts with a medium. This equation must be solved
with the initial condition f‘,-n = f‘(t,-n), and with a normalization imposed here

through the trace relation tr(I';,) = 1.

This contribution considers systems which can be described with just the
Hamiltonian, and do not need a dissipative term so that R p = 0. This would be
the case for an isolated system, or in phenomena where the dissipation effects can
be represented by an additional operator to form a new effective non-Hermitian
Hamiltonian. These will be called here Hamiltonian systems. For isolated
systems with a Hermitian Hamiltonian, the normalization is constant over time
and the density operator may be constructed in a simpler way. In effect, the
initial operator may be expanded in its orthonormal eigenstates \I/Sf") (density
amplitudes) and eigenvalues w, (positive populations), where n labels the states,
in the form

Pin = > w [ UG (W) )

where the summation extends only over the populated states. The populations
would follow from a set of initially known physical properties, as will be shown.
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They add up to one. At later times, the density operator can be constructed from
solutions of the time-dependent Schroedinger equation,

L0, -
ik 5 = H(t)¥,(t) (3

with the initial conditions ¥, (t;,) = 4™ which must be imposed for each
state n. These time-dependent amplitudes can be constructed so that they are
orthonormal. It follows then that at all times,

f(t) = anl\lln(t»(q'n(t)l “4)

Although the density amplitudes satisfy the standard Schroedinger differential
equation for quantal states, they can depend on initial statistical conditions and
are more general than standard states.

The density amplitudes can usually be calculated more efficiently than the
density operator because they depend on only one set of variables in a given
representation although there are cases, such as shown below for the time-
dependent Hartree-Fock density operator, where the advantages disappear and it
is convenient to calculate the density operator. Expectation values of operators

A(t) follow from the trace over the density operator, as
(A(®) = tr[TOAD)/tr[D()] = D walTa(t)|A®)Ta(t)) (5)

which is a weighted sum of expectation values from the density amplitudes.

2.2. Variational method for the density amplitudes

Computational strategies can be based on variational procedures using the
Dirac-Frenkel time-dependent variational principle (TDVP). Introducing a short-
hand notation so that

[H(t) — ih,]¥n(t) = D, T,(t) =0 (6)

the TDVP is expressed, temporarily dropping the state subindex n, in terms of
the action functional

A [0, 0] = /dt' Lo [T, 9]
tin O
L,[¥1, 0] = ((T(O)ID:T(t)) + (DT ()| T(1)))
/(2 (T@)[T@))
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where £ is a Lagrangian functional, and the brackets indicate integration over
electronic and nuclear variables, which are omitted here.

The variation condition 6.4; = 0 can be independently imposed for varia-
tions of ¥ and its adjoint. The condition of gauge invariance requires that trial
functions have the form

B(t) = \il(t)ea:p(—%At[\iﬁ, @) @)

and leads to the variational equation (34)
(6"F|D,¥) =0 ©)

expressed in terms of a variation &' ¥ orthogonal to the trial function so that
(6'0|P) =

This procedure would generate the density amplitudes for each n, and the
density operator would follow as a sum over all the states initially populated.
This does not however assure that the terms in the density operator will be
orthonormal, which can complicate the calculation of expectation values. Or-
thonormality can be imposed during calculations by working with a basis set of
N states collected in the Nx1 row matrix ®(t) which includes states evolved
from the initially populated states and other states chosen to describe the am-
plitudes over time, all forming an orthonormal set. Then in a matrix notation,
U, (t) = ®(¢)T,(t), where the coefficients T form 1xN column matrices, with
ones or zeros as their elements at the initial time. They are chosen so that the
square NxN matrix T(t) = [T,(t)] is unitary, to satisfy orthonormality over
time. Replacing the trial functions in the TDVP one obtains coupled differential
equations in time for the coefficient matrices,

[H(t) — ih(®|0®/0t) — th18,)Tn(t) = 0 (10)

where H is the Hamiltonian matrix in the initial basis. Instead of working with
this equation, it is more convenient to solve for the density matrix

W Tn(t)Tr(t) (11)
=2

which satisfies the matrix LvN equation

., dl’

zhﬁ =H()I'(t) - T'(t)H(t) (12)
After solving this equation for the density matrix, its diagonalization provides

the matrices of coefficients and the weights needed to reconstruct orthonormal
density amplitudes. The density operator follows from I'(t) = |®(¢))T(¢)(® ()]
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3. THE EIKONAL REPRESENTATION

3.1. The eikonal representation for nuclear motions

The dynamics of molecular systems frequently involves degrees of freedom
(df’s ) with deBroglie wavelengths of different orders of magnitude. An example
is the nuclear and electronic df's, where comparable forces and the larger masses
of nuclei lead to larger nuclear momenta and therefore smaller wavelengths
for them. Another example is that of rotational and vibrational motions in
electronically adiabatic molecular collisions, where masses are comparable but
forces have different magnitudes, giving shorter deBroglie wavelengths for
rotations. In general we can label with ¢ the long wavelength df’s and with
Q the short wavelength ones. It is well known that in the short wavelength limit
the quantal equations of motion reduce to the classical ones. Therefore molecular
motions couple the classical-like nuclear motions described by wavefunctions of
the Q variables to the quantal electronic transitions described by wavefunctions
of the g variables. It is possible to provide a rigorous description of both motions
within an eikonal representation of the density operator.

The density operator in the coordinate representation is given by the func-
tions I'(q, @, ¢, @', 1), and can be expressed for Hamiltonian systems in terms
of its amplitudes, which become the wavefunctions ¥, (¢, @, ). It is convenient
to introduce the formally exact eikonal representation,

V,.(q,Q,t) = xn(q, Q, t)expiS(Q, 1) /1] (13)

where the phase factor S is a real function of the classical-like coordinates only,
and is independent of the state index n. It can be chosen to extract from the
wavefunctions their rapidly oscillating behavior over space and time so that the
preexponential functions x, will change slowly with Q, and it will later be
related to the mechanical action. The density function takes the form

I'(g,Q,¢,Q",t) = Ag,Q, ¢, Q' t)exp{i[S(Q, 1) — S(Q", t)]/h}
Alq, Q, ¢, @, t) = Z WnXalq, @, t)Xn(ql5 Q_,: t)* as

For Q = Q’, this density function describes electronic motions for given nuclear
positions, while for @ = Q’ it describes the quantal correlation of nuclear posi-
tions at time #, which should be small for classical-like variables. The equation
of motion for the density function could be derived from the original LvN equa-
tion. Instead, it is more convenient to construct it from the wavefunctions. The
phase factor and the preexponential factor are trial functions to be determined
from the TDVP. The procedure followed here parallels that in ref. (23).
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Introducing the Dirac “bra” and “ket” notation for operators and states
of the electrons, while explicitly stating the nuclear coordinates, the operator
I'(Q,Q’',t) is then expanded in the states |x»(@)). The Lagrangian functional
becomes

Li[xn, X5y S| = —[/ dQ (x.(Q,1) |Dtxn( t)) + c.c]

o LD 05, 8 s

(15)

where c.c. means the complex conjugate of the preceding term, M is a nuclear
mass obtained by scaling nuclear coordinates, the partial derivative with respect
to Q is a symbol for differentiation of many variables, and H is a Hamiltonian
operating over electronic coordinates for fixed nuclear coordinates. Varying the
action functional with respect to the pre-exponential function x,, while keeping
S fixed, the following equation is obtained,

Dixn(q,Q,t) =0 (16)

Assuming that all the solutions x, have been found, the equation for S follows
by projecting on (x| , multiplying times the weights w,, and adding over n to
form an average over the density operator, with the result

1,85, as>as0

W(%) + Vau (Q 50’ 17

Here a quantal potential has been introduced which implicitly depends on density
amplitudes and their first and second derivatives with respect to Q, as

Veu(@,8) = Y wa[Va(@,8) + V(@ 1) + V1(Q, )]

(18)
with
Vo = (XnIHQIXn)/(anXn)
’ ih 88 an GXTL
= e |5 ) — beal 55 | Al "

2 2
V" = _h_ [(%5;' n) + (an%%)]/b(nl)(n)
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where the first term in V,, is equal to V(Q,t) = tr[l(Q, Q, t)flq] and can be
identified as the Ehrenfest potential for the nuclear motions, while the second
and third terms give quantal corrections.

The equation for § is recognized as a Hamilton-Jacobi equation for a
mechanical action. The solution can be written in terms of a Lagrangian L,
for the nuclear motions, introducing the path Q(%; Qin, @), starting initially at
positions @, and ending at Q at time ¢, and the corresponding generalized
velocities Q. The result is

t

S@ﬁz&A®+/WLMUQﬂ

Lqu(Q_7 Qv t) = Q_Z/(zM) - V’qu(Qvt)

Therefore S can be constructed by solving the Lagrange equations for the
nuclear variables. Alternatively it can be obtained from the Hamilton equations
introducing the generalized momenta P = 85/6Q and solving the equations

(20)

8P/0t = —0H,,/0Q , 0Q/dt = 8H,, /0P

H,u(P,Q,1) = P?/(2M) + Vyu(P, @ 1) @D

where Hy, is the Hamiltonian for classical motions containing quantal corrections
in its potential, with the initial values Qin, = Q(t;n) and P, = P(%;,), so that
Q = Q(t; Qin, Pin) and P = P(t; Qin, Pir,). The variational condition for x,
can be stated for each path evolving from a set of initial values, as

1 hd )
H UJ[AT D)
7755+ 5g) + fla — Hullxa(@.1) o

—(8'xn (@, t)lm s xa(Q, 1) =

(6'xn(@Q, )|

which must be solve with the initial conditions x,(q, @, tin) = xn )(q Qin).
The Hamiltonian equations for P and Q, and the variational condition for xn,
provide together a formally exact set of coupled equations whose solution gives
the time-evolution of the electronic states driven by nuclear motions. The present
coupled equations generalize the ones previously presented in reference (21) to
allow now for statistical weights in the quantal potential, which is the same for
all the initially populated states n.

Initial conditions for the total molecular wavefunction with a = I ( including
electronic, vibrational and rotational quantum numbers) can be imposed by
adding elementary solutions obtained for each set of initial nuclear variables,
keeping in mind that the x; and S depend parametrically on the initial variables
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P, consistent with conservation of total energy and momentumn, for a given
value of Q,,. For an initial molecular state /, constructed from coefficients a;,
the initial wavefunction is

\P(Iin)(q’ an) = /szn aI(Pin) (In)((L an 1n)emp[zs(ln)(an 1n)/h]
(23)
From those coefficients it follows at later times that

M Q0 = L wr [ dPw ar(Pu) [ P (L)
I
xx1(g: Q:t: Pin) " x1(¢', Q' t; Piy)
xexp{—i[S(Q,t; Pin) — S(Q',t; P,)]/h}

In the nuclear coordinate representation, the expectation values of an
operator A = A(Q,Q’,t) follow from

(24)

_ / 4Q / dQ'AQ @, 1@, Q1)

/de/dQ/d /dQF Pin, Q. P @', 1) o5,
/de/de/d /de
(t

X J(t; Qin)J' (t; Qin ) F' (Piny Qiny Piny Qins t)

where the second and third members of this equation show how it is possible
to obtain the average by integration over initial conditions using the Jacobian
transformation from space to initial coordinates, J(t; Qin) = det[0Q/0Q:n].
This provides a convenient expression for calculations in a semiclassical limit.
Integration over the space of nuclear coordinates has been replaced by integra-
tion over initial coordinates within a region of space from which bundles of
trajectories emerge as streamlines. For each set of initial values, the integrand
can be obtained over time and added to form the integrals at each time. This is
similar in spirit to the initial value representation (IVR) recently developed by
several authors, and is closely related to a procedure employed in the calculation
of scattering transition integrals.(17, 18)

A similar procedure may be followed to calculate a transition probability
P(J — K) into a final state \Il(}( at time ty,; this is obtained from the
operator A = |\I!‘}().(\Il‘}{| and the trace over the density operator I';(¢) which
evolves from a f‘(J’") with the weights wy = 6y, giving P(J — K) =
(W% [F 5 (¢ )| 2%)-

The variational procedure for the states y; can be implemented in many
different ways; a very general formalism introduces complex parameters z(t),
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which can be identified with expansion coefficients or state rotation angles, as
done in a development of simplectic differential equations for the variables z(t)
and their complex conjugate z*(t) from the TDVP, and in particular further
developed for molecular systems.(10)

The treatment presented so far is quite general and formally exact. It
combines the eikonal representation for nuclear motions and the time-dependent
density matrix in an approach which could be named as the Eik/TDDM approach.
The following section reviews how the formalism can be implemented in the
eikonal approximation of short wavelengths for the nuclear motions, and for
specific choices of electronic states leading to the TDHF equations for the one-
electron density matrix, and to extensions of TDHF.

3.2. The eikonal/time-dependent Hartree
Fock approximation and extensions.

The time-dependent eikonal approximation for the density operator can be
introduced by analogy to the treatment for stationary states. Here the steps
leading to the working equations are first outlined for a general system. For
nuclear motions with short de Broglie wavelengths A = h/P , it is assumed that
the x, vary little over a wavelength so that

0
x5 arba) << A7 26)
and 52 5
(bxrlgga) bl g << A7 @n

from which it follows that the quantum potential and Hamiltonian for the nuclei
are approximated by

V(Qw t) = Z wIVI(Q)
I

(28)
Ho, = H(P,Q,t) = P*/(2M) + V(Q. )
and that the variational condition for each yx; is approximated by
/ hP D g,
) ., 0
(8" x1(Q DR QlXr(Q:1)) = 0 (29)

h 0P

W =H(P,Q,t)+ 5 30
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where it is made explicit what coordinates are fixed during time differentiation.
The imaginary term in the function W describes the divergence of streamlines.
Using that

P/M =Q
] 8 5| (30)
Qw + (E)q,@ = (a)q
and the trial solution form
t
ila, Q) 1 = ma(a, Deapli [ dt W(E)/1) 31
t.,

in

the working variational functional for the new time-dependent electronic wave-
function is simply

(Emi(B)[Haq) ~ (ihar) gl (5) = 0 ()

where the electronic Hamiltonian has been shown to depend on time through
@Q(t). This variational condition, implemented for a parametrized trial function,
gives differential equations for state parameters that must be solved coupled
to the Hamiltonian equations for the nuclear motions, to construct the density
operator in a self-consistent way. This wavefunction is generated after specifying
its initial value, 7\"™ (g) = n1(g, tin). The density operator and averages can be
obtained directly from the wavefunctions 7y(q,t). To proceed, it is necessary to
specify the form of the wavefunctions 7, and to apply the variational condition
to their parameters.

Molecular rearrangement resulting from molecular collisions or excitation
by light can be described with time-dependent many-electron density operators.
The initial density operator can be constructed from the collection of initially
(or asymptotically) accessible electronic states, with populations wy . In many
cases these states can be chosen as single Slater determinants formed from a
set of orthonormal molecular spin orbitals (MSOs) {im} as I = (41...0m...In).
Describing the N-electron system by wavefunctions of the position and spin
variables (71,¢1,--Fn,Cns TN, Cn) = (1,..,m,...]N) in a concise notation, a
determinantal wavefunction is constructed from N MSOs, {1;(7, ()}, as

ny ™ (a) = (1,2, NID{™) = (V)72 detly, (n)) (33)
from which follows the N-electron density operator

1) = 3wy | DY) DE™)] (34)
I
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This in turn leads to the initial one-electron density matrix by contraction over
electron variables,(48)

(1, 1) N/ ). d(N)TE™(1,2, . N:1' 2, N)

l (35)

= Zw,p( (1,1

The one-electron density matrix at later times,
p(1,1',) Zw,p, (1,1,1) (36)

is obtained from the LvN equation by contraction over all electron variables
except one, and reduces to the well known time-dependent Hartree-Fock equation
for each term

Fpr— prF = ihdpr/ot 37

where AF' =HV 4+ & [A1] is the Fock operator written as a sum of a one-electron
term H1), plus the HF self—consistent potential energy operator Glprl.
The average effective potential needed in the Hamiltonian equations is now

VP = Vo S wptrlpr (O + £))/2 (38)
I

where the first term is the core-core interaction potential and the second term is
a sum over all initially populated states. The TDHF equations for each g and
the classical Hamiltonian equations must be solved simultaneously and provide
the Eik/TDHF approximation.

The TDHF equations must be solved without recourse to perturbation theory
for problems of electronic rearrangement driven by nuclear motions, where
couplings are strong. This can be done for each initial state I introducing basis
sets and solving matrix TDHF equations. Given a general basis set of one-
electron orbitals {¢,(t)}, with overlap integrals (¢,|dq) = Spq , and expanding
MSQ’s with spin state v(¢) in this basis to obtain

P (7 t) = qu,,(rt 7t 39

where the coefficients are complex valued, the density operator in this basis is

5(t) = D |dp) Ppq(t) (8] (40)
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with P, the (pg)-element of the one-electron density matrix P. The TDHF
equation for the density matrix is then

ihP = §™1(F — ihQ)P — P(F — ih2)'S ™! (41)

where S = (¢|¢) is the overlap matrix, and

0
Q= (¢]54) (42)

is an orbital coupling due to the motion of the nuclei, both given in a matrix
notation where |¢) is a 1xNp row matrix of basis functions. This matrix can
lead to spurious couplings of asymptotic electronic states, and must be eliminated
with a transformation to a basis of travelling atomic functions (TAFs) £;,; MO’s
are then expanded as linear combinations of TAF's , or LCTAFs,

W] (P 1) = EulF 1)), (1)
I

(43)
Eu(T, 1) = xu(T) T (T, 1)
where here x,, is an AF centered at nuclear position Rm(t) , and
i
T, 1) = explime[om(t) - 7 — / a2, (¢)/2))/h) (44)

tin

is an electron translation factor, a function of the velocity vector of nucleus m. It
may also be considered an eigenvalue of the translation (or boost) multiplicative
operator T,, , which gives |¢,) = Ti|x,) . Details of computational aspects
with these basis sets can be found in references.(21, 36)

The multiconfiguration extension of TDHF, or MCTDHEF, can be developed
also starting from Slater determinants

Dk(1,2,..., N, t) = (N))"Y2det[yhy,, (n, 1)] (45)

where K = (k1,...,km,..,kn) is an ordered set among Ng > N MSOs, that
can be combined into configuration spin functions (CSFs) ®x(1,2,..,N,t) to
construct eigenstates of the spin operators. The multiconfiguration function

Nc
71,2, N,y = > @k(1,2,..., N, O)Cki(?) (46)
K=1

depends parametrically on the expansion coefficients Ck;, and on the LCTAFs
parameters within the MSOs. It is a sum over a selected subset of N¢ config-
urations, usually smaller than the total number of configurations which can be
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constructed from the complete active space of MSOs. Placing the trial function
into the TDVP, a variation of the expansion coefficients gives the set of coupled
equations for the Ck, coefficients. This can be rewritten introducing the elements
Mj)kr = Ck1Cj ; of the configurational density matrix. In a matrix notation,
using the equation for the coefficients and its adjoint, one finds that

HM; — M;H = ihdM;/dt 47

where H = [Hpg].

The variation of the MSOs can be done for each initial state / with Lagrange
multipliers €; introduced to impose the orthonormality of the MSOs. Details of
the derivation may be found in reference (23). The resulting equations generalize
the TDHF Fock operator and differential equation for the MSOs. Introducing
the matrix notation 1, (1,t) = ¢(1,t)ck(t) , where the coefficients form a Ngx1
column, and the set of the NgxNp one-electron density matrices 'y(“) = ckc,T,
as well as a compact notation involving supermatrices where each element is
itself 2 matrix, it is possible to define the N3 x N3 supermatrix F = [F¥))
and a a density supermatrix of dimensions Ng X Nf; s

y(t) =cc’ = [ciei] (48)

With this, a compact equation is found for the coefficients of the MSO expansions
in the atomic basis, for each initial state I, as

Ell—ﬂf_:ihdﬂ/dt (49)

Once the Fock operators have been constructed from a set of MSOs, this matrix
equation is linear in its unknowns. Its coefficients are dependent on time in a
way determined by the forces driving the electrons. These forces are the nuclear
Coulomb potentials in molecular collisions or dynamics, but they could also be
weak external fields.

Averages of properties require integrals over CSFs which can readily be
written for one- and two-electron operators, insofar the Slater determinants and
the MSOs are orthonormal by construction, in terms of one- and two-electron
density matrices.

4. THE PROPAGATION OF COUPLED FAST
AND SLOW DEGREES OF FREEDOM

4.1. Propagation in a local interaction picture

The large disparity between nuclear and electron masses has another im-
portant effect. For thermal or hyperthermal energies up to about 10,000 eV,



332 D. A. Micha

nuclear velocities are small compared with electronic ones. As a result, the
oscillations in time of electronic states are much faster that those of the nuclear
variables. Since both degrees of freedom are coupled, it is not efficient to solve
their coupled differential equations by straightforward time-step methods. In-
stead it is necessary to introduce propagation procedures suitable for coupled
equations with very different time scales: short for electronic states and long for
nuclear motions. The following procedure introduces a unitary transformation
at sequences of intervals to create a local interaction picture for propagation
over time.

The calculation of the density operators over time requires integration of
the sets of coupled differential equations for the nuclear trajectories and for
the density matrix in a chosen expansion basis set. The density matrix could
arise from an expansion in many-electron states, or from the one-electron density
operator in a basis set of orbitals for a given initial many-electron state; a general
case is considered here. The coupled equations are

apP/ot = —9M/0Q , 8Q/dt = OH/OP (50)

and
HT - TH = ihdl'/dt 51

and must be solved for the initial conditions at ¢t = t;, : Q.n = @Q(t;n) and
P, = P(tin), and T';, = T(¢;,). To start with, the matrices and trajectory
variables are assumed known at a time #y; the density matrices are first obtained
as they relax over the interval ty <t <to+At while keeping the nuclear variables
fixed. They are the solutions of the equations

HoI%(t) — TO(t)H = 1hdT°/dt (52)

where it is shown that the density matrices change with time as they relax from
their (non-stationary) values at fo. The initial conditions are I'°(tg) = T .
Since the Hamiltonian matrix is now constant in time, these coupled equation
are simple first order differential equations with constant coefficients, and can
be integrated by diagonalizing the matrix of coefficients. The results are sums
of rapidly oscillating functions in time, reflecting the rapid electronic motions.
Relaxation occurs in two ways: by transitions between electronic configurations,
and by rearrangements of the molecular orbitals.

In reality the nuclei are moving and one must account for the driving
effect of their displacement and velocity changes within the interval 7y <r <f,.
Provided this is small, and insofar as the nuclear motions are slower than the
electronic ones, one can assume that the driving effect will only be corrections
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to the relaxing densities; this can be verified by shortening the time interval and
repeating the calculations. The corrected densities are obtained writing

T(t) = I%(t) + U ()T (1) U° (1)’

7 53
U(t) = exp[—ﬁHo(t —to)] o

for the density matrix, where U° defines a unitary transformation to a local
interaction picture at each time #p.

Replacing this in the LvN equation, it is found that

!
i = [V, o] + [V, T

V(t) = U°(1)[H(2) - HoJU (1)

54

Here the matrix V contains the effect of the nuclear displacements; therefore the
inhomogeneous first term to the right is a driving term; the second term to the
right is of second order in the driving effect, and could be dropped in calculations.
Formally, the solution for the configuration density matrix correction is

T = &) + (w7 [ [V(E), ()]
e (55)
A'(t) = (ih)! / dt' [V(t'), To]

where the driving term A’ can be obtained from a quadrature, and the second
term can usuvally be neglected.

With the new density matrices known up to time #, it is possible to advance
the nuclear positions and momenta by integrating their Hamilton equations.
This completes a cycle which can be repeated to advance to a later time #,.
This sequence based on relaxing the density matrix for fixed nuclei and then
carrecting it to account for nuclear motions has been called the relax-and-drive
procedure, and has been numerically implemented in several applications.(16,
15, 21, 46, 35-37)

4.2. The relax-and-drive computational procedure

Straightforward stepwise integration of the coupled Hamiltonian and LvN
differential equations would be computationally inaccurate, because the fast
electronic oscillations would demand very small time-steps, while the slow
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nuclear motions would need many steps to give converged final results. The
accumulation of round-off errors would lead to large inaccuracies. An alternative
is to separately do some of the integrations by quadratures. An obvious approach
would be to use a perturbation expansion around the initial density matrix I'g,
but this requires small quadratures because the density matrix relaxes rapidly for
fixed nuclei. An alternative solution which works well is to make a first order
perturbation corrections to the relaxing (time-dependent) density matrix.

The correction to the relaxing density matrix can be obtained without
coupling it to the differential equations for the Hamiltonian equations, and
therefore does not require solving coupled equations for slow and fast functions.
This procedure has been successfully applied to several collisional phenomena
involving both one and several active electrons, where a single TDHF state was
suitable, and was observed to show excellent numerical behavior. A simple and
yet useful procedure employs the first order correction I'V(t) = A’(t) and an
adaptive step size for the quadrature and propagation. The density matrix is
then approximated in each interval by

T(t) = T°(t) + U°(1) A/ (1) U°(1)’ (56)

with the first term describing relaxation and the second one giving the driving
effect.

To advance from 7y to t; = 1y + At, the nuclear trajectory is first advanced
to the time t1/, = to + At/2 and the relaxing density I(t) is calculated at
this time; then the correction

Al(ty) = (in)! / dt' [V(#'), To] 57)

to

is obtained with the (easily improved) approximation
V(1) = US(D)[H(ty2) - H(to)]U(D)] (58)

which allows an analytical integration of each matrix element. This is finally
followed by recalculation of the nuclear trajectory and full density matrix at
time #;. To assure an accurate propagation, the step size At is varied to keep
the density matrix correction within high and low tolerances within the interval,
in accordance with

ctow < | A' @) | / 1 T°) || < enign (59)

and the normalization is checked. This leads to an efficient adaptation of the
step size, so that for example in a collision it will start large, will then decrease,
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and later increase again after the interaction forces have disappeared. The
propagation accuracy can also be verified by reversing the propagation direction
in time.

An alternative relax-and-drive procedure can be based on a strictly unitary
treatment where the advance from fo to 7, is done with a norm-conserving
propagation such as provided by the split-operator propagation technique.(49,
50) This however is more laborious, and although it conserves the norm of
the density matrix, it is not necessarily more accurate because of possible
inaccuracies in the individual (complex) density matrix elements. It can however
be used to advantage when the dimension of the density matrix is small and
exponentiation of matrices can be easily done.(51, 52)

5. CONCLUSION

A formulation of electronic rearrangement in quantum molecular dynamics
has been based on the Liouville-von Neumann equation for the density matrix.
Introducing an eikonal representation, it naturally leads to a general treatment
where Hamiltonian equations for nuclear motions are coupled to the electronic
density matrix equations, in a formally exact theory. Expectation values of
molecular operators can be obtained from integrations over initial conditions.

Approximations have been reviewed in the case of short deBroglie wave-
lengths for the nuclei to derive coupled quantal-semiclassical computational pro-
cedures, by choosing different types of many-electron wavefunctions. Time-
dependent Hartree-Fock and time-dependent multiconfiguration Hartree-Fock
formulations are possible, and lead to the Eik/TDHF and Eik/ TDMCHF approx-
imations, respectively. More generally, these can be considered special cases of
an Eik/TDDM approach, in terms of a general density matrix for many-electron
systems.

The Eik/TDDM approximation can be computationally implemented with a
procedure based on a local interaction picture for the density matrix, and on its
propagation in a relax-and-drive perturbation treatment with a relaxing density
matrix as the zeroth-order contribution and a correction due to the driving effect
of nuclear motions. This allows for an efficient computational procedure for
differential equations coupling functions with short and long time scales, and is
of general applicability.
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1. Introduction

The use of selective deuteration is a powerful tool in electron spin resonance
(ESR) experiments, in order to establish unequivocal assignments of
experimental spectra of radicals. The reason for this is, as is well known, the
difference in magnetic properties between the deuteron and the proton, which can

be exploited to distinguish chemically inequivalent hydrogens in the molecule.

In addition to the magnetic differences between the deuteron and proton,
however, their mass difference may also cause observable effects. A well known
example is found in the theory of chemical reactions, where the so called kinetic
isotope effects (KIE's) are an important source of information about reaction
mechanisms. Also in the field of ESR, such effects may arise, although these
have been much less studied than the KIE's,

A particularly interesting case is when a set of hydrogens which are chemically
equivalent in the unionized molecule become inequivalent in the positive ion.
Obvious examples are Jahn-Teller active molecules, but the same phenomenon
may be found also in Jahn-Teller inactive systems. Since deuteration for
practical reasons must be done before ionization, it may happen that a single
deuterated molecule may produce several inequivalent isomers of the radical
cation, e.g., upon irradiation. This will obviously influence the recorded ESR
spectrum.

We have previously in a number of papers [1-5] investigated these effects for
both the Jahn-Teller inactive molecule n-butane [1] and the Jahn-Teller active
molecules ethane, cyclopropane, and cyclohexane [2-5]. The choice of systems
was largely dictated by the availability of experimental results [5-8]. New
experiments being performed on selectively deuterated benzene have motivated a
closer theoretical study of this system, and a first presentation of these

investigations is given in the present paper.
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The benzene radical cation is an archetype of a Jahn-Teller active system.
Removal of one electron from the highest occupied MO, the doubly degenerate
e]g orbital, leads to a Jahn-Teller unstable ion, which distorts from Dgj to Dy
symmetry. The ground state of the ion can be either <8 3g> corresponding to a
compressed geometry (two C—C bonds shorter than the four others), or 2B 2g
corresponding to an elongated geometry (two C—C bonds longer than the four
others). A definite assignment of the ground state of the radical cation to the
compressed (B 3¢) state could be made less than a decade ago by comparing
experimental hyperfine coupling parameters obtained from matrix-isolation ESR
experiments with theoretical values obtained from correlated ab initio

calculations [9,10].

In the present study, we focus on the effects of substituting one of the protons by
a deuteron. While giving only one isomer of the unionized molecule, this
produces two inequivalent isomers of the Jahn-Teller distorted ion; one isomer
where the deuteron occupies one of the two sites on the Cy symmetry axes (Hy
or Hy) and one where it occupies one of the four equivalent remaining sites (Hp,
H3, Hs or Hg). The effects on the ESR spectrum will below be illuminated both

theoretically and experimentally.

2. Theoretical Method

Density functional theory (DFT) calculations were carried out using the
Gaussian 94 [11] suite of programs. Optimized geometries and harmonic
vibrational frequencies were obtained using the hybrid Becke exchange functional
(B3) [12, 13], as implemented [14] in Gaussian 94 [11], and the correlation
functional due to Lee, Yang and Parr (LYP) [15], in combination with the 6-
31G(d) and 6-311G(d,p) basis sets. The unrestricted procedure (UB3-LYP) was
used throughout (the symbol U is hereafter neglected for simplicity).

In our previous study of the benzene radical cation [9], it was shown that

computational methods which do not include correlation predict an erroneous
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ground state of the ion. Since then, the rapid development in the field of density
functional theory (DFT) has resulted in computational methods which are of
comparable speed to ab initio Hartree-Fock calculations, while often being of
comparable accuracy to high-level correlated procedures. In particular, the DFT
method B3-LYP, has been found to give reasonable geometries and properties
for a range of chemical systems [16], which motivates its use in the present

context.

The hyperfine coupling constant (hfcc) calculations were performed by carrying
out single point calculations at the B3-LYP/6-311+G(2df,p) level, based on the
B3-LYP/6-31G(d) optimized geometries, i.e., B3-LYP/6-311+G(2df,p)/B3-
LYP/6-31G(d).

The inequality of the C—H bonds in the radical cation implies that all C—H
bonds do not have the same force constants. In a simplistic approximation, the
zero-point vibrational energy (ZPVE) of a C—H stretching vibration will be
proportional to (k/mpy)!/2, where k is the force constant of the C—H bond and
mp is the mass of the hydrogen nucleus. The effect on the ZPVE of replacing
one proton by a deuteron will hence depend on the deuteration site, such that the
ZPVE will be lowered more if the deuteron occupies a site with a larger force
constant, i.e. a shorter bond. This, in general, means a site with low unpaired
spin density.

At low enough temperatures, only that substitutional isomer which has the
lowest ZPVE will be populated. At higher temperatures, however, other
isomers may also be found, so that a superposition of several spectra is observed
in an ESR experiment. Previously, we have found [1-4] that the abundances of
these other isomers are well predicted by a Boltzmann distribution based on the
differences in ZPVE. Since the 6-31G(d) and 6-311G(d,p) basis sets gave very
similar geometries in the present case (see below), the vibrational frequencies
and ZPVE for the mono-deuterated isomers were calculated only at the B3-
LYP/6-31G(d) level.
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3. Experimental Method

Benzene, benzene-dj, CFCl3y and CF3CCl3 were obtained commercially and
were not further purified. Solutions of ¢:a 0.3 - 1 volume % of benzene in CFCl3
were prepared in suprasil quartz tubes of 4 mm outer diameter on a vacuum line.
The samples were degassed and sealed under vacuum (< 104 Torr).
Polycrystalline samples were prepared by rapid freezing in liquid nitrogen. The
samples were irradiated at 77 K for 5 minutes at an approximate dose rate of 250
G/min. using the radiation from an X-ray tube with a W anode operated at 70
kV and 20 mA.

The ESR spectra were recorded with a Bruker ER200 spectrometer at X band. A
few samples showing clear orientational dependence were further investigated by
recording the ESR spectra for different angles of rotation about the tube axis. The
true polycrystalline nature of the samples obtained by rapid cooling was
similarly tested. The ENDOR data of the polycrystalline samples were obtained
with a Bruker ER250 ENDOR accessory and an ENI RF 500 amplifier. ENDOR
spectra were obtained using RF modulation depths of c:a 200 kHz. Sample
temperatures above 77 K were regulated with a Bruker VT4111 temperature

controller.

4. Theoretical Results

The results of the geometry optimizations are shown in Table 1. With some
minor deviations, the geometrical parameters agree well with those of ref. [9].
One can also note that, as already mentioned, the geometries obtained using the

6-31G(d) and 6-311G(d,p) basis sets, respectively, are very similar.

Table 2 shows the hyperfine coupling constants obtained at the B3-LYP/6-
311+G(2df,p)//B3-LYP/6-31G(d) level. The calculations reiterate the results of

reference [9], that the largest spin density is on Hy, which is consistent with the
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Table 1: Optimized Geometrical Parameters® for the Benzene Radical
Cation Ground State (ZB3g), Obtained Using B3-LYP with Various Basis
Sets.

Basis Set
6-31G(d) 6-311G(d,p)
R1 1.432 1.429
R2 1.372 1.369
R3 1.087 1.085
R4 1.085 1.083
_ 121.6 121.6
- 119.2 119.2
L 1194 119.4

4 Bond lengths in Angstroms, angles in degrees.

1 ——|.+
)

R3
C
He 2 <O\R H,
6\/\/.&1 / ra
C 3
A2
R2

Cs C
H5/ \\C 4/ 3\H3
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Table 2: Calculated and Experimental Hydrogen Hyperfine Coupling
Constants (in Gauss) for the Benzene Radical Cation Ground State (2B3g).

B3-LYP/6-311+G(2df,p) SDCIb Exptl

//B3-LYP/6-31G(d)?

Hy (2H) -10.2 -9.6 ~8.98 (-8.2°)

Hj (4H) -1.4 -1.4 ~1.98 (-2.4)

2 This work. P From ref [9]. € From ref [17).

Table 3: Vibrational Frequency Components? in the High- and Low-
Frequency regions (em-1) and Total ZPVE? (kJ mol-l) for the Non- and

Mono-Deuterated Isomers of the Benzene Radical Cation.

Frequency range

Deuterated Low High ZPVE
Position (0 - 2000 cm-1 (2000 - 3500 cm™1) (kJ mol-H
None 23673.17 19401.97 257.6
C, 23107.23 18560.39 239.6
C, 23067.34 18560.96 239.4

4 Calculated at the B3-LYP/6-31G(d) level, see text.
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information from Table 1 that the C{—H{ bond is weaker (longer) than the
Co—H> bond. One can, however, note that all of the coupling constants are
negative, i.e. are caused by spin polarization, implying that the unpaired spin in
principle is localized to the carbon-carbon bonding =-system. The effects of
ionization on the C—H bonds are therefore rather small, which is also reflected
in the small difference (0.002 A) between the C{—H{ and Cp—H> bonds in the

cation.

The ZPVE's for the two different substitutional isomers are given in Table 3. As
expected from the above arguments, a slightly larger lowering of the ZPVE is
obtained when the deuterium is bound to the low spin density site Cy than
when it is bound to the high spin density site C;. One can however, note that
the difference is very small, only 0.2 kJ mol-1 (see further Section 6,
Discussion).

S. Experimental Results

A. ESR RESULTS
The ESR spectrum of CgHg'* trapped in CFClj3 at 15 K is shown in Figure

la and agrees with that reported previously [18]. The principal values of the
hyperfine coupling were obtained from previous ESR and ENDOR
measurements [17, 18]. The best agreement with experiment was obtained with
the axes oriented as in Table 4. In the latter study, the simulated ENDOR
spectra were insensitive to the orientation of the tensor axes, however, and the
assignment was made on the basis of molecular orbital calculations [9]. The

tensor data are reproduced here for convenience (see Table 4).
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100K

aQ

1.0mT

Figure 1. ESR spectra at some temperatures of X-irradiated polycrystalline
frozen solutions (c:a 1 mol%) of CgHg and CgHsD, respectively. a) CgHg"™"
at 15 K. b} simulated spectrum by using the parameters shown in Table 4. ¢)
CéHsD'Jr at 30 K in CFCl3. d) simulation using hyperfine coupling data
shown in Table 4 for a mixture of component 1 : component 2 of CgHsD"™.
The ratio 1:2 = 0.38:0.62 obtained from the component analysis of Figure 2

was employed.
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Table 4: The g and hyperfine tensors (in Gauss) used in the ESR and
ENDOR simulations of C¢gHgD** in CFClj at 30 K.

tensors principal principal X y z
components value
CgHsD* gx 2.0029 1 0 0
gy 2.0029 0 1 0
g; 2.0023 0 0 1
A(1,4) Ay -13.66 1 0 0
Ay -3.86 0 1 0
A, -9.23 0 0 1
A (3,5,6) Ay -2.91 +0.3771 0.9262 0
Ay 0.00 -0.9262  +0.3771 0
A, -291 0 0 1
A DQ) Ay -0.45 +0.3771 0.9262 0
Ay 0.00 -0.9262  +0.3771 0
A, ~0.45 0 0 1

The polycrystalline ESR spectrum at 30 K of CgHg'™ trapped in a CFCl3
matrix is shown in Figure lc. The spectrum is composed of a triplet
component similar to that in Figure 1a. Additional features are present about
the center, indicating a second component. The two components were assigned
to two forms of CgHsD*t with the deuterjum at a high spin density position,
i.e., C| or C4 (component 1) and with the deuterium at a low spin density
position, C2, C3, C5 or Cg (component 2), respectively, shown below.
Simulations of the ESR spectra of the components were carried out based on
the ENDOR data in Table 4. The two components shown in absorption mode
in Figure 2a have triplet and doublet structures. The experimental and fitted
spectra, the latter obtained with a least squares procedure [19], are shown in

absorption mode in Figure 2b. The intensity ratio between component 1 and
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i t | s 1 s 1 s 1 M

3350 3360 3370 3380 3390 3400
Field(G)

Figure 2. Component analysis of an X-irradiated polycrystalline frozen
solution (c:a 1 mol%) of CgqHsD in CFCly. a) simulated components |
(dashed) and 2 (solid) using hyperfine coupling data from ENDOR (Table 4).
b) experimental (solid) and fitted (dashed) ESR spectra of C6H5D'+ in
absorption mode. The ratio component 1: component 2 = 0.38:0.62 was

obtained by a least squares analysis.
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2 was estimated as 0.38:0.62 with a calculated (statistical) error of +0.0035.

The actual error is probably larger (see Discussion).

D

Component 1 Component 2

On increasing the temperature all the protons become equivalent by dynamic

averaging.

B. ENDOR RESULTS

ENDOR measurements were performed at 30 K in the case of CgHsD™t in a
CFCl3 matrix. An ENDOR spectrum obtained by sweeping the radio frequency
between 1 - 35 MHz, with the magnetic field locked to the central position of
the ESR spectrum, is shown in Figure 3. The strong signal in the region of
13.80 MHz is due to the matrix radical. Note that the line marked with * is the
second harmonic of the strongest ENDOR lines of the matrix radical due to the
non linearity of the radio frequency power amplifier. The ENDOR signal outside
this region corresponds to the principal values of the hyperfine coupling arising
from ring protons and deuterium nuclei. It is seen from the figure that at a radio
frequency v > 15 MHz, the ENDOR spectrum shows four hyperfine transitions
denoted as AY, BY, C*, and DT (high frequency transitions v+). The low
frequency pairing lines are observed only for C* and D¥. The other two pairing

lines A~ and B~ are too weak and they are buried in the strong
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(b) Sim.1 g+

() Sim.2

5.0 10.0 . .0 25.0 300 35.0

MHz

Figure 3. ENDOR spectrum of C6H5D‘+ radical cation. (a) obtained
experimentally by saturating central ESR transitions (b) simulated spectrum
with Hy and Hy at high spin density positions and D3, H3, Hs and Hg at low
spin density positions. The hyperfine coupling constants used in the ENDOR
simulation are listed in Table 4. (¢) simulated spectrum with Hy and D4 at
high spin density positions and H;, H3, Hs and Hg at low spin density

positions.
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matrix signal. These low frequency ENDOR transitions are further confirmed by
ENDOR spectral simulations. These ENDOR transitions are centred around the
proton Larmor frequency, near vy A;/2 MHz. The ENDOR signals have the
splitting of 38.80 MHz, 26.00 MHz, 11.10 MHz and 8.15 MHz and they
correspond to the hyperfine coupling constants of 13.66 G, 9.23 G, 3.86 G and
2.91 G, respectively. The pair of transitions centred around the Larmor frequency
of deuterium (vp = 2.20 MHz) with a separation of 0.45 MHz is also buried in
the strong matrix signal. The direction cosines, the hyperfine coupling constants
and the g values used in the ESR and ENDOR simulations are given in table 4.

6. Discussion

As can be seen from Table 2, the agreement between measured and calculated
isotropic hyperfine coupling parameters is good, confirming previous
interpretations [9] of ESR data.

In order to assess the analysis given in Figures 1 and 2 in terms of the
components 1 and 2, the theoretically predicted abundances of the two
components were calculated at 30 K, using the ZPVE values from Table 3.
Including the statistical factors, the ratio obtained from the ZPVE's is 0.31:0.69,
implying that substitution at the H, position is slightly favoured compared to
the purely statistical probability, as expected from the difference in bond
strengths bewtween C;—H; and C,—H,. In a comparision with the
experimentally estimated ratio of 0.38:0.62, the agreement between theory and
experiment can be considered as acceptable, considering the difficulties with
overlapping signals from the matrix radicals in the experiment and the small
magnitude of the ZPVE differences in the calculations.

There are some interesting aspects of the results which deserve additional study.
A close scrutiny of Table 3 reveals that the difference in ZPVE between the two
isomers of the mono-deuterated benzene cation does only to a very minor extent
(0.5 cm‘l) stem from the C—H (C—D) stretching vibrations, as one would
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have anticipated from the simplistic arguments given in Section 2. Instead,
virtually the whole difference (40 cm'l) comes from the low-frequency

vibrations, i.e. predominantly bending vibrations.

One can here compare with other similar studies on selectively deuterated
hydrocarbons [1-4]. On one hand, the abundances of the different substitutional
isomers of cations of the aliphatic (non-cyclic) hydrocarbons ethane [4] and »-
butane [1] fully follow the trends anticipated from the stretching frequencies,
namely that deuteration at a short (strong) bond is more favourable that at a
weaker bond, by about 1.5 kJ mol-! in the case of mono-deuteration. In the case
of cyclopropane, on the other hand, the changes in the ZPVE for the C—H
stretching vibrations do follow the anticipated trends, but the effect on the low-
frequency region is larger and opposite in direction, so that deuteration actually
is favoured at the weaker bonds, by about 0.5 kJ mol"! in the case of mono-
deuteration. The benzene cation seems in this context to occupy an intermediate
position — the changes in the different coupled vibrational modes cancel almost
completely, leading to a ZPVE difference of only 0.2 kJ mol-! between the two

isomers in the mono-deuterated case.

Additional experimental studies on multiply deuterated benzene cations would
give more information, by enlarging the effects on the ZPVE and also by
introducing new structural features in the experimental spectra which can
facilitate their interpretation. This would enable a more detailed and more
accurate analysis, both theoretically and experimentally. Such experiments will

hopefully be carried out in the near future.
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Introduction

In this work we examine the low energy UV-visible absorption spectrum
of the [Fea(u — Sg)(P(O—CgH4S)3)2]2; complex, Figure 1, whose syn-
thesis, structure, and properties have recently been reported.! The complex
contains a [Fe — S — S — Fe]** core and is a structural isomer of the 2-Fe
[Fe—(p—S), — Fe]*t ferredoxin. The electronic structure of the disulfide
complex is, however, unknown, and can be associated with either an antifer-
romagnetically (AF) coupled [Fe(d®) — S~ —-F e(d‘r’)]4+ system, or with a
diamagnetic [Fe(d®) — S — Fe (de)]4+ core.> 3 The Mossbauer spectrum of
this compound shows that the two Fe atoms are equivalent, but does not dis-
tinguish between the two alternative electronic distributions, while the observed
resonance shifts in proton NMR favor the high-spin model.! Further, the assign-
ment of the absorption band origins of this complex have yet to be made.! These
bands have a variety of possible origins including inter- or intra-metal d-d tran-
sitions, metal-to-ligand and ligand-to-metal M « L charge-transfer (CT) bands,
or possibly ligand 7 — 7* transitions.> > We intend to clarify this picture.

In an earlier work,* we have proposed a theoretical procedure for the
spectroscopy of antiferromagnetically (AF) coupled transition-metal dimers and
have successfully applied this approach to the electronic absorption spectrum
of model 2-Fe ferredoxin. In this work we apply this same procedure to the
[Fea(u — S2)(P(o — CeHyS)3),] 2~ complex in order to better understand the
electronic structure of this compound. As in our previous work? we base
our analysis on the Intermediate Neglect of the Differential Overlap model
parameterized for spectroscopy (INDO/S), 3-8 utilizing a procedure outlined in
detail in Reference 4.

Structure and Method

The structure of the [Fea(p — S2)(P(o— CSH4S)3)2]2‘ complex is
presented in Figure 1. The structure we used was obtained from x-ray
crystallography,! symmetrized such that the environments of the two Fe atoms
are the same. The local symmetry of each Fe atom is Cj,, the overall symmetry
of the complex is C;. To aid in the interpretation of the computed results we ori-
ented the complex such that the z-axis passes through the center of mass and the
projections of the two P — Fle — S line segments onto the z-axis are maximized.

The complex contains 72 atoms with 244 valence electrons distributed in
226 valence atomic orbitals. In order to reduce the computational effort, and
to assess the contribution of the ligand m-orbitals to the overall spectrum, we
examined a "reduced” model, see Figure 2, in which the benzene rings of the
ligands are replaced by -HC=CH- groups. This model compound consists of
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Figure 1. The original 72-atom structure of the [Fey(p — $2)(P(o — CeHyS)s), ] -
complex, from Reference 1. S* stands for a bridging, inorganic sulfur. The
coordinates around each Fe atom have been symmetrized.
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Figure 2. A reduced 36-atom model of the [Fea(p — S2)(P(o — CGH4S)3)2]2_
complex; the benzene rings are substituted by ethylene groups, see Figure 1.
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36 atoms, 136 valence electrons, and 118 valence atomic orbital (AO) basis
functions. Thus we partially preserve the m-character of the ligands and reduce
the computational effort by about a factor of 8.

The electronic spectrum of the complex was calculated using the INDO/S
model within the Restricted Open-shell Hartree-Fock (ROHF) approximation® as
implemented in the ZINDO program.!® Excitations from the highest multiplicity
reference state have been calculated using the single excitation Configuration
Interaction (CIS) procedure, and the calculated absorption spectrum fitted to a
Lorentzian band convolution over the computed states. (See the appendix of
Reference 11.) For the case of AF coupling it is computationally difficult to
obtain the states of lower electronic spin multiplicity (with singlets being the
lowest) due to the large number of configuration-state-functionss(CSF) necessary
to properly describe the reference function and the excited states. However,
we can derive the singlet CT spectrum from the spectrum obtained for the
highest multiplicity, i.e. 25+1=11 or 11-tet (undectet), via first order perturbation
theory.* In Reference 4 an analysis of the terms contributing to the ligand-
to-metal charge transfer transition for cases in which each d-orbital is singly
occupied suggested that

'AE(delocal) = ' AE(delocal) — 5K 44 + 5K 4z

1
= Y AE(delocal) - E(shift) ®

where 'AE(delocal) refers to calculations in which the molecular orbitals
of d-atomic character are not localized (as is the normal case for high-
spin ferromagnetic calculations), Kjs is an average exchange integral be-
tween d-atomic-orbitals, and K4~ is the average exchange between ligand
and metal d-orbitals. K,q can be estimated from atomic spectroscopy, i.e.
Kis = 13 (F*(dd) + F*(dd)) = 2525 cm™! using F%(dd) = 61000 cm™*
and F*(dd) = 38 000 cm~1.'> K,y can be estimated from these calculations
(with L"” a sulfur ligand) as 340 cm’'. This yields

' AE(delocal) = ' AE(delocal) — 12625 cm™! + 1 700 cm ™!

2
= Y AE(delocal) — 10925 cm ™! @

In other words, we estimate the spectrum of the AF-singlet ground state by
applying a shift, to the calculated undectet spectrum.* For this case we use an
empirical shift of 13500 cm ™! so as to yield maximum coincidence between
the calculated and observed spectra, a value easily obtained, for example, if we
had used the Slater-Condon integrals from the Fet ion in equation (1) rather
than the values for neutral Fle.

The oscillator strengths for the reported spectra were calculated as

I = 2AE|(0)a1D) 3)

osc
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thus 1 _
1,0 _ AE;— E(shift) 11 g 4
osc — UAE] osc ( )
where fl_ is the computed oscillator strength of state /. Results for the

[Fe(d®) — 83 - Fe(dﬁ)]4+ core have also been obtained using single and dou-

ble excitations CI (CISD) from the [Fe(d®) — S —S — Fe (d5)]4+ reference
state and compared with the latter’s high-spin state. Lower multiplicity refer-
ence states have not been considered for use in the calculation of the spectrum as
such calculations are computationally expensive and the transition energies are
not expected to deviate substantially from those derived from the high-spin case.*

Results and Discussion

We summarize our calculations on the 72- and 36-atom structures in Tables
1 and 2 respectively. ROHF energies were obtained for different electron
distributions corresponding to S, values for the two Fe atoms of (£, 3), (2, 3),
and (2,2). These configurations are distinguished by assigning ten, eight or six
electrons, respectively, to the open-shell.

For the UHF calculations the undectet implies S, = 5 (septet implies
S, = 3) and the electrons are assigned as suggested by the ROHF calculation.
For the S, = O case the electrons are assigned to be AF coupled. The Projected
Unrestricted Hartree-Fock (PUHF) energies correspond to the fully projected
UHF values with S = S,.1* A brief overview of the PUHF method is given
below, a more detailed description can be found in Reference 4.

The UHF wavefunction can be written as

s,+Nﬂ Ng

25,+1qltsszF — Z W, Z Ck(S, Sz,n) 2s+1wf: (5)

8=8, k=0

where N3 is the number of 3-spin electrons and the w, and Ci(S,S,,n) are
those of Sasaki and Ohno,'* and the projector' as

~ §2 - 1(1+1)
0= LI# G-I+ 1) ©

Thus yielding
2S+I\I’s — 6 25,+1lIJUHF (7)
z 8 8

The procedure we follow is very similar to that of Harriman'6'%. Again, as

in the case of the 2-Fe ferredoxin model,* these two methods, i.e. ROHF and



Table 1. The 72-atom model examined by different theoretical methods. The energy differences (AFE in kcal/mol) are
calculated with respect to the lowest SCF energy. q(Fe) stands for Mulliken population charges on the Fe atoms; q(S)
and SS(b.i.) are the Mulliken population charges and the bond index for the bridging S atoms, respectively; AEg is the
calculated Mdssbauer quadrupole splitting constant [mm/sec]. The PUHF spin states are those projected from the UHF
wavefunction with S = S..

Method Multiplicity AFE q(Fe) q(S) SS(b.i.) AEqg
ROHF 11 60.50 1.91 -0.61 0.971 1.43
9 59.86 1.88 -0.59 0.934 2.01

7 59.49 1.84 -0.58 0.978 2.57

UHF 11 43.55 1.91 -0.61 0.971 1.45
7 29.05 1.83 -0.56 0.978 3.02

1 29.32 1.83 -0.56 0.978 3.02

PUHF 11 29.74 1.91 -0.61 0.971 1.40
7 8.04 1.83 -0.57 0978 3.03

1 0.00 1.83 -0.57 0.978 3.03

RHF 1 186.06 1.82 -0.43 1.245 1.27
Exp. 1 — — — 1 or 2 2.04°

a) See text.

b) Reference 1.



Table 2. The 36-atom model examined by different theoretical methods. The energy differences (AFE in kcal/mol) are
calculated with respect to the lowest SCF energy. q(Fe) stands for Mulliken population charges on the Fe atoms; q(S)
and SS(b.i.) are the Mulliken population charges and the bond index for the bridging S atoms, respectively; AEq is the
calculated Mossbauer quadrupole splitting constant [mm/sec]. The PUHF spin states are those projected from the UHF
wavefunction with § = S,.

Method Multiplicity AFE q(Fe) q(S) SS(b.i.) AEg
ROHF 11 52.40 1.93 -0.61 0.971 141
9 52.08 1.89 -0.60 0.934 2.04

7 51.96 1.85 -0.59 0.976 2.70

UHF 11 34.14 1.92 -0.61 0971 1.42
7 19.58 1.84 -0.57 0.978 3.03

1 19.64 1.84 -0.57 0.978 3.02

PUHF 11 26.67 1.92 -0.61 0.971 1.39
7 6.09 1.84 -0.57 0.978 3.03

1 0.00 1.84 -0.57 0.978 3.02

RHF 1 179.47 1.84 -0.44 1.237 1.27
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PUHF, yield the lowest energies as well as reasonable Mdssbauer quadrupole
splitting constants, AFEq.

We see from Tables 1 and 2 that the closed-shell Restricted Hartree-Fock
(RHF) procedure does not provide a good description of the singlet state. The
RHF energies are the highest of the methods we utilize for both the 72- and
36-atom structures. Even when followed by a reasonably sized CI, the RHF
results are not comparable in their descriptive quality to those of the open-shell
calculations. This argues against a closed-shell d® — d® diamagnetic electronic
description for this complex. The lowest energy we obtained was for the fully
projected UHF singlet state which corresponds to an AF (2, —32) electronic
spin-distribution between two d® Fe atoms. This observation is consistent with
a very recent experiment finding that the monomer 1-Fe compound is of 3/2
spin.!® The ferromagnetic septet spin-states lie close in energy, with a predicted
AF Heisenberg exchange splitting constant of approximately —450 cm™!! when
calculated from the septet and singlet PUHF energy differences.

Figure 3 summarizes two important molecular orbital (MO) structures for
the states of interest, (3,3) and (2, 3). We note again that the local symmetry
around the Fe atoms is C;,, and our orbital diagram reflects this. Shown are
the Fe(III) — Fe(I1I) ferromagnetic situations (FM), although in both cases
we calculate the AF structures, with half the electrons of 3 spin, of lower
energy. Both FM and AF structures are considerably lower in energy than the
all-paired d® — d° situations formally (Fe(II) — Fe(II)). Note that the singly
occupied molecular orbital energies derive from an open-shell ROHF operator
and do not correspond directly to ionization processes as do those obtained
from the closed-shell RHF operator (Koopmann’s approximation). The doubly
occupied HOMO’s are composed of sulfur bridging orbitals and placing electrons
from these orbitals into the singly occupied lower lying d-orbitals correspond
to excited charge transfer states.

The Mulliken charges of the iron and sulfur atoms, and especially the bond
index between the bridging sulfurs (see Tables 1 and 2), favor a bonding descrip-
tion of a single S* — S* bond that stems from the [Fe — S2~ — Fe]4+ core
electronic distribution, although with a considerable amount of S—Fe charge
transfer. In the case of a diamagnetic [Fe(d®) — S§ — Fe(d®)] complex® ? the
two sulfurs would be formally neutral and possess a bond index for the sulfur
bridge of 2, as in the diatomic molecule, itself. This is not observed in any
of the calculations we have performed although the closed-shell RHF df — d
singlet calculation favors this description most, as might be expected.

Tables 1 and 2 indicate that the results obtained for the 72- and 36-atom
models are essentially the same. This is indicative of the aromatic rings in the
ligands having no significant effect on the calculated energy differences, charges,
or magnetic splittings. We do not expect there to be a marked difference in the
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Figure 3. Molecular-orbital diagrams as obtained by the ROHF method. Dashed lines
indicate MOs dominated by the metal d-orbitals, the solid lines stand for
doubly occupied or virtual ligand orbitals. Orbitals which are close in
energy are presented as degenerate; the average deviation from degeneracy
is approximately 0.01 a.u. In the case of a septet state (S=3), the singly
occupied open-shell orbitals come from a separate Fock operator and their
orbital energies do not relate to ionization potentials as do the doubly
occupied MOs (i.e. Koopmann’s approximation). For these reasons, the
open-shell orbitals appear well below the doubly occupied metal orbitals.
Doubly occupying these gives rise to excited states, see text.
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Figure 4. The calculated spectrum of the complex after a Lorentzian band convo-
lution. Region I is dominated by bridging-sulfur-to-iron CT transitions,
while region II is mostly due to organic-sulfur-to-iron electron transitions.
Regions I and II are explained in a MO diagram. The vertical lines cor-
respond to the experimental bands observed in the absorption spectrum of
the [Fea(p — Sa)(P(o - C6H4S)3)2]2_ complex, from Reference 1.
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CT and d-d spectroscopy of the two model complexes. Indeed, we calculate
the low energy absorption spectra for the two model structures to be nearly
the same and we have found no effect on the electronic structure of the core
complex that is due to the more distant carbon atoms. Furthermore, the frontier
orbitals are those originating from the [Fe-S-S-Fe] core, see Figure 4, as well
as the organic sulfurs, with only marginal contributions from the P atoms. In
the molecular orbital picture the assignment of the excitations observed in the
calculated spectrum, Figure 4, are CT bands that occur in two different frequency
regions. Region I is of lower energy, the near infrared (IR), and is dominated
by electronic transitions from MOs localized to the sulfur bridge into MOs
principally of iron d-character. The bands of region II are in the visible region
and are mostly from organic sulfur MOs into the Fe d. orbitals with an admixture
of Fe d;. The calculated spectrum correlates well with that of experiment and
this lends further support to the argument for the model of AF coupled Fe atoms
over that of the simple closed-shell diamagnetic picture. In addition, we note
that region I (which we assigned to CT from the bridging sulfurs to the Fe
atoms) disappears in the monomer, which has a thiolate group substituted for
the disulfide bridge."

It has been previously noted '"* that the near IR region might be an
important signature for biological molecules with similar Fe — S — S — Fe
structures, and we agree. The P-cluster of nitrogenase is a promising candidate
with one such Fe-S-S-Fe bridge.?> 2! The M-clusters of the same enzyme also
contain a number of inorganic sulfur bridges. We are currently studying such
systems?? and we believe that the present analysis can aid in the elucidation of
the electronic structure of these complex transition metal systems.
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Absorption spectroscopy, control of IBr
photodissociation, 274-276
Acetaldehyde enolate, potential energy
curves, 294-295
ADQW, see Asymmetric double quantum
well
Alkanes, ionization spectra, 82
All-trans-polyacetylene, application of
polarization propagator, 106-107
Anions
molecular, see Molecular anions
photodetachment, 4647
photoelectron spectroscopy, 46—47
Asymmetric double quantum well
early work, 250
superlattice, 255-256

B

Band structure, periodic infinite systems,
97-98
Basis manifold, field operators, 64—65
Basis sets
convergence for hyperpolarizability
dispersion coefficient, 134—135
for GOSD, 178-179, 182-187
Benzene
magnetic shielding field, LORG
calculations, 203-209
radical cation
ENDOR results, 350, 352
ESR results, 346, 348, 350
experimental research, ESR
spectrometer, 343
geometry optimization, 343, 346
hyperfine coupling constants, 343, 346
theoretical research
DFT calculations, 341-342

Index

hyperfine coupling constant
calculations, 342
Benzopyrene, ionization energy, 43—-45
Bethe sum rule
GOSD, 179-181
numerical example, 187-190
Biochemistry, ESR applications, 54
BO, see Born—Oppenheimer approximation
Born—Oppenheimer approximation
to molecular structure, 286—289
non-BO
electronic, matrix elements, 289-292
semi-classical approximation failure,
306-307
successful approximation, 307-311
from Wentzel-Fermi Golden Rule to
time domain, 302-306
Boundary, in teaching QM
imprecise boundary, 25-26
precise boundary, 27
Bounded operators, space of operator,
246-247
Branching ratio, selective control of IBr
photodissociation, 274-276
1,3-trans-Butadiene, ionization spectroscopy,
84, 86

C

Cauchy vectors, for hyperpolarizability
component expansion, 120-121
CCLR, see Coupled-cluster linear response
CC theory, see Coupled-cluster theory
Chemistry, ESR applications, 54
CI method, see Configuration interaction
method
Collisions, inelastic, description by GOSD,
177
Computer programs
Gaussian 94 suite, 341-342
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Computer programs (continued)
SUPERMOLECULE program, 102-103
ZINDO, 361

Configuration interaction method, in theory

of ionization, 80-81
Correlation bands, size-dependence effects,
88-89

Coupled-cluster linear response
for excitation energy, 150-151
for size-extensive second-order total

energy, 168-170
Coupled-cluster theory
application
to dynamic properties, 157-163
to excitation energy, 157-163
to molecular electronic structure,
150-151
for dispersion of cubic response
functions, 113-114
electron correlation effect on dispersion
coefficients, 137-141
equation derivation, 151-157
for molecular electronic structure, 150-151
response theory, Hamiltonian, 114-119
for second hyperpolarizability of methane,
130-131
Cubic response function, dispersion,
calculation, 113-114

D
dc-Kerr effect
convergence with order of expansion,
131-134

special expansion, 125-129
Degenerate four wave mixing
convergence with order of expansion,
131-134
special expansion, 125-129
Degrees of freedom, coupled fast and slow
propagation in local interaction picture,
331-333
relax-and-drive computational procedure,
333-335
Density
amplitudes, variational method for,
321-322
exact equations of motion, 236237
Lagrangian characterization as function,
235-236

INDEX

Density functional theory
for benzene radical cation, 341-342
TDVP, 220-221
time-dependent
exact equations of motion in terms of
density, 236-237
exact equations of motion in terms of
one-particle functions, 237-238
Lagrangian characterization, 235-236
other forms, 239-240
time-independent
definition, 225-229
energy functional factoring, 229-232
NGSO equations, 240
relation with conventional KS
procedure, 232-235
Density matrix treatment
electronic rearrangement
eikonal representation, for nuclear
motions, 323-327
eikonal-time-dependent HF
approximation and extensions,
327-331
equation of motion for density operator,
320-321
variational method for density
amplitudes, 321-322
theory, 34
Density operator
eikonal-time-dependent HF
approximation and extensions,
327-331
equation of motion, 320-321
first order reduced, 229-232
DFT, see Density functional theory
Diagonalization, operator space, 36-38
Dipole moment
molecules, effect of radiation field, 264
operator, unbounded nature, 98-99
Dirac Hamiltonian, derivation, 63-64
Dispersion coefficients
for cubic response function, 113--114
for dynamic second hyperpolarizability
component expansion, 119-125
methane
application, 130-131
convergence with basis set, 134—135
convergence with order of expansion,
131-134
effect of electron correlation,
137-141
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special expansions, 125-129
sixth- to tenth-order, formulas, 143-144
Dynamics, semiconductor, 251-253

E

Eikonal representation
for nuclear motions, 323-327
~time-dependent HF approximation and
extensions, 327-331
Electric field-induced second harmonic
generation
convergence with order of expansion,
131-134
special expansion, 125-129
Electromagnetism, Maxwell theory,
teaching, 23-24
Electron correlation, one-electron theory,
34
Electron ejection, in molecular anions
electronic non-BO matrix elements,
289-292
H,CCHO_, 294-295
NH-, 292-293
non-BO case
semi-classical approximation failure,
306-307
successful approximation, 307311
from Wentzel-Fermi Golden Rule to
time domain, 302-306
optical spectroscopy case
relation to Landau—Zener surface
hopping rates, 300-302
semi-classical approximation to R,
298-300
from Wentzel-Fermi Golden Rule to
time domain, 296-298
rate expression interpretation, 311
relation to experiments, 284-286
state-to-state quantum rate expression,
286-289
Electronic rearrangement
coupled fast and slow degrees of freedom
propagation in local interaction picture,
331-333
relax-and-drive computational
procedure, 333-335
density matrix treatment
eikonal representation, for nuclear
motions, 323-327

eikonal—time-dependent HF
approximation and extensions,
327-331
equation of motion for density operator,
320-321
variational method for density
amplitudes, 321-322
Electronic spectrum, [Fe,(n —S,)
(Plo — CH,S);),),., 361
Electronic structure, molecular, application
of CC theory, 150151
Electron nuclear dynamics, research by
Yngve Ohrn, 11-12
Electron propagator
equation, method of solution, 60-61
hyperfine splitting, 61—-62
methods
ozone, 47-48
poles and residues, 35-36
operators, 59—-60
spin matrix elements, 65—66
theory, applications, 56-57
Electron spin resonance
applications, 54
for benzene radical cation
results, 346, 348, 350
spectrometer, 343
in order analysis, 67-69
Electron structure, polymers, probing,
77-78
END, see Electron nuclear dynamics
ENDOR, for benzene radical cation, 350, 352
Energy
excitation
application to CC theory, 157-163
by CCLR, 150-151
functional
density, definition, 225-229
factoring through FORDO, 229-232
size-extensive second-order total
by CCLR, 168-170
by EOM-CC method, 168-170
total, one-electron theory, 34
EOM-CC method, see Equation of motion
coupled-cluster method
Equation of motion
for density operator, 320-321
exact
in terms of density, 236-237
in terms of one-particle functions,
237-238
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Equation of motion (continued)
TDSE, 220-221
by TDVP, 220-221
Equation of motion coupled-cluster method
for higher-order properties, 150-151
singles and doubles calculations,
noninteracting LiH, 163
for size-extensive second-order total
energy, 168—170
ESHG, see Electric field-induced second
harmonic generation
ESR, see Electron spin resonance
Ethane, ionization spectrum, 82

F

Field optimized initial state
method, 264
numerical considerations, 267-268
product yield as time integrated flux,
264-265
selective control based on, 265-266
selective control of IBr photodissociation,
268
absorption spectrum and branching
ratio, 274-276
flux maximization, 269
optimal initial state
dynamical evolution, 273-274
spatial attributes, 270-272
time-dependent wave packet analysis,
266-267
First order reduced density operator,
factoring energy functional, 229-232
Flux, time integrated
maximization using FOIST, 269
product yield as, 264-265
FOIST, see Field optimized initial state
FORDO, see First order reduced density
operator

G

Gaussian 94 program, for benzene radical
cation calculations, 341-342
Generalized oscillator strength distribution
basis set considerations, 178-179
basis set selection, 182-187
Bethe sum rule, 179-181
description of inelastic collisions, 177

numerical example, 187-190
General theory of relativity, axiomatic
teaching, 24-25
Geometry optimization, benzene radical
cation, 343, 346
GOSD, see Generalized oscillator strength
distribution
Green’s function
for propagators, 57-59
in theory of ionization, 80—81

H
Hamiltonian
in coupled-cluster response theory,
114-119

for derivation of molecular magnetic
properties, 195-199
Dirac, derivation, 63-64
hyperfine interaction, derivation, 63-64
model, approximations, 240-242
spin, H*®
first order in, 67—69
for hyperfine splitting, 63-64
second order in, 69-70
Hartree—Fock approximation
coupled values
in LORG method, 201-203
in RPA, 99-102
eikonal-time-dependent, for density
operator, 327-331
uncoupled, in RPA, 99-102
Heterostructures, semiconductor
control of charge carriers, 254257
dynamics, 251-252
quantum control, 252-253
1,3,5-trans-Hexatriene, ionization
spectroscopy, 84, 86
HF approximation, see Hartree—Fock
approximation
Hilbert-Schmidt operators, space of
operator, 247
Hydrogen, molecular chains, application of
polarization propagator, 102-106
Hyperfine coupling constants, benzene
radical cation, 342, 343, 346
Hyperfine interaction Hamiltonian,
derivation, 63-64
Hyperfine splitting
from electron propagator, 61-62
Hamiltonian, 63-64



spin Hamiltonian H*, 63-64
Hyperpolarizability, dynamic second,
dispersion coefficients
component expansion, 119-125
methane
application, 130-131
convergence with basis set, 134-135
convergence with order of expansion,
131-134
effect of electron correlation, 137141
special expansions, 125-129

I

Infinite systems, periodic
application of RPA, 107
band structure, 97-98
Invariance groups, definition, 247
Iodobromide, photodissociation, FOIST
absorption spectrum and branching ratio,
274-276
flux maximization, 269
as numerical consideration, 267-268
optimal initial state
dynamical evolution, 273-274
spatial attributes, 270-272
selective control, 268
Ionization energy
benzopyrene, 43-45
1,10-phenanthroline, 45-46
Ionization spectroscopy
alkane chains, 82
polyenes, 84, 86

J

Jacobian matrix, definition, 117

K
Kepler’s laws, teaching in QM, 22-23
Kohn-Sham procedure, relation with time-

independent DFT, 232-235
KS procedure, see Kohn—Sham procedure

L

Lagrangian multiplier
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characterization as function of density,
235-236
for hyperpolarizability component
expansion, 121-122
second-order response equations,
117-118
Landau-Zener surface, hopping rates, in
optical spectroscopy, 300-302
Linear polarizability, a, in NLO, 95-96
Linear response function
for calculation of molecular properties,
112
coupled-cluster
for excitation energy, 150-151
for size-extensive second-order total
energy, 168—-170
Lithium hydride, EOM-CC singles and
doubles calculations, 163
Localized orbital-local origin method
for magnetic shielding field in benzene,
203-209
for molecular magnetic field properties,
201-203
LORG method, see Localized orbital—local
origin method

M

Magnetic shielding field, in benzene, LORG
calculations, 203-209
Mathematical symbols, definition, 244-246
Maxwell theory, teaching in QM, 23-24
Methane, second hyperpolarizability,
dispersion coefficients
application, 130-131
convergence with basis set, 134—135
convergence with order of expansion,
131-134
effect of electron correlation, 137-141
Molar refractivity, molecules, 96
Molecular anions, electron ejection
electronic non-BO matrix elements,
289-292
H,CCHO", 294-295
NH-, 292-293
non-BO case
semi-classical approximation failure,
306-307
successful approximation, 307-311
from Wentzel-Fermi Golden Rule to
time domain, 302-306
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Molecular anions, electron ejection
(continued)
optical spectroscopy case
relation to Landau—Zener surface
hopping rates, 300-302
semi-classical approximation to Ry,
298-300
from Wentzel-Fermi Golden Rule to
time domain, 296-298
rate expression interpretation, 311
relation to experiments, 284286
state-to-state quantum rate expression,
286-289
Molecular complex, [Fe,(n —S8,)
(Plo — CH,B),), 1"
calculations, 362, 365, 368
structure, 358, 361-362
Molecular magnetic properties
application of LORG method,
201-203
display, 199-201
field characteristics, 199-201
Hamiltonian, 195-199
Molecular properties
linear response, 112
nonlinear response, 112
Molecules
with dipole moment, effect of radiation
field, 264
electronic structure, application of CC
theory, 150-151
large
perturbative Y(E), 40—42
photoionization spectroscopy, 78
molar refractivity, 96
polarizability, 96

N

Natural general spin orbitals
in FORDO, 229-232
time-independent, from time-dependent
theory, 240
NGSOQ, see Natural general spin orbitals
NLO, see Nonlinear optics
NMR, see Nuclear magnetic resonance
Nonlinear optics, linear polarizability a,
95-96
Normalization, renormalized methods,
42-43

INDEX

Nuclear magnetic resonance, in order
analysis, 69-70

Nuclear motions, eikonal representation,
323-327

Numerical representations, one-electron
theory, 34

(0]

1,3,5,7-trans-Octatriene, ionization
spectroscopy, 84, 86
One-electron theory
density matrix, 34
electron correlation, 34
energy, 34
equation, solution, 38—40
independence, 34
numerical representation, 34
potential energy surface, 34
state, 34
total energy, 34
One-particle functions, exact equations of
motion, 237-238
Operators
bounded, space of operator, 246—247
density
eikonal-time-dependent HF
approximation and extensions,
327-331
equation of motion, 320-321
first order reduced, factoring energy
functional, 229-232
dipole moment, unbounded nature,
98-99
for electron propagator, 59—-60
field, basis manifold, 64—65
field-dependent cluster, definition, 115
Hilbert—Schmidt, space of operator, 247
superoperators, in TDVP, 221-222
time-dependent cluster, definition, 115
trace class, space, 247
Operator space
bounded operators, 246-247
diagonalization, 36-38
Hilbert—Schmidt operators, 247
trace class operators, 247
Optical spectroscopy, for electron ejection in
molecular anions
relation to Landau—Zener surface hopping
rates, 300-302
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semi-classical approximation to R,
298-300
from Wentzel-Fermi Golden Rule to time
domain, 296-298
Optimal initial state
dynamical evolution, 273-274
spatial attributes, 270-272
Order analysis
first order in H* and ESR, 67-69
second order in HS and NMR, 69-70
splitting, 67
Ozone, application of electron propagator
methods, 47-48

P

Particles, charged, inelastic collisions,
description by GOSD, 177
Periodic infinite systems
application of RPA, 107
band structure, 97-98
Perturbative corrections, Y(E), for large
molecules, 40-42
1,10-Phenanthroline, ionization energy,
45-46
Photodetachment techniques, anions, 46—47
Photodissociation, IBr
FOIST
absorption spectrum and branching
ratio, 274-276
flux maximization, 269
optimal initial state
dynamical evolution, 273-274
spatial attributes, 270-272
as numerical consideration, 267-268
selective control, 268
Photoelectron spectroscopy
anions, 46-47
benzopyrene, 43-45
as electronic structure probe, 77-78
1,10-phenanthroline, 45-46
Photoionization spectroscopy
large molecules, 78
polymers, 78
Polarizability
hyperpolarizability, dynamic second,
dispersion coefficients
component expansion, 119-125
methane
application, 130-131
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convergence with basis set,
134-135
convergence with order of expansion,
131-134
effect of electron correlation,
137-141
special expansions, 125—129
linear, a, in NLO, 95-96
molecules, 96
polymers, polarization propagator
coupled HF values in RPA, 99-102
uncoupled HF approximation in RPA,
102
Polarization propagator
application, to all-trans-polyacetylene,
106-107
for polymers
coupled HF values in RPA, 99-102
molecular H, chains, 102-106
uncoupled HF approximation in RPA,
102
Polyenes, ionization spectroscopy, 84, 86
Polymers
electronic structure, probing, 77-78
molecular H, chains, application of
polarization
propagator, 102-106
photoionization spectroscopy, 78
polarization propagator
coupled HF values in RPA, 99-102
uncoupled HF approximation in RPA,
102
Potential energy curves
acetaldehyde enolate, 294295
NH-, 292-293
research by Yngve Ohrn, 9-10
surface, one-electron theory, 34
Propagation, coupled fast and slow degrees
of freedom
in local interaction picture, 331-333
relax-and-drive computational procedure,
333-335
Propagators
applications, 55-56
equations, 57-59
research by Yngve Ohrn, 5-8

Q

QM, see Quantum mechanics



378 INDEX

Quantum control, semiconductor
heterostructures
charge carriers, 254-257
dynamics, 252253
Quantum mechanics, teaching
accurate formulation, 27-28
axiomatic teaching, 24-25
imprecise boundaries, 25-26
inaccurate formulation, 26
intuitive teaching, 28-29
Kepler’s laws, 22-23
Maxwell theory, 23-24
precise boundaries, 27
reference points, 25, 27
Quantum rate, state-to-state expression,
286-289

R

Radiation field, effect on molecules with
dipole moment, 264
Random phase approximation
application
to all-trans-polyacetylene, 106-107
to molecular H, chains, 102-106
to periodic infinite systems, 107
in Bethe sum rule, 179-181
coupled HF values, 99-102
uncoupled HF approximation, 102
Reference point, in teaching QM, 25, 27
Response functions
cubic, dispersion, calculation,

113-114
derivation, 118-119
linear
for calculation of molecular properties,
112

coupled-cluster
for excitation energy, 150-151
for size-extensive second-order total
energy, 168-170
Restricted open-shell Hartree—Fock
approximation, [Fe,(u — S,)
(P(o — CH,S),),17, 361-362, 365,
368
ROHF approximation, see Restricted
open-shell
Hartree—Fock approximation
RPA, see Random phase approximation

S

Schrodinger equation
in BO approximation to molecular
structure, 286-289
for molecules with dipole moment, 264
time-dependent, as equation of motion,
220-221
Semiconductor, heterostructures
control of charge carriers, 254257
dynamics, 251-252
quantum control, 252-253
Special theory of relativity, axiomatic
teaching, 24-25
Spectroscopy
absorption, control of IBr
photodissociation, 274-276
ionization
alkane chains, 82
polyenes, 84, 86
optical, for electron ejection in molecular
anions
relation to Landau—Zener surface
hopping rates, 300-302
semi-classical approximation to R,
298-300
from Wentzel-Fermi Golden Rule to
time domain, 296-298
photoelectron
anions, 46-47
benzopyrene, 43-45
as electronic structure probe, 77-78
1,10-phenanthroline, 45-46
photoionization
large molecules, 78
polymers, 78
Spin density, calculation, 5455
Spin Hamiltonian, H¥
first order in, 67-69
for hyperfine splitting, 63-64
second order in, 69-70
Spin matrix, elements, electron propagator,
65-66
State
initial, field optimized
method, 264
numerical considerations, 267268
product yield as time integrated flux,
264-265
selective control based on, 265-266
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selective control of IBr
photodissociation, 268
absorption spectrum and branching
ratio, 274-276
flux maximization, 269
optimal initial state, 270-274
time-dependent wave packet analysis,
266-267
initial, optimal
dynamical evolution, 273-274
spatial attributes, 270-272
one-electron, theory, 34
in TDVP, 221-222
State evolution equations, in TDVP,
222-224
Superlattice
as one-dimensional system, 257-258
semiconductor heterostructures, 254-257
SUPERMOLECULE program, application
to molecular H, chains, 102-103
Superoperators, in TDVP, 221-222
Surface, potential energy, one-electron
theory, 34
Symmetry constraint, approximations, 242

T

TDSE, see Time-dependent equation
Schrodinger equation
TDVP, see Time-dependent variational
principle

Teaching, quantum mechanics
accurate formulation, 27-28
axiomatic teaching, 24-25
imprecise boundaries, 25-26
inaccurate formulation, 26
intuitive teaching, 28-29
Kepler’s laws, 22-23
Maxwell theory, 23-24
precise boundaries, 27
reference points, 25, 27

Theory of ionization
CI method, 80-81
correlation bands, size-dependence effects,

88-89

Green’s function, 80-81

Third harmonic generation
convergence with order of expansion,

131-134
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special expansion, 125-129
Time-dependent density functional theory
exact equations of motion in terms of

density, 236-237
exact equations of motion in terms
of one-particle functions,
237-238
Lagrangian characterization,
235-236
other forms, 239-240
time-independent NGSO equations,
240
Time-dependent equation Schrédinger
equation, as equation of motion,
220-221
Time-dependent variational principle
for equations of motion, 220-221
state evolution equations, 222224
states, 221-222
superoperators, 221-222
Time-independent density functional theory
definition, 225-229
energy functional factoring, 229-232
relation with conventional KS procedure,
232-235
Time integrated flux
maximization using FOIST, 269
product yield as, 264-265
Trace class operators, space, 247

A%

Variational method
for density amplitudes, 321-322
time-dependent
for equations of motion, 220-221
state evolution equations, 222-224
states, 221-222
superoperators, 221-222

W

Wave packet analysis, time-dependent,
FOIST, 266-267
Wentzel-Fermi Golden Rule, to time
domain
in non-BO cases, 302-306
in optical spectroscopy, 296-298
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Y ¥ A
Yngve Ohm ZINDO program, for ROHF
background, 1-5 approximation of [Fe,(un— S,)
END research, 10-11 (Plo —CiH,S),),), 361

as friend, 13-14

leadership, 10-11

potential curve research, 9-10
propagator research, 5-8



